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Lens pacveroB — He uwnchna, a nomM-
MaHue,

P_B. Xenumun:

U3 wautero fieBusa "Llens pacderor — He
uHCNa, 3 NOMKMMAHMe" chefiyer, 4TO weno-
BEK, KOTOpbIA JAOMXeH 3TOr0 NOHUMaHMA
ROCTUTHYTH, 006A33H 3MaTh, KaK NpoMcxo-
AMT BhiuMciieHMe. Ecnu OH He NMoHMMaer,
10 QleflaeTcA, TO OMeHb MaJloBePOATHO,
NTO6bI OH WM3IBJEK W3 BEIMUCIEHMA uTO-
Hubyab uedHoe. OH BUAMT rOMBle Uncpbi,
HO MX MCTHHHOE 3HaveHHe MOXMeT OKa3aTh-
€Sl CKPHITBIM B BEIMMCNCHUAX.

P.B. Xeanun:

NMPEAUCIIOBUE

B macroslliee BpeMsa MMeeTcA IHAUMTENLHOE MMAIO Y4YeOHUKOB M MOHOrpadMil,
MOCBAIUEHHBIX METOAAM BHIMMCTEHHN (MACTB W3 HMX OTPAXEHa B CTMCKE JIMTepaTy-
pbl K faHHOMY Noco6uio). OnHAKO, Ha Hall B3rIAf, GONBLWMHCTBO 3THX KHMT opu-
EHTHPOBaHO Ha CTYACHTOB-MATEMATMKOB MK HA CREUMANUCTOB Mo BWYHCTUTENMbHOR
MareMarrke. B To ke BpeMA npakTuyeckM OTCYTCTBYeT oTevecTBeHHaR ydeGuan
NMTepaTypa, B KOTOPOH NOCTYMHLIM A CTYAEHT2 TeXHWMECKOrO BY3a MM MHMKEHe-
pa 06pason GbUTM BBl HANONKEHB! OCHOBHL! BHIUMCIUTENBHBIX METOZOB, NMpUMEHAEMBIX
CETOANA LA PellleHMA MHKeHepHBIX 3afiayv. (OcobeHHO OCTPOR, MO MHEHWIO ABTOPOB,
ABNsercsi NorpebHOCT: B HHMre, KOTOpAA cofiepxkafa 6bl He TONLKO MHANOHKeHHe
HaYasl YMCJIEHHBIX MeTOAOB, HO M AaBana Obl NpeAcTaB/ieHHe O PeAlbHO HCNOIb3Y-
eMbX B BHIMKCTMTENbHOM MpaKTHke anroputMax. Jlamvoe yde6Hoe mocoGue npy3pa-
MO B onpenefeHHoit CTemeHH BOCROMHHTDL IToT npobea.

Hacrosuee nocobue anpecoBaHo B NepBYlo OYepeflb CTyEHTAM # ACMMpaHTaM
BhICUIMX TeXHHYECKHX YueOmbix 3aBeleHMR, WIYYalOUUM OCHOBLI MaTeMaTHYecKoro
MODEIUPOBAHKA W “HCNEHHbIE METONLI. A.BTO]JH HafewTCA Ha TO, YTO 2Ta KHHra
6ylleT nosieSHa UIMPOKONY KPYTY WHKEHEPHBIX W Hay HO-TeXHWHeckHX pPaboTHWKOB,
KOTOpble HaMepeH! NMpUmensts IBM Ans pelllenA NPUKIAAHBIX 3a03Y.

Mpu HANKCAHUMM KHMIM aBTOpH WCTIOVILIOBANH MMOTOJIETHHI OMLIT Mpefiofapa-
HUA KYpca BbIMHMCIMTENBHBIX METONOB CTYAEHTaM H acliMpaHTaM pa3fiHyHbix cne-
uUHanbuocTe”n MOCKOBCKOrO 3HEPreTHYeCKOrc MMCTHTYT3, a Takke ONbIT palornl Ha
BbMHCIUTENbHOM letpe MOH. 3mauMrtentioe BAMAHMe Ha BLIGOp MaTepHana u
XapaKrep MINMOMEHUA OKAJANIH TaKKe MHOMOYMCJeHHble AMCKYCCHH CO cayllaTelaMk
cymecrsyoutero npu MOWU cdakynsrera nosuiilenna KeanndHUKALKHK Npefllofapate—-
neR BY30B CTPaHbl.
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ABTOpbI CTpeMHAMCh, MANIOXHTL MATEPHAN RO BOJMOKHOCTH Haubaee MpOCThHIM
M ROCTYTIHbIM o6padsom. O6bew 3HaHMA BHICWEN MATEMaTHKM, HeOGXOMMMBIA LIS
NMOHHMAHUA CONEPKAHMA KHMIHM, we BBIXOAMT 3a PaMKWM NpPorpaMabi MAAAWNX
KypcoB BTy3a. [locobne COREPXHT NOBOMBHO MHOTO NMPHMEPOB, WILTIOCTPHPYIOUMMX Te
WIM WHble NOMOXEHUA TEOPHM, 3 TalKe NEMOHETPUPYIOWNX OCOBEHHOCTH BRMUCIN-
TENbHLIX MeTONOB WM paboTy KOMKDETHLIX airOPUTMOB. TeM He Menee MHOrMe M3
PaccMaTPUBaEMbIX BOMPOCOB TPYAHH IR BOCMPHATHA M TpebyloT BHMMATENLHOMO
naydenua. K comaneHmio, B yuyebHolt nHrepaType OHM Hepellko onyckaswored. K
TAKHM HenTPANELHBIM BOMPOCAM OTHOCATCS, HanpMMep, MOHATHA KOPPEKTHOCTH,
YCTORYMBOCTH H  OGYCNMOBNEHHOCTH BBIYHCAMTENBHEIX 3afay M BBIMHCAHTEALHBIX
ANCOPUTMOB, 0CO6EHHOCTH NMOBefeHUST BRIMUCTHTENBHON norpemlHocTH. BaxHocTs MX
NOHMMaHWA Ins adderTuBHoro npuMenenus IBM ceronns penuka u Me aKueHTH-
PoBaTh H2a HHX BHMMaHHE€ ABTOPHl MOCYUTAIIH HEBOIMOMHBIM.

JanMM KpaTkoe MITOKEHHEe OCHOBHOTO cOfEPRaHWA KHMru. Baxmuyro upeftuyio
HArpy3ky HecyT Ha cebe nepeble TpM rnaBbl. PaccMatpuBaemilie B HWX Bofipochl
aagRManbBalor GyHAaMeNT, HeobxonMMLIA ANA NMPaBUABKMOTO NMOHMMAHUSA PAacCMATpH-
BAEMBIX B OCTANIbHBIX [V1ABAX BHIMHCAHTENILHBIX NeTONOB.

B rn. 1 naerca ofwiee NpeAcTaBReHMe O MeTOfle MATEMATHYECKOrO MOAEAMpOBa-
HHA, B TOM 4Mcie O Mpollecce CO3AAHMS MATENATUHECKHX Mofesell, o nocaenoBa-
TENLHOCTH OTaNoB pellleHMA MHXeMepHOA aafavwM ¢ npumexennem DBM, o Bbrm-
CIIHTENBEHOM 3KCNEpHUMENRTE.

B rn. 2 napany c BBefieHMeM B VIEMEHTapHY0 TeOpPWIO TOrpeliHOCcTel cofiep~
XUTCA NaNOKeHHe OCHOBMBIX ocobeHHocrell MaluwHHoR apudmernku. [lommumanue
atnX ocobeHHOCTeR HeoGXOAMMO TeM, KTO 3auHTepecoBaH B 2pPeKTUERHOM NpHMeHe-
Hu OBM pnA pelllenna MpHMKAaAHBIX 3aAay.

B m. 3 obcyxnalorea saxcHefline cBONCTBA BHMMCIIMTENBHBIX 33Ja4, METOAOB
u anropHtMoB. Jlaerca oflliee NpeActaBsienMe O KOPPEKTHOCTH, YCTOMYMBOCTM M
OSYCHOBNIEHHOCTH  BbIMMCAIMTENbHOM asamauy. [IpUBOAMTEA oONMcaHNe OCHOBHLIX
KIACCOB BEIYMCIMTENBHBIX MeTOLOB. JHAYMTENbHOe BHUMaHHWe YACNAETCA yCTOAuM-
BOCTH BbMMCIMTENBHBLIX AJNTMOPUMTMOB, MX YYBCTBHTENLHOCTM K ouiubkam. [laerca
npencraileHHe 0 PARMTUYHBIX MOAXOAAX K aHAIM3y OWMGOK, B TOM 4YHcne W 06
obpaTHoM aHaaHae ownbok. O6cyxnalorca TpeboBaHuA, NMPeNBABNAEMbIE K BbIMMC-
JIMTENILHBIM AJIMOPHTMAM.

KoHKpeTHble BLIMMUIMTENLHBIC 33034k M MeTOAb MX pelieHHs paccMaTpHBaloT-
cA HauMHasa ¢ . 4. 3pech aBTOpbI CTPEMMANCH K TOMY, YTOGH He TONBKO M3N0O-
HKNUTh MpoCTeAllMe MOAXOABl, HO M RaTh NpeACTaBleHHe 06 ANrOPUTMAX, KOTOpble
peasibHG MCNONBIYIOTCHA ANA pelileHUsi COOTBETCTBYIOIMX 3afaM.

B rn. 4 paccuatpHBajoresi METOAibl OTBICKAHUA PellleHHR HeNMHeAHBIX YpaBHe-
HMA. 3HaduTeNbMOe BHMMAHWe YAeNleHO MOCTAHOBKe 3alladM M ee CBONCTBaM, B
YACLTHOCTH — MYBCTBMTEJIbHOCTM KOpHERl HelMHeNHBIX YpaBHEeHMH K NMOrPEHOCTAM.
Cpean pasiuuHbIX METONOB OThICKAHMS KOpHel GoJiee NOAPOGHO MANATAlOTCA MeTOR
npocrofl Hrepauni, Meroa HulotoHa M paznuuibie X MoRMpHKAUKM.
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B rn. 5 paccuoTpensl npsMble (TOuHbie) METONB! pellieMUA CHMCTEM JNMHeHBIX
anreGpanyvecknx ypaBHeHnit. OcHoBHOE® BHHMaHMe ynensercA Merony [aycca u ero
Pa3mMuHbIN  MofnguKkauuAM. PaccsartpuBaerca ucnonbaopane LFpaanomenna
MATpMLL IUIA peluenNns CHUCTeM NMHeNHbIX YPDaBHeHMNA, MeTof, KBANpATHRIX KOpHed,
MeTOL NnpOTOHKH, MeTOAR BpalleHHR H orpaxenufl. QO6cyRnaerca anropMT™ MTepa-
LHOMHOTO YTOMHEHUA.

B ra. 6 paccnartpuBaloTesl MTepallHoHHble METONR! pellleHHSl cUCTeN AMHeAHBIX
anrebpayvecKHx ypaBHeHMil: Metofl mpoctofl MTepaumu, Metod’ 3ednens, Meron
penaKcauMu U ApyTHe MeTofbl.

B pacCMaTPMBaeTCH 3aJlaya OTBICKAHHA pellieMMil CHCTeM HeluHeAHHIX
ypa.sneuuﬂ.éﬁﬁcyxnamca He TONMLKO COOTBETCTBYIOLIME HTEPAllMOHHBIE METOAH, HO
M pa3nuyuHeie NOAXOABI K PelleHHI0 CJIOKHOM 3aAaYH JIOKAIMIALMH.

B ra. 8 naerca npeacrasietiMe o NpoGiieMe cOGCTBEHMBIX 3HAWEHMA M O Pasniny-
MBIX NMOZXONAX K BBHIMMCIENHI0 COGCTBEHMBIX 3HAYEMMA M COGCTBEHMBIX BEKTOPOB.
Hanaralorea crenenHoit Meron W o6paTHHI cTenenHoR wWetof, obcywxpaercs QR-
ANTOPUTM.

B rn. 9 uanaraorcsa Haubonee U3BeCTHble YMCTEHHBIE METOAH PelleMHA 3afayM
OFHOMepHON MMHWMU3ALHH, B TOM YMCle METON AENeHHA OTPe3ka MonoNaM, MeToR
Dubonayyn, MeTop 3aN0T0r0 cevenun M uerof, Helorona.

B rn. 10 paceMatpHBaloTeA paaNMvHble MeTOAb! pellieHUs 3apavn GeaycnoBHoR
MuHMMuaauun. HauGonee nonmHo uanokewsl rpalMenTHE Metofl, Meton Heiotoua u
MeTOfl CONpsbieHHED MPafHeHTOB.

B rn. 11 paccuorpedsl Hapbonee Bakhile M YACTO BCTPeMalOUIMECR B Mpunoxe-
WHAX MeTofbl npubnHxenns GyHKuUKA. JHaYMTENbHOE BHHMAMHe yAeleHO MNTepro-
NAUMK, TIPHYEM pacCMATPHBAETCS MHTEPNIONIALUMA He TOMbKe anreGpauyecKHMH
MHOMOWIEHAMM, HO M TPHMOHOMeTpHMYeCKHMH MHOMWISCHAMM, 3 TakKke HHTepnonA-
una cnnafnamm. JlocratouHo neapobHo ob6cyxkAaercs Meroll HaWMeHbU WX KBaapa-
1oB. JlaeTcAs NOMATHE 0 HaMAmyvlleM PaBHOMePHOM NpHGAMKeHMM W npobHo-pauy-
OHANIBHBIX ANMPOKCHMALLHAX.

B 21y maBy BRAOMEHB TakKiKe HEKOTOphie BOTIPOCH, HMEIOliMe HenocpeAcTBeH—-
HOe OTHOllleHwWe K MeToflaM TIPHGIHXeNUA GYHKUMA. DTo KOHeuHBle M padfefienHbie
pasHocTH, MHoTOWleHb! Yebbnuepa, 6uicTpoe AMCKPeTHOe npeobpasobanme Dypbe.

B rn. 12 paccMatpuBaloTeA pamMYHbie MOAXOAB! K BBBOAY opMyn UicaeHHoro
nMdPepeHUHPOBaHNSA, 0bCyRNaeTCA YYBCTBUTENLHOCTE ITHX Gopuyn K olinbrau B
BRIYUCAEHHN 3HAYeHHA GYHRUUM.

B rn. 13 wanaraorca MeTomhl BLIMMCNEHMA ONpeneNeHHbHX HHTerpanos. Buso-
AATCA KBAAPATYPHble POPMYTIbI MHTEPNONALMONHONO THNA M KBaapaTypHble hopMy-
bl [aycca. Jlaerca npeactaBiielke ¢ NPUHUMNAX MOCTPOEHMA afANTHBHBIX MMpolle-
RYDP MMCIIEHHONO MHTETpHPOBaHUA W, B YacTROCTH, 06 MCMONb3YeMBIX B HMX CROCO-
6ax anocrepuopHoR olleHKM norpeitHoctit. PaccuMaTpupalorea paanMuHble NOAXOABI
K BBIYMCJIEHHIO UHTErpanoB oT (yHKUMA, MMEIOUIHX Te WIM HHule ocobeltoctd. B
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YAaCTHOCTH, 3ATPArMBaeTcd NpobneMa MHTErpMpOBAHHA OBICTPO OCHMANHPYIONINX
b yHnuuA.

[Cn. 14 nocssAlleHa uMceHHBM MeTolam pelllenus 3anauM Kowu nna ofrixHo-
peHHbIX AM¢depeHUMANbHBIX ypaBHeHHnt  [lonpo6Ho paccMarpuBalorca  Merof
Ofinepa U ero paanuyHble MomMdUkauky. 3HauMTeNbHOE BHHMaKHE YNEleHO pac-
cMoTpeHMio KnaccHyeckux uerofios Pywre—Kytrer u Anamca. O6cyxparwrca pas-
TIMYHble CBOMCTBA YCTOMYMBOCTH MUCJIEHHBIX METONOB pelllenusa 3apayuu Kouin, B
TOM MMCRE HYb-YCTOMMHBOCTD, A6COMIOTHAR YCTOAUHBOCTE, A-ycroasusocrs, A(a)
ycrofunBocts. CneuMansHo pacCMATPHBAIOTCST XKECTKMe 23afla¥M M MeToAbl X
peleHMA.

B rn. 15 uayvaloTest METOABI YHCNEHHOTO pelleHHA ABYXTOMEUHBIX KPaeBhIX

sanau. [lonpo6Ho Manaraercs NnpuMeHeHne METONa KOHEYHBIX PA3HOCTefl K pelleHHIo
KpaeBuXx 3afa¥ 1/is obbikHoBeHHoro AMcdepeHuUMaANpHONO YpaBHeHUA BTOPOTO
nopAanka. Jlaercs npeAcraBienue ¢ NPoEKUMOHHBIX MeTofax Putua u [anepkuna;
oBcyxmpaercA ONMH U3 MX COBPeMelHbIX BAPMAHTOB — METO] KOHEWHBIX IEMEHTOB.
3abepurtaer raasy paccMOTpeHME METOAA NPHCTPENKU.
» MoXHO NpeanoNoXMTb, YTO K H3YYeMMK® OTHENbHEIX naparpadoB MM naxe
ThaB 3TOM KHATH MWTaTeNb MPUCTYTIMT, TONBKO CTONIKMYBUIMCL € HEOGXOAMMOCTHIO
peuuts Ha OBM Baxuyo ana Hero samavy. Bepostho, B 310M cayvae nonbsa or
M3Y4YeHMA COOTBeTcTByloWero pasfiena 6ymer naubonbuwed. MHorme sonpoch pac-
CMOTPeHbl O04YeHb KParTko WM He paccMoTpenbl Booble. ABTOpHI HaleloTeA Ha To,
YT0 COOTBETCTBYIOUIME NPoleihl MOKHO BOCTIONHWTL, UCTIONB3YA CheNaHHble B TERCTe
CCHUTKH Ha M3BeCTHBle Y4eOHUKH W MoHorpaduu.

B pdAle ciyJyaes aBTOpbl NMO3BONANT cebe MHTEPNpPETMPOBATE T¢ WM HMHble
pesy/ibTaTh, fenlath ofpelelleHlble BRIBOARI M JaXe NaBaTL PeKOMEHJAUMM B
HalleX e Ha TO, 4TO ONA HOBUYKE COOTBETCTBYWOILME PACCYXACHHA AARYT NOMEIHLIA
HavafbHBIl OPUEHTHP. B uenoM ke kO BCAKMM pekoMeHNAUWAM B TaKOM ClOXKHON
W NHorooGpasHoil obMacTH, KAK NpHMeNeHMe BEMHUIMTIBHEX MeTONOB ANA pelle-
HMA NpURIAAHMBIX 3anady Ha OBM, cheayer oTHecTnes ¢ ocropoxmnoctsio. Oun He
MOTYT MPETEHNOBATH Ha 6ecclopHOCTE H MX clleiyeT DacCMaTpPHMBaThL cKopee Kak
OTDAXEHUE TOUKH 3PEHKA ABTOPOB,

HHoraa 10 ik HHOE NONOKeHNe 0BOCHOBLIBALTCA CChUIKOR HA BHIMMCAMTENLHYIO
npakThKy. XOTA KPHTePHA NPaKTMKK W Mrpaer npu or6ope MeTOROB BbIMMCAEHMM
CyllecTBeHHYI0 poJib, BCe Xe OlleHKM MEeTOROB, OCUOBAHHLIE HA peayfbraTax MX
NpHMEHeHKA AR pelieHWs KOHKPeTHBIX 3afay, Hepenko Opipalor pecbMa cyGbex-
THBHB ¥ NPOTHBOPEYHBHL.

B sarmovetiMe OTMETHM, 4YTO HMKAKHME TeOpeTHYeCKHe NOJNOXEHHS U COBEThbI He
MOMYT 3aMEeHWTH COBCTBEHHOrO ONLITa BBIMHCMUTENbHOM paGorbl Kaw Hanelores
ABTOPBI, NAPAVIENbHO ¢ W3YYeHHeM NAKMOM KHKTYM TAKOW ONBIT MOXET npHoGpecTH
YUTATENb NMepeXofs OT pelleHMA 3anay yveGHOro XapakTepa K cepbeéaHbiM NPaKTH-
YecKHM 3alavaM

Aamopu



JFTTY o

MATEMATHYECKOE MOZIENTHPOBAHHE
H PEMEHHE HHXEHEPHHIX 3AAY
C NPUMEHEHHEM SBM

B 210i rnase feeTcA o6llee NpeACTABIEHHE O METORE MaTeMaTHYecKoro
MONENHPOBAHHA, B TOM YHCAE O Tpouecce CcO3NBHWA MaTEMaTHYeCKHX
Moasenefl, 0 NOC/IENOBATEALHOCTH JITANIOB POMIEHWA HHXEHEPHOR 3ama4M ¢
npumereHren IBM, o BuuMcANTENBHOM dKcMepHMeEnTe.

Pasnenenne pemaemmx ¢ npusenenneM OBM npuknanmmx samau Ha
MHXEHepHbIe, Hay4YHHE, IKOHOMMYeckHMe M T.0. ABIAETCA A0 MIBECTHOM
cTeneHn ycloBHbiM. TeM He MEHee NPpH HANMCAHMM AaHHOTO MOCOGHA ABTO-
pH OpPMEHTHPOBAIHMCH HA YHTATENA, MATEPECYIOLIEroca pelleRneM UMEHHO
MHXMEHepHHIX dafmayu. [lonwTaemcs oxapaKTepM3oBaTb 3TOT Kiace 3ajgad,
BHUJIEIHB €10 HEKOTOphie XapAKTepHHS 0cOGeRHOCTH.

1.UnxenepHbe 3ala¥4 MMEKT APKO BHIDAXEGHHYI0 NPAKTHYOCKYI0 Ha-
npaerennocts. llensio UX pellleAMA ABAAETCA CO3ZlaHHE HOBOM KORCTDYK-
UHH, pa3paboTHKa MHOBOTO TEXHOMIOTHYECKOr0 MNpoUecca, MHHHMHMIAUMA
3aTpaT Ha NPOM3BOACTRO HEKOTOporo wafemua H T.A. [losToMy mna ranux
38/1a4 XapaxKTepHa HEOOXOAWMOCTD JOBEleHHA PeIYNLTATOB A0 KOHKPETHHIX
qucen, rpa¢pukos, Tabamu, HA OCHOBAHHH KOTODHIX MOXHO NPHRMMATh
Pellenns.

2. OTu 3amauM XApAKTEPHAYIOTCA 3HAYMTENIbHHM 06HEOMOM BHINONHA-
emoft BEIYHCIMTENbROA pabGoTi.

3. Ina 3tux 3ana4 XapaKTepHO MCNO/NB3OBAHME AOCTATOMHO CJOMHEIX
MATEMATHYECKHX MOZIE/e ¥ CEpbe3HONo MATeMATHYECKOrO annapaTta.

4. Kak npasnno, HHXeHepHEE 38184H POIlAlOT CHENHANTHCTH, HMeIomue
TeXHHYECKOe 06palOsaHMe, HO He ARNAKIMect npodeccnonanaMy B 06nac-
TH PalpalbOTKH MATEMATHYECKHX METOAOB M MPOrpaMMHOre ofecmeveHHA
OBM. Iloa1OMy €CTECTBEHHO XelaHMe 3ITHX CNENHATHCTOB HCNONL3OBATH
rOTOBM¢ BHIYHCAMTENbHBE METOAN M CTAHZAPTHOE MaTeMaTH4ecKOoe mpo-
rpaMmAOe oGecneyenue.

Hakonel, ycloBuMCA CYHTATb, XTC B PACCMATPHBAEMHIR Kfracc 3amad
BXOAAT 3ala4M TONBKO YMEPEHHOA C/A0XKHOCTH. [laA ux pemennma Be Tpe-
6y10T¢a cBepXGOMLUIME CKOPOCTH BLIYHCIEHHA M cBepx6oabmue OOBEMB
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DaMATH JAAs XpaHeHRHMA AsAnunx. Takuum obpazom, 3T 3agayl MOryT GHITb
pewledtl ¢ noMomsio OBM, mocTynmeix maccoomy nonssosaremo. Te xe
3afla4yi, KOTOpHE TPeOYIOT INA pelleANs CBEPXMOIWHAON BLIYHMCAWUTEILHON
TEXHHKH ¥ DPHRLMNHA/IBHO HOBRIX AATMOPHTMOB, 6y/ieM OTHOCHTL K KATero-
PHH HAYYHHX 38J8Y.

§ 1.1. Maremarrweckoe MORSAIEPOBARNE

B Opongcc CO3INAHHA
MATEMATHIOCKOE MOnenH

Mamewmamuxecxoe modesuposanue nNpeAcTABIAET cOG0M METOR Hccaeno-
BaHEMA 06BEKTOR H MPONECCOB PEANbHOrO MHPA ¢ NOMOLIbLI UX NPHGAMKEH-
HHX ONHCBHWA Ha A3NKe MATEMATUKH — .gamesamuvecxur sodesed. DToT
MEeTOZ Ype3Bh4afiHO TMNOMIOTBOPEH ¥ MABECTEH YXEe HECKOALKO THeAuese-
Thit. Hacymume aanauu 3emneneMs M CTPOHTENbCTBA €umie B ApeBHHe
Bpemena NPHBOAHAM K HeOOGXOAMMOCTH oOnpefeseHns nAomslelt H 06b-
€MOB, 8 CJICOBATE/IBHO, H K PACCMOTPEHHIO MIEMEATAPHLX MeOMETPHYECKHX
¢Hryp, DalOmMUMX OpPHMEp NPOCTElIUNX MaTeMaTW4ecKux mopenef. Boamoxk-
HOCTH MATEMATHYECKOrC MOJENHPOBAHHA M €ro RAMARHA HA MAYYHO-TeXHH-
yecKHil mporpecc HEMIMEPHMO BO3POCHM B NOCNEAHHE NECATHNCTHA B
CBA3M ¢ CO3ZIAHMEM M MINPOKNM BHeApeRneM JBM.

Ilpouecc co3naEnuA MATEMATHYECKON MOAENM YCNOBRO MOMHO Pa3bMTh
Ha PAJ OCHOBHHIX 23Tanos: l) MmOCTpOeHMe MaTeMaTHyecKON Momenu; 2)
NOCTaROBKA, UCCITEAOBAHHE M PELIeRHE COOTBETCTBYOWMX BHYHCAUTEIbHBIX
3amay; 3) npoBepKa KauecTea MOENM Ha TIPAKTHKE W MOAH(PMKALMA Mone-
an. PaceMoTpHM OCHOBHOE cOflepXKBHHE ITHX ITANOB.

1. Hocrpoemme maremarmgeckolt mopenu. Ilpeanonaraercsa, 410 € no-
MOIILIO HAGNIOBEHHA M JIKCMEPHMMENTOB, MPAKTHKM (MOHMMAEMOR B caMOM
IWIMPOKOM CcMBIC/IE) MONY4EHa MOCTATOYRO NOAPOGHas uudopmanua o6
H3ayuaeMOM ABNERMH. J[NA pacCMBRTPHBAEMOTO ITala XAPAKTEPHO TayGoKoe
NPOHMKHOBEHHE B NOMy4YeHHne PAKTH ¢ UENBIO BHACHEHMA [JIABHHX 3aKO-
HonepHOcTell. Buasnslorca ocHOBHbE "xapakTepHeTukn" ABNEHMA, KOTO-
PbiM CONOCTAB/IAIOTCA HEKOTOpue BeMMyMHu. Kak mpasuno, sty senmuMmnn
NPHHMMAIOT YMCTIOBHE 3HAYEHUA, T.€. SBJISAIOTCA NEePeMEHHLIMH, BEKTOpa-
MM, MATPHUAMY, QYHKUMAMYK H T.14.

VYCT3HOBNICHHMM BHYTPEHHRHM CBA3AM MEXIAY 'xapakTepucraxkaummu"
ABNleHnA npHAaercA ¢GOpMA paBEHCTB, HepABSHCTB, YPaBHERMIl M JmOrudYe-
CKHX CTPYKTYP, ¢BAABIBAIOINX BIHYHHE, BKAIOYCHHEE B MATEMATHYECKYIO
mogens. Takum 06pa3oM, MATEMBTHYECKAA MOME/Nb CTAHOBMTCA 33OMCHIO Ha
A3LKE MATEMATUKH IAKOHOB MPHUPONH, YAPaBRAAIGIIAX NPOTEKAHHEM Mccne-
AYEMOro mpoLecca MNM OAMCHEBAIOMIMX (OYHKUHOHMPOBAHHE WN3Y4AeMOro
8



o6sekta. Ona BiIIOWaET B ce6A HAGOP HEKOTOPHIX BETHYHH M ONMCAHHE
X8paKTepa cBA3H MEXAY HUMH.

POEHHE MATeMATHYECKHX MOfAenefl — cyllecTBEHHAA H O4YeHb BaX-
HaA Y €CTECTBEHNHX H TeXHMUECKMX HayK. JTa 3ajja4a, Tpebyloman or
McenepoBaTena rayGoKOro 3HaHWMA mpeaAMeTHOR o6nacTH, BhHCOKOft MaTeMa-
TUYeckolfl KynbTypH, ONHTA NOCTPOSHHMA MoOenefl, pa3BHTOR MHTYMUUH M
mHororo apyroro. CoafaHMe yAsuuoil HOBON MOAeNnH — Beerfia Kpynhoe
DOCTHXKERHE COOTBETCTBYIOIEH HAaykH, & HHOMAA W LeNnA ITan B €@ padBn-
THH.

IloguepkueM, 4TO MaTeMAaTHYeCKadA MOAent HREHM30EXHO npencTapiasieT
coboff KOMNpOMUCe MeXAy GEecKOHEYHOR CIOXHOCTLIO M3YHaeMOro ABNEHHA
H Xenaemoil npocToToft ero omucauua. Mogenar aomuua GbITe KOCTATOUHO
NOAHON, AnA TOre 4TOGH OKa3aTbeA MNONE3HOR AAA M3YYeHHA CBONCTB
uccreayeMoro AsneHHA. B 10 xe spema oHa 06A3aNA OHTH JOCTATOYHO
npocToil, ANA TOrO YTOOH AONYCKATHL BOAMONKHOCTh €€ AHANM3A CYIUeCTBY-
IOIMMHE B MATEMATHKE CpelcTBaMMu H ¢e peanmaauun Ha IBM. Ha orpom-
HOTO YHCAA XAPDAKTEDMCTHK fABJEHMA H JefcTBYIOIIMX HA Hero ¢akTopos
TpeGyerca BHASNHMTE OCHOBHEE, ONpepenfwoiye, 0TO6pocHB NpH 3TOM BTO-
pocTenenHble, HecyecTBEHHbDIE.

Hepeako B MATEMATHYECKYI0O MOAENE 3AKJGALIBAIOTCA HEKOTOpPLIE MHNO-
_ Te3nl, ewle He NOATBEPNECMHbe Ha MpakTHKe. TaKylo MATEMATHYECKYIo
MOZeNs YACcTO HAIKBAIOT 1UNOMEMUNECKOU,

IIpuBenem npuuep npocreiiiieft MaTeMaTHYeCKON wOaenw.

TMpwsep 1.1. [lycre ncenenyerca neHxkelide Tea, GPOLUIEHHONO €O CKOPOCTHIO

MO YTJIOM & K NMOBEPXHOCTH JeMiH.
Bynen cuMtaTh, ¥TO B pacCMaTpH- Y

BAaEMOM CNY4ae MOXHO NpeHebpeyk v
COMpOTHBNIEHUEM BO3NYXA, CYMTaTh “’i -
3emmo Iockod, a yckopeHHe csobon- - ¢ O~
HOro MNaleHMA ¢ — MNOCTOAHHOM. ’ ] N
Beenen cucreMy — KOOpAMMaT, ee N
HaYa/lo MOMECTHM B TOMKY OpocaHMsA, AN
oce Or nanpaBnM Toph3oHTaNBHO B 0 X
HanpaBneHHH Opocakus, a ock Oy —
BepTHKaneho peepx (puc. 1.1). Mycm Puc. 1.1
u ({) 1 w(f) — ropuaoHTanbLHAA M
BepTHKANBHAA COCTARIAIIME CKOPOCTH Y1) B MONEHT BpeMeHM f (B HayanbHBM
MoMenT 1 = 0, v = ).

Cornacho 3aKOHAM NEXaHWKM, NPU CASTAHHBIX MPeANOJIOKeHUAX ABMKeHHe Tena
B TOPHIOHTANLHOM HATIDABMEHMH SBASETCH PaBNOMEDEBIM, 2 B BEPTHUKATBHOM —
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PABHOYCKOPEHHBbIM C YCKOpeHHeM, paBHbiM — ¢. [lootoMy ¢npaBepamurl crenpyioutue
paBeHCTBa:

= wcod a, = (w cos a)t, (1.1)
2
w= wsin o= gt y= (wsin ajt- 2. (12)

Qopuymsi (1.1}, (1.2) 1 palor npocTefilyio MaTEMaTHYECKYI0 MONETb PAcCMATPHBA-
emoro AeneHuA, coanannyo 8 XVII . I'.[anuneen!. Janernn, uro npn 0 < a <
< 7/2 TpaexTopis ABHXEHNA NpeRcTaBAAer coboit napabomy

g

y:—mﬂ-l»(tga)r.

MaTemaTiyeckMe MOIENH YAcTO PAINENAIOT HA CTATHYECKME M JHHAMMN-
geckue. Cmamuvecxas uodeas OMNUCHIBACT ARNEHHE WM CATYARLUIO B Npeld-
NON0XEeHHH MX 3ABEPIIEHHOCTH, HeM3MEeHHOCTH (T.€. B craTuxe). Junawuu-
vecxas AodeAd ONMHCHIBAET, KAK MPOTEKAeT ABRNEHME WIH M3MEHAETCA CHUTY-
auMA OT OZHOINO COCTOAHMA K Apyromy (r.e. B aMuamure). [lpn ucnonsao-
BAHHH AMHAMMYECKMX MOfeseil, KAK NpaBuio, 3afal0T HaYalbHOe COCTOA-
HMe CHCTEMEB, B 3ATEM HCCIEAYIOT MIMEHEHHE 2TOTO COCTOAHMA BO BPEMEHM.

2. HocTaEOBKA, HCC/ACAOBAHEE H POmeaNe BHIECAHTEILELY 3aaaq. [Ias
TOro yTo6H HANTH MRTEPeCYIOUINE MCCACROBATENA IHAYCHHA BEJIMYMH HAM
BHACHHTE XAPAKTEp M3 3ABHCHMOCTM OT APYFMX BXOAAIIKMX B MATeMATH4E-
CKYI0 MOZIeNib BIMYMH, CTABAT, A 3ATEM PEIIAIOT MATEMATHYECKHE 38lAYM.

BoiABMM OCHOBHBE THNb pelliaeMblx 3aaa4. Jlaa 310ro Bee BeNMUMHLI,
BKJIOYEHHBI® B MATEMATHYECKYIO MOAENL, YC/OBHO pa3obreM Ha TPHM Tpym-
mel: 1) uczodume (ezodusie) danxse z; 2) napamemps modesu a; 3) ucxo-
moe pewenue (emzodnme danwme) y. B munaMmuecknX MORENAX McKOMOe
pelllerMe 4acTo AnjiAercA pynxknuedl Bpemenn y = y (1); nepemennan ! B
TAKHUX MOMENAX, KAK NPaBH/O, GHBAET BHACNEHHOR ¥ HrpaeT 0cobyIo ponk.

HanbGonee 4acTO pelllalOT TAK HAIMBaSMBIE npSaseé 3adavu, NOCTAHOBKA
KOTOPHX BHIMAAMT cleAYIOmM o6pa3oM: N0 AAHHOMY 3HAYEHHIO BXOZHO-
TO JIAHHOTO I NPH (PUKCMPOBANHBIX 3HAYEHWAX NApaMeTpOB a4 TpeGyercA
aailty peuienne y. [ponece peweHUa npAMOR 3a4ayy MOXKHO PAaccMATPH-
BATh KAK MATEMATHYECKOE MOXENHMPOBAHHE NPUYMRHO-CNEACTBERHON CBAAM,
npucymeft asaennto. Torna Bxognoe AaHHOe z xapakTepuayer "mpHIMnm"
ABJICHHA, KOTOPHE 3afiRIOTCA H BAPBHPYIOTCA B OpOUECcce HCCNEAOBAHUA, a
MckoOMO€ pellieHue y — "cneperaue”.

I Tanuneo Fanunen (1564 — 1642) — uTambsHckuA GHIMK, MEXAHHMK, acTpo-
HOM, OfHU U3 OCHOBaTe/ell TOYHONO ECTECTBOSHAHKSA.
10



Oaa Toro 4robnl MATEMATMYECKOE OMMcAHME OLIN0 NPUMEHNMMO He K
eAMHHYHOMY ABJIEHMIO, 8 K HIMPOKOMY Kpyry GAH3KMX no npupofie ABle-
HMfl, B ACHCTBHTEABHOCTH CTPOAT HE €AMHMYHYIO MATEMATHYECKYIO MOAEND,
B HEKOTOPOE NapaMeTpHYecKoe cemelicTso mopeneit. Byaem cumrtaTh, uTO
BLIGOP KOHKPEeTHOR MORENM M3 3TOro ceMeRcTBa OCYLIeCTBIAETCA PUKcann-
el aHaueHnit napameTpoB Mozenu a. Hanpumep, B ponn TBKMX napadeTpoB
MOT'YT BHLICTYMATH HEKOTOPHE M3 K03(PULUUEHTOB, BXOAAIIMX B YPABHEHHA.
C nomompio BLIGOPA MAPAMETPOB MOXET NPOM3BOAMTLCA YKadaHMe THOA
GyHKUMORANLHON 3ABMCHMOCTH MEXAY HEKOTOpHMM M3 BesiMumb. Hakonen,
€CNH MCNONBb3yeMblé MABTEMATHYECKMEe MOJENH pAaIGHTH HA KJIACCH, TO
NAPAMETPOM MOXET CIYKHTh M KJIACC HCMONb3YeMOl MOL QN

Mpwuep 1.2. Ons smonenu (1.1), (1.2) npanyw sanayy ecrecteerto GhopMyaHpo-
gaTh KaK aaflayy Bhrducnenus pemuduH u (f), w (f), r (1), ¥ (1) no sanasaeMbid
BXOAHBIM JaHHhiM 1), . [lapamerpow wmonenn sfech sBnseTcA BeNM4MMa YcKope-
HMA cBoGoanoro naneHust ¢ Ee 3Havenne 3aBMCUT OT TOTO, NPOH3IBOANTCA JM
6pocaHMe Tena ¢ NoBepxuocTH 3eunu Ha ypoBHe MupoBoro oxeaHa, B ryGoxon
waxre UAH XKe Ma Gonbllof BbicoTe. 3AMETHM, YTO Ta Xe MOAeNb NPWLOAHA AnA
ONKCAHUA ABMXKEHUSA Tesla, GpollieHHOro Ha moGofl ApYroR NiaHere, eciIM 3HaYeHMe
NapaMmerpa ¢ Aia orofl NiaKeTsl H3BecTHO.

Boasumiyio poar Mrpaer petmenMe Tak HadbLIBAEMBX ofpamumz sedax,
COCTOAWMX B ONpeAeNeHH BXOOHONO JAHHONO I NO JBHHOMY JIHAYEHHIO ¥
(napamerpsl MOAENM @, KAk W B OpaMofl 3agade, ¢ukcuposannl). Pemenne
o6paTHOit 3aA84M — 3TO B ONPEelENeHHOM CMHic/e MAOMLITKA BLISACHHTD,
KaKHe "npuynun” z npusenu k uasectnomy "cnemereuio” y. Kak npaeuno,
OGPATHBIE 3BIAYN OKAILIBAIOTCA CNOXHEE /s pellleHHA, YeM npAMue.

Mpwsep 1.3. Iaa mopenn (1.1), (1.2) obpathyio 3afia¥y MOXHO CHOPMYNHPO~
BaTh Tak: no sananued u (f), w (1), z (2), y (i) TpeGyerca MafTH HadyeHMHA tp, .
3amerHd, Y10 I ONHOSHAYMONG OMPENesNeHMA @y, & AOCTATOYHO 3anaTh B Jio6oR
(pUKCHpOBaHHBIA MoMeHT I 2 0 onHy Ha nap Bennnd ( u (lg), w (%)) wm (z (L),
¥ (%0))-

IloMMMO OBYX paccCMOTPEHHHX THNOB 3afa4 cleflyeT yNOMAHYTL €me
oAMr THN — 3adavu udenmufuxayuu. B mMpoKkou cMbicne 3amaya HEEHTH-
¢rkauun mofenH — IT0 3aAaYa BuGOpa CpeRM MHOXECTBA BCEBOIMOXKHLIX
sMopieniell TO#l, KOTOpad HaKAy4YWIMM OGpa30oM OMMCHBAET M3ydaeMoe sBJe-
une. B Takoft nocTaHoBKe 3TAa 334a4A BHIFAGHMT KaK NPAKTHYECKH HEpa3a-
pewnman npobnema. Yame 3amauy MaoeHTHOMKAUMM NOHMMAIOT B Y3KOM
tMbiC/ie, KAK 3aa4y BbiGOpAa M3 3aQAHHOMO MAPAMETPMYECKOro cemeiicTBa
MOZleneR KOHKPETHOl MaTeMaTHYecKod MojenH (¢ moMompio BhiGOpa ee
NapaMeTpoB @), ¢ TeM YTOOb ONTHMAJIBHLIM B CMEICAE HEKOTOPOre KpMTe-
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pHA 06pR3OM COTNIACOBATH CACACTBHA H3 MONENHN ¢ Pe3yAbTATAMH Habaone-
HHA.

Mpwaep 1.4. Mpunennreneio k wopenu (1.1), (1.2) sanava wpentnpuraumm
MOMET COCTOATH B ONpeleNeHKK BETHYMHBI YCKOPEHHA CBOGOLHOrO NMajeHus TlaHe-
Thl ¢ NO PeayNbLTATAM HabIIOfeHMA 3a MapaMeTpaMH TPaeKTOpHH.

Vka3aunne TpM TMOA 3afa4 (MpAmbie, 06paTHbie M 3adadu MaeHTH M-
Kallun) GyAeM HAIBIBATH 6MYUCAUMESINNMALU Jadaxanusu. JAn yno6Gersa
M3NOMEHHUA B AalbHElIIEM HEe3aBMCHMO OT THOA peulaeMol 3amaun Gyndew
HAJLIBATE HAGOP MON/IEXKBINMX ONpENENCHHIO BETNYHH UCKOAUML PEULENUEH
M 0GO3HAYATL Yepe3 ¥, B HAGOP BEIHYMA — 6Z0Oum.u daunsia M OGO3HA-
4YaTh Yepes Z.

Ipusep 1.5. Ilpu onucaWMu WMHOrMX SIBNEHMA WMCMOMBIYIOT MOJEIb MOAHHO-
MHANBHON 3ABMCHMOCTH MEXIY BETHYMHAMM TH ¥ :

y= Pp(r) S a9+ iz + ... + apz. (1.3)

3neck ag, a, ..., 8n — Ko3PDHUHEHTH MHOrOWIeHa, ABNAOILKECA NApaMerpa-
NH Monenn (B YHCIO NapaMeTpoB MOMEMN NMOXKHO BKJIIOYHTL M CTeNeHb NHOrowle-
ua). Ilpu GHMKCHpoOBAHHBIX 3HAYEHMAX NapaMerpoB NpAMAA 3aflada COCTOMT B
BbIYWCIEMHM 3HaYEHMA MHOTOWIeHa ¥ = Pp(z) no sanaHhoMy z. B taxom cayvae
LeNBio pelicHHA o6paTHOM 3aflauM SBNAercA ollpellefieHHe No 3aJaHHOMY 3HAYeHHIo
¥ COOTBETCTBYIOlUero eMy 3Havehus z. Herpyano BMaers, 4to 370 ecTh 3anava
OTHICKAHMA KOpHel MHOrOWIeHa, oTauyamolteroca or Pp(z) sameHoft koadduilenta

a4 Ha @ = ag — ¥ EcnM ke M3 NpaKTHKM M3IBECTHA HekoTopasd MHGOpMBUMA ©
3ABMCHMOCTH ¥ OT 7, TO ONpelefieHHE NapaNerpoB dg, 4y, ..., Gp, NpH KOTODPRIX
nonent (1.3) MaMAYYWIMM B HEKOTOPOM CMbicsie oGpasoM ONMKCHIBAET ITY 3aBHCH-
MOCTb, TNpefictaBnsier coboit aanauy uaenthdpurauuu. Hanpumep, ecau zapana
rafiMUa 3HAYEHWA Z,, ¥, TO TAKYW0 3ajayy B 3IABUCMMOCTHM OT CHMTYALHM MOXHO
pelaTh, HCNONL3YA MIBECTHhlE METONB HTEepNONALUMM H HaHMeHBUWMX KBANparToB
(em. . 11).

Mpineep 1.8. Hepeako pxopsawmme B Mofens ¢byhkumu z () 1 y (f) Gouisalor
CBA3aHbI PaBeNCTBOM

y(t)=i:(r)dr+€

0

Hanphuep, Tak eBasansl Mexay cobofl ckopocts z (1) M nytb y (f) npx npsponu-
HeAHoM fBuxeHHH. Torna npu HKCHpOBaHHOM 3Ha4eMMu nocrosAHHON C npAMan
12



3ala42 (3aNa¥a HHTEIPHPOBAHMS) COCTOMT B BHIYMCAEHHH NeppoobpasHon y (1) no
3afaHHoN ¢ynkunu z (f). O6parHan 3apava (3agava AudpepeHUMpoBaHNA) 3aK-
movaerca B BeiYucaenuk z (f) = g’ (f) no sanaunon dyHxumnu y (7).

Kak npapuno, petienye suiMMcIMTeNEHON 388YM He yAAeTcA BHIPAINTD
yepe3d BXOAHbLE NAMHbIE B BHAE KOHeYHOR (opMyan. OQHAKO 3TO coBceM
He O3HAYAET, YTO pellleHHe TaKoll 3alAYM He MOxeT GuiTe Haligeno. Cy-
WEeCTBYIOT chelHaNIbRbIe METOAL!, KOTCPLIC HAJLIBAIOT %UCACNNBILAY (IIJ'IH
avinucsumessnsiau). OHM MO3BOMAIOT CBECTH MOMAYYEHHE YHCIEHHOTO
3HAYEHHA pellleHNA K NOcNefOBATENLHOCTH apHPMeTHYECKUX OnepammMit
HAJ YMCTCHHBLIMH 3HAYEHMAMM BXOAHBIX AAHHBIX. OTH METOAM GHLNM H3Be-
CTHB [IaBHO: B KAYECTBE MPUMEPA, YKe CTABLIENO KIACCHYUECKMM, MOXKHO
npupeeTH oTKpuTHe Jlepeprels 1846 r. mosofi nnamern Hemryn. Opuako
ANA pelleHHMA 3afa4 YMCACHHHE METOfbl ODPMMEHANMCL AOBOMABHO PEeRKO,
TAK KaK MX MCNQNBIOBAHHE MpEeANOMATAST BHIMONHEHHe FHLAHTCKOrO 06h-
ema puyMcaennn?, floarouy B GoNbuUIMHCTEBE cayuyaes [0 nosasnenus OBM
OpHUXOANNOCh HAGETATh MCOOJMB30BARUA C/IOKHHX MBTEMATHYECKHX MOMe-
nefk M HMCCNefOBATh ABJAECHHA B MPOCTERUIMX CHTYAUMAX, KOTZA BO3IMOXHO
HafiTH aHanuTHYeckoe pewiehne. HecorepilleneTrO sHuUMCANTENLHOTO allDa-
paTa cranoBunoch GakTopod, cZepxMBAIOMIHM LMPOKOE HCMONLIOBAHME
MRTEMATHYECKMX MOAeJIeR B HAYKE U TeXHMKe.

Mossneune IBM KapaunansHo uaMeHnao cHTyanui. Knace matemarn-
YeCKHUX MOIeNell, MOMYCKAKIMX NOAPOGHOE MCCNENOBARME, PE3KO PAcUIN-
punca. Peulenne MHOCMX, elie HEAABAO HEJOCTYNHHX, BHYMCAHTENBHBIX
3aAY CTaN0 O6HAEHHOR peallbHOCTLIO.

3. Mpoeepia KadecTBa MOREAH HA NPaKTHKe U MOAEGAKANAA MORENH.
Ha sTOM 3Tane BLIACHAIOT MPHFOAHOCTD MATENATHYECKOR MOOenH nns
onMcanus uccnenyeMoro apaeunn. Teoperuueckue BHIBOAL H KOHKpPETHHE
pe3ynsTaTH, BHITEKAIOWIME M3 TMOOTETHYECKON MATEMATHYECKON MONenM,
CONOCTABNIAIOT ¢ IKCNEPUMEHTANBHLIMY ZiaHRLIMH. Ecan oHM mporHBopeyaT
APYT APYrY, TO BHGPAHHAA MOAENL HEMpMIOAHA M €@ cleflyeT MEepecMOT-
peTh, BEpHYBWINCH K nepeBoMy 3Tany. Ecnm xe peay/isTaThi cOBmafaioT ¢
JONyeTHMOH NOJAA OMMCAHMA [BHHOTO ABJIEHMSA TOYHOCTBIO, TO MOZEeNb

I Yp6en HaH Hosed Jlebepbe (1811 — 1877) — ¢panuysckunt acrporos. Ha
OCHOBAHMM 3aKOHOB HeGeCHOM MeXaHMKM, MCNONb3YA faKHble o6 aHOMANHAX B
ABMXEHMM MNaHern! Ypah, JleBepbe paccuMTan TPAEKTOPHIO IBHXEHHA TMROTETHME-
CKOM MeM3BecTHOR MAaHetbl. B ToM xe roay Hemeukuit actpoHon [Manne o6Hapysun
HentyH B yrazaHHoM Jlepepbe MetTe.

2 Pacver Tpaexropuk mnaHernl Hentynw notpeGopan or Jlebepbe HecKoNbKuX
MecslleB KponoTAHBOA BHMMCAMTENbHOA paboThl.
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MOXKHO OpU3HaTh npurosnoit. Koneuno, Heo6X0AMMO JOMOAHUTENBROE
HCCNeNoBaNMe € DeNbK) YCTAHOBNEHHWA CTeeHHM ROCTOBEPHOCTHM MOOENH M
rpaHii ee MPUMSHHMOCTH.

Ha onpenesenHoM 3Tane pR3BUTHA HayKH M TeXHMKM MOCTENeHHOE
HaKONAEHHUE 3HAHNA NPUBOAMT K MOMEHTY, KOTAa Pe3y/bTaTh, NONydyaeMbie
€ [OMOIIBEI) MATEMATHYECKOR MOZenM, BCTYNAKT B NPOTHBOpeYHe ¢ ZAHHbLI-
MM APBKTHKH WJM NepecTaloT yAORJCTBOPATL €€ TPeGOBAHMAMN B CMLicne
TouHoeTH. Toraa BOIMHMKAET HEO6XOONMMOCTE MOAMPHKAUNM MORETHM MIH
Ke cOIAHMA NPHHUMOMWILHO HOBON, Gonee caoxuoft mofenu. Takum
06pa3oM, OMKA CO3ZAHMA MATEMATHYEcKOA MOJENH NOBTOPAETCA MHOro-
KPATHO.

Mipidep 1.7. Paccnorpun 3apauy BuewHel 6aniMCTMKM, T.e. 3anavy o ABMKe-
HKHM apTHANEPHACKOTO cHapaga. [lpocrefiuran monens (1.1), (1.2) naer napabonuye-
CKY10 TDPAaeKTOpMIO IBMMeHHA cHapfna, 470, KaK 6uino sameweno euwte 8 XVII B,
NPOTHBOPEYUT AAHHEM npaktHku. CyECTBEHHBIN HeyWTeHHEIM GaKTopoM 3pech
SBASETCA CONPOTHRIEHHE BOIAYXa.

Mpueenennan Huxe nopudukauma mogean Canunea npunagnexunt H.Heloro-
Hyl. Masecrho, wTo BenmuMHa F cUAbl N0GOBOTO CONMPOTMBNEHMA BOIAYXa Mponop-
UMoHalbHa KBalpaTy cKopoctd, tT.e. F = =12, [lpn arou g = 0.5CSp, rae p —

MNOTHOCTE  BO3fYXa, S — [UoWafk NoNepeyHoro

o "-“::,:r cevehus, C — KkoappHUHEHT N0GOBOTO CONPOTHBIIEHH A
> (ana unorux 3anav GawTHCTHKM C# 0.15).

! ; L P O6oanaunu uepes Fr 1 Fy TOPHIOHTAIbHYIO H BepTH-

F- T 1 KallbHylo NpoeKUKM BEKTOpa N06GOBOrO CONPOTHBIIEHMA.

Samerun, uro Fr/F = ufv, Fy/F = wiy v=

Puc. 1.2 =[@ + v (puc. 1.2). Cnepovaremsso Fy =
=—ﬂu‘lu2 + tﬁ,Fy=—ﬂw:In2 + .

Ilycts m — macca cHapapa. Toraa s cumy sroporo sakoHa HeroToHa cnpapen-
AHBBI YpaBHenus '

du_ dr _
dw _ dy _
md—t——g—ﬂwJ;E‘*ﬁ. - w (1.5)

! Ucaak Hototon (1643 — 1727) — anrnuickuil GUIMK, MEXaAHHK, ACTPOHOM M
MATEMATHK, JATMOKHBIWHA OCHOBEI coBpeMenHoOro eCTeCTBO3IHAHM A
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KOTOpble HEOGXOMHNO NONOIHUTD HAYANBHBINK YCNOBUAMM
u(0)=weos @, w(0) =wsing, £(0)=0, y(0)=0. (1.6)

MonyyeiHan Mofient sABnAercA Gonee cAGKHON, YeM pACCMOTPeHHAsl paHee
wonens (1.1}, (1.2), onHako oHa cofepxuT ee KaK WacTHeit cayyan. Jleficreurens-
Ho, B ciydae § = ( (conpoTHR/ieHMe Bo3ayXa OTCyTCTBYer) ypasHenus (1.4) —
(1.6) u (1.1), (1.2) sxeuBaTeHTHBI.

EcrecrBenno, 4ro Monens (1.4) — (1.6) HenpurosHa AnA peweHus 3afnay coppe-
MeHHOR GA/UTMCTMKM M DPeankHo MENab3yeMbie MOfeM IHAYMTENIBHO CIIoMHee.

3ameTuMm, uTo paGoTa NO CO3NAHMIO MATeMaTHyeckoft Mopmenu, Kak
ApPaBWIO, MPOBOSHTCA OGBLENHHEHHHIMM YCHAMAMM cOCLUMANTHCTOB, XOPOLIO
3HAIOLIMX NpefMeTRYI0 06/ACTh, M MATEMATMKOB, BJAANCIONHX COOTBETCTBY-
IOIMH pa3fieslaMM MPUKJIaIHON MATEMATHKH M CNOCOGRBLIX OLEHMTB BO3-
MOMHOCTL pellieHMS BOINMKAIOWMX BLIYUCIMTENALHLIX 38184,

§ 1.2. OcuoBBENEe JTANM pemesms

HHIXeRepHOd 3anaum
¢ opadenemmen IBM

Pemenne cepbe3dHoll MHKEHEPHOA 3afauM ¢ Mcnonbaopahnem DBM —
ROBONBHO AMHTENBHHNA M cnOxHLl nponecc. C onpenenennoft creneHbio
YCAOBHOCTH €r0 MOXHO pPa3GHTh Ha paj NOCAENOBATE/LHHX 3Tancs. Bul-
AENMM Crefylompe 3Tansl: 1) nocTaHOBKa npoShaemul; 2) BL6Op WA NO-
CTPOEHHE MATEMATHYECKOR MOAENM; 3) MOCTAHOBKA BLIYMCAMTENbHON 3ama-
uy; 4) npeapapuTenbibiil (IpeAMalIMHKEIl) AHANIMA CBOACTB BLIYHCAMTENB-
HOM 3a784YM; 5) BHGOP MAM MOCTPOERME YMCAEHHOrO Merona; 6) anropHT-
MU3AOMA ¥ MPOrPAMMMPOBAHHME; 7) OTIANKA MPOrpaMMul; 8) cyer mo mpo-
rpaMme; 9) 06paGoTKa M MATEpNpeTauUMa pedyabraTos; 10) McnoaL3oBAHMHE
Pe3y/AbTATOB M KOPPEKUNA MATEMATHIECKON MOIENH.

1. Hocranobka mpoGnemul. IlepBonayanbuo NpUkNagRan 3sfsya GLBaeT
cOpMyaMPOBAHA B CAMOM 06meM BHAe. McCNENOBRTE HEKOTOpOe ABNEHHE,
COPOSKTHPOBATL YCTPOitcTBO, OGMaAalomiee 3alaRHLIMM CBOHCTBAMM, OATH
NporHo3 NOBEAIHNA HEKATOPOTrO OGBEKTA B ONpefefieHHLX YCIOBMAX M T.A.
Ha paunod cTaauM NpOMCXOAMT KOHKDETH3AaOMA NOCTAHOBKM 3a8[a4M, M
NepBOCTENEeHHOE BHMMAHME MpH ITOM YAENAETCA BHACHEHHIO Lenn Mecae-
noparna. Ot necaenoBatena TpebGyeTcA CAyGOKOe NOHHMAHHE CYIIECTBA
3sfayd M yMenue chOpMyIMpOBATL €@ TAK, YTOSH HAffeHHOe pemleHMe
65110 MONEAHLIM H B TO € BPeMA MOTC 6LTh NONYYEHO ¢ MOMOILBIO CyLe~
CTBYIOLIMX METO0B M B peanbhkie cpoki. Heynaunan noctanoska npoGie-
MBl MOXET MPHBECTH K TOMY, 4T0 AJHTENbRHA H AOPOrocTOAIIMA npouece
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pelllenus 3afa4M 3ABEPIIKTCA MOJNydeHHeM GECMONE3HBIX UAM TPHBHANL-
HBIX pe3ynbTaTOB (B ITOM C/ly4ae BO3MOXHO W OTCYTCTBME KAKMX-1nG0
pe3y/n6TaTOR).

JTOoT 0Yenb BaXKEI M OTBETCTBEHHBLIA 3TBN 3aBEPLUAETCH KOHKPETHOMN
¢opMynupoBKOR npoGiieMbl HA A3WKE, MPUHATOM B JAHHOA ApeMeTHON
o6nacTH. 3naHHE BOSMOMHOCTEH, KOTOpbie Jaer npHMenende DBM, moxer
OK83aTh CYLICCTBEHHOE BJIMAHME HA OKOHYATENbHY (OPMYTHPOBKY
npoGaeMu.

2. Bu6op Bau nocrpoease MaveMaTEdeckol monemm. [las nocaenmyiome-
ro0 BHAJH3A MCCAELYEMOro ABNEHMA HAH OObeKTA HeOGXOAMMO HATH €ro
¢opuann3oBaRHHOE OMMCAHME HA A3bIKE MABTEMATHKM, T.€. MOCTPOMTL MATE-
maTndeckylo Momens (cu. § 1.1). YacTo MMeerca BO3IMOXKHOCTL BHIGOpA
MOAECNH CpeiM M3BECTHRX M NPHMHATHIX AJIA ONMCAHHMA COOTBETCTBYIOHIHX
ApoueccoB, HO Hepegko TpebyeTed M etylwecTBennana MoaudHUKaumMa
M3BECTHOR MOAENH, 8 HMHOTAA BO3HMKAET HEOGXORMMOCTL B MOCTPOEHMH
NPHHIHAHANBHO HOBOM MOZEnu.

PaccmaTpusaeMufl aran — €fBa /I He CAMbIA BAXKHBIA M TPYAMbIA.
YacTo ynauynufi BeIGOp MATEMATMYECKON WMOAENH ABNAETCA pellajomMM
WAroM K AOcTHXeHHI0 nenH. OIHa M3 CYLIECTBEHHLIX TPYAHOCTEN TaKoOro
BH6OpAa COCTOMT B OGHLEKTHBHOM NPOTMBOPEYHH MEXAY XeJBRAHMEM CcOenaTb
ONMCBHUE SABNCHHUA KBK MOXHO GOMee MOARHM (4TO MPHBOAMT K YCNOXKHE-
HUI0O MOE/TH) M HeOOGXOANMOCTLI0O HMETh AOCTATOYHO MPOCTYI0 MOAENh
(yTo6bt GpNA BO3MOKHOCTE peanuaoBate ee Ha JBM). Bawkuwo, 4106w
CJOKHOCTD  MBTEMABTUYECKOR  MOZEAH  COOTBPTCTBOBANA  CJOMHOCTH
nocTapjieAHON mnpoGneMbl. EcAn nocTaRBieHHHMX wenelt MOXHO HZOCTHYb,
Mcnonbaya Gonee MPOCTYIO MaTeMATHUECKYI0 MojeNs, TO ek M ciefyer
OTHATE npeXaodyTene. Kak mnpaBuNO, NOAE3HO HMETh HECKOABKO
YNpOLISHRHX BAPHAHTOB NPHHMMACNON MOAENH. 3aMeTHM, YTO FPAMOTHOE
yTpoLIeHHe MOACNH — HenpocTas 3afava, OAHAKO aHANM3 YAPOIIERHBIX
uONleneft BecbMa MOME3EN B TeYeHHE Bcel0 MPONECCA pelleHHA 3aJa4M.
Takre ynpouleHHbie MOAEAM YACTO NO3IBOAAIOT OTBETHTb HA MHOTHME
NPURLMAHANLHBIE BONPOCH W MOHATH OCHOBHHE 3BKOHOMEPHOCTH
nopeflerMAa Goee CROKHON MOAENH.

3. MocranopKa euMEcETemLEON 3anayn. Ha ocHOBe NpHHATOR MaTeMa-
THYecKOA MoZenu (OpuMYANDPYIOT BHIYKCAHTENBHYIO 3aAa4y (MAM pAp,
TAKUX 3848Y). AHANTHANPYR PE3yNLTATH €€ pellleHMA, McCNeA0BATeNE Npef-
NONAraeT NOAYYMTh OTBETH HA MHTEPECcyIOUIHE €re BOMPOCHL.

4. [peneaprTenpanii ARANE3 cBONCTR BHIYBCIWTENbHOA 3anaun. Ha
ITOM 3Tane NpOBOAAT MpEABAPHTENbHOE (TMPeAMBUINHHOE) HCCTENOBAHHME
cROMCTE BhiuMcAuTeNsHON 3aflaun. Boabioe BHMMaHHe yIENAIOT aHanM3y
KOPPEeKTHOCTH €€ NOCTAHOBKH, T.€. BLIACHEHMIO BONPOCOB CYIIECTBOBAHHA M
€OMHCTBEHHOCTH PEIIEHHNA, 3 TAKKE MCCACKOBaRMI0 YCTOAYHBOCTH pellenMs
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3a0avi K MOTPeuiHOCTAM BXOAHLIX AAHHLIX (3TH BOMpocH Gonee NoapobHO
paccuaTpHBaoTea B ria. 3). Takoe uccnenosanme, kak NpaBsMNo, OTHOCHTCA
K KoMmeTeHumH npodectHORANBHLIX MAaTeMATHKOB. TeM He MeHee MHXene-
Py MONE3HO 6BITh B Kypce COBPEMEHHOTO COCTOAHMA HA3BAHHEIX NpoGneM,
YMETb CAMOCTOATENLHO MPOBOAHTL MpOCTEfILNe HCCNEAOBAHHA.

K coxanenuio, anA MHOTMX MMEIOWMX NPAKTHYECKYIO UEHHOCTH 3JaNAY
HX CTPOroe MccllefoBaHME B MOARON TMOCTAHOBKE MPOBECTH HE YAGETCA M K
peuleHNio MPHCTYNAOT 6e3 AeTanbHOTO BHANHMIA MATENMATHYECKHX CBOHACTB
ITHUX 3aa4. 310 HexenaTe/bHaA, HO BHIHYXKICHHAA Mepa, TAK KAk B NPHK-
ABOHBIX MCCHEAOBARMAX CYLIECTBEHHOE 3JIHAMEHHME HMeIOT KOHKperHble
(4acTO — BecbMAa CKATHE) CPOKM MOJyYeHMR peadynbtara. Ha arom arane
MOJIE3HBIM OKAILIBALTCA M3Yy4eHHe YNPOUIeHRLIX nocTanosok 3anaun. Huor-
I8 ANA HHX yAAaeTcs NPOBECTH HCCIEAOBAHHE, NMO3BOAAIOiEe MOHATL Oc-
HOBHLIE OCOGEHHOCTM HMCXOAHON BHUMCAHTeNbHMOM 3afgadu. Ocoby nen-
HOCTb HMEIOT PAVIHYHHE AHANUTHYECKHE pellleHNA;, OHM OKA3MBAIOTCA
NONE3HBIMH HE TONBKO 1A AHANH3A ABNEHHMA, HO M KaK OCHOBA [JIA TECTO-
BHIX MCOBITAHHI HA 3TANE OTARAKH MPOTPAMMB.

5. Bubop uau nocrpoemme wmc/eAHOro Meropa. lna peulenua puumc-
aurensHoft 2anayn Ha OBM Tpebyercm Hcemonb3oBAHMe YMc/IEHHBIX Me-
TOROB.

YacTo pelllenne MHKEHEPHOH 3aJa4YH CBOOMTCA K HOCAEAOBATENbLHOMY
pelleRNIo CTAHAAPTHBIX BHYHMCAMTEABHLIX 38184, ANA KOTOpLX padpabora-
Hut 3PPeKTHBHLIE YMcAeHHbe MeTonkl. B 310l enTyanum npoucxoaur nuto
BuOOp cpeZim HM3BECTHBIX METOAOB, JIM60 MX afanTauMA K OcOGEHHOCTAM
pewaemot 3asaun. OHAKO €cNM BOSHMKAIOIAA BLIYMCAMTENLHAA 3AIAYA
ABJAETCA HOBOM, TO HE MCKJIOYEHO, 4TO AAA €€ pelleHHa He CyLIecTByeT
roToshix Metonob. IlocTpoenHe uMCNEHHOrO MeTORS A/IA TAKOM 3anaym
MOXET OKBJIATbCA OYenb TPYAHOR mpobaemoft M moTpeGoBaTh MPUBICYEHUA
CNEeHANHCTE MO BLMHCIHTENLHON MATEMATHKE. YMEeHMe pa3/IMyaTh OTMe-
4eHMbe [BE CHTYanMM HeOGX0AMMO, M HANHYHe ero yxke roBOpHT 06 onpe-
Aenenuoft KpanuPHKauUy B 06AACTH BHYNCAHTEALHBIX METOAOB.

JAa pewenMa ogHON M TON Xe BHIYHCIMTEABHON 3aZa4yM OGHYHO MO-
®KeT OLITh MenoAbLIoBaHO Heckonbke Meronos. Heo6xomumo araTh ocobGen-
HOCTH THUX METOROB, KPHTE€PHH, MO KOTOPHIM ONEHMBAETCA MX KAYECTRO,
yTOGK BHOGPATE METO[, MO3BOAAOMMA peunTh npobinemy HauGonee Ig-
dekTHBHLIM 06pa30M. 3aech BHGOP Oaneko He oAHoaHauwen. On cymiecT-
BEHHO 3ABMCHT OT TpeGOBaRMA, NPefbABNASMBIX K PEUICHHIO, OT MMEIOLINX-
¢f B MAJH49MH pecypcoB, or AOCTYNHOR ANA NCNONBIOBAHUA BuIYMCITHTENb-
HOR TeXHMKM M T.A.

BoauuKapomMN HA 9TOM JTane BOMPOCAM M MOCBALlEHA GOnBWIAA YBcTb
HB3HHON KHHIH.

6. ANTOPATME3ANAA M NporpaMuwposamme. Kak npaBuno, BniGpaHubift
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Ha ApefLAYLIeM 3Tane YHCACHHEA MEeTOM, COACPKNT TONBKO NPHHLUHNHANE-
HyI0 cXeMy pellleHMA 3a0auM, He BKJIOYAICILYI0O MHOrHe feTanH, 6ea KoTo-
pHIX HeBO3IMOXHA peann3danui meroga wa JOBM. Heo6xomuma nogpobuas
DETANH3AUMA BCEX HTANOB BLIMMCICHMHA, AAA TOro YTOOH MOAYYHMTE peann-
ayemsit Ha IBM anroputu. CocTaBnenMe nporpaMmbl CBOAMTCA K MepeBo-
ALY 2TOr0 anropHTMa HA BLIGPAHHMI A3bK MPOrpaMMMpOBAHMA. 3aMeTHM,
YTO B HACTOALLSE BpeMA [OAA BHIYMCIMTENBHNX 3a0ay HauboNee WIMPOKO
HenonbayeTea aaropurTMideckuit asuk GOPTPAH.

B KHHMre 3HAYHTE/NBHOE MECTO yaenserca anroputmam (B rn. 3 oGeyxaa-
orea MX ofuipe cBoficTBa H KPMTEPMM OHEHKHM KAYECTBA) M MpPAKTHYECKH
He PBCCMATPHBAIOTCA BOMIPOCH cOGCTBEHHO mporpaMuuposanus. Koweuwno,
aNFOPMTHMH3AIMA M NPOrpaMMHpOBaHHEe OYEHb TeCHO cBaaaHsl. Bosee TOro,
MNPAKTHKA MOKAILIBAET, YTO HeGOMbUIHE, HA NEepBHIR B3TAAM, Pa3nHYMA B
NpPOTPaMMAX MOTYT MPMBECTH K JHAUYMTEAbHMM PalnHuMaM B mx addex-
THBHOCTH. Tem ne Meree BONpPOC Pa3IpPAGOTKH KAUECTBEHHOrO MPOrpaMMHOro
NPOAYKTA Mn He 3aTPATHBAEM (3ITOMY MpeAMETY MNOCBAmMENo Gonbuloe
yucno noco6ui). IlogvepkHeM JAMIIL, YTO GONABIMIHHCTBO NOJIb3OBaTENel
cnpapeiAHBO NPEANOYHTAET CTPOUTE CBOM NpOrpaMMbl M3 rOTOBHIX MOLY-
NIl M HCNOAB30BATh CTAHIAPTHHE TMPOTPAMMEI, PEANH3YIOIIHEe Té HAM
MHbie anropuTMu. Palymeercs, oTcyTcTBHMe B 6MGIMOTEKE CTAHAAPTHHIX
mporpaMM TOi WIM HHOR MporpaMMEl He AO/MKHO OHLITh RENpeOfOTHMbIM
ApenaTcTBMeM.

7. Ornaaxa nporpasaas. Ha 3710M 3Tane ¢ noMonisio SBM BLIABJIALT M
MCMpABAIOT OIM6EKH B MPOrpaMMe.

Kak mpasuno, naynnaiommit noss3osarens IBM yGexnaen, uro ommGok
B COCTAB/ICHHON MM MPOTPAMME HET MM e OHM MOTYT GHTH Jerko oGHapy-
Menn H MenpaBieHn. OHAKO COBEPIIENHO HEOXHAAHHO ANA HEro OTNafKa
OporpaMMbl M JOBeficHKe ee [0 pab0vyero cOCTOAHVA HEPeKO OKA3HBACTCA
AJIMTENbHEIM M BechMa TpylnoemknM npouneccom. [IpuoGperaa onpepenen-
HHl ONHT B COCTABNEHHM H OTASNKE CPABHUTENBHO CAOKHLIX NPOrpPaMM,
N0/b30BATEJE Y6eXNAETCs B COPABEANAMBOCTH monynapuoro agopusma: "B
mo6oit mporpaMMe ecTh No KpafiHeft Mepe ofna OWIM6KA".

Takuu o6pa3oM, HANHYME B MPOCpaMMax OWMGOK — BIOAHE HOPMANL-
HOe M 3aKoHoMepuoe Amnenne. [loaromy moaroToBKY K OTnajgke cheayer
HAYHMHATL yXKe Ha 3Tane alrOPHTMH3AIMH M NPOTPAMMHMPOBANHHsA. JAMETHM,
410 3pPeKTHBHOCTL OT/NBAKH CAMbIM CYMIECTBEHHEIM OOpPA30OM 3aBHMCHT OT
o6mefl METOAMKH paapaGOTKH MpOrpaMM.

Ilocne yerpanenna omMGOK MPOrpaMMMpOBABMA HEOGXORMMC ApPOBECTH
TIIATENLHOE TECTHPOBAHME NpPOrpaMMbl — MPOBEPKY NPABMABHOCTH ee
paboTH HA CHEUMAJILHO OTOSPAHHKX TECTOBLIX maqax MMEIOIMX H3BeCcT-
Hbi€ pelenns.
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OcnoBybie BONPOCH METOAMKH OT/AAnKH MPOTPAMM MOXHO HAfTH, HA-
npuuep, B [10].

8. Cuer no nporpaume. Ha 310 3TBNE NPOMCXOAMT pellleHMe 3aa4M KA
3BM no cocraBnennofi mporpaMMe B ABTOMATHYECKOM Pexuue. JTOT mpo-
uecc, B XOle KOTOPOro BXOAHLIE AaHHHeE ¢ noMomsio DBM npeobpasyioren
B Pe3y/bTAT, HAIWBAIOT dnvuctumessntia npoyeccon. Kak mpasmno, cyer
MOBTOPASTCA MHOIMOKPATHO ¢ Pa3/IMUHBIMM BXORHMMM AAHHLIMM ANA mO-
NYyYeHHA JOCTATOYHO MNOQNHOR KAPTHHB 3ABHCHMOCTH OT HHUX pelIeHHA
3a8YH.

Ilepebie nonyvyennne peaynbTaTH TUIATENBHO AHANM3HPYIOTCA, AAA TOrO
Y1061 YOeAMTLeA B MPABMIGHOCTH PAGOTH NpOrpaMMbl M NPHIOZHOCTH
BHGpPAHHOTO MeTOAA pellleyna. CueT MO OpOrpaMué MpPONOTKAETCA He-
CKOJIEKO CEKYHI, MMHYT HIHM uacoB. MIMeRHO OLICTPOTEYHOCTH ITOrO ITana
NOPOXKAeT PACOPOCTPAHEHHYID MANIO3IHIO O BOIMOMHOCTH pelllaTh BaXHEIE
npuknagnue 3aaa4n va IBM B ouens KopoTkoe spemia. B peficTeHTENBRO-
CTH Ke, KOMEeYHO, HeoOXOHHMMO TNPHHHMMATL BO BHMMAHHE Bech UMKJ OT
NOCTAHOBKH Npo6aeMbl N0 MCAOILIOBAHHA pe3yneTaToB. [na cepreanmx
38/ia4 YACTO NOJE3HbIE PE3YALTATH NOJNYYRIOTCA TONBKO B Pe3yJabTaTe
MHoroneTnell paGoTH.

9. O6paGoTka 1 uHTepnperanua peaymsraTos. Ilonyyenusie B peaynsTa-
Te pacyeros na OBM Buxonubie faHHme, KAk NpPaBUno, npeAcTaBjIAlOT
coboit 6onbwine Maccueb ynucen. HaungaomwMit nomb3oBatess YRCTO MMTA-
€TCA BHIBECTH 3TH MACCHBH MA MOYATH € TeM, YTOOH "MOTOM MpoBecTH MX
aHanua”. O6uYHO MepBbIfl ke ONKT aHANM3A DPACMEYATKH, COAEPKALLMA
COTHM THCAY YHces, APMBOAMT K MOHHMMAHMIO TOMO, YTO 3TA paboTa meno-
CHZBHA AAA YENOBEKA M C/ElYeT NOCTAPATbCA BO3NOKHMTE ¢e Ha OBM.

3a4acTyiO0 NepBOOYEpEAHON HHTEpeC NPeAcTARAACT AMUIb HeGonbLUIan
4acTb noayvennoit MadopMauuu (HAIpHMeEp, 3HBYEHNA OBHOA M3 dyHKuMA
B BHIICNEHMHLIX TOYKAX) WK Aake HEKOTOPAA rpy6as MHTerpanbHas Xapak-
TepucTHKA (MAKCMMATBROE AN MMHHMANLHOE 3HAYEHME, OLEHKA 3HEPrHM
CHCTEMB M T.4.).

Jna Toro uto6e MHccefoBaTeNhb MOT BOCHOJIL3OBATBCA Pe3YALTATAMH
pPac4eroB, MX HeOGXOAMMO MpPEACTABUTh B BUfe KOMMAKTHLIX TAGMMN, rpa-
PUKOB MaH B MRHOI yAOGHOR mna BocnpuaTua dopme. Ilpu atom caepyer
MAKCHMANIBHO HCHONB30BaTe BoaMOkmoeTy OBM anA noaroroeku Takoil
HEGOPMALUMM M €€ MPeACTABNCHMA ¢ MOMOUILIO MeYaTalowMx H rpadpuye-
CKHX BHIXOAHLIX YCTPOMCTB.

Jna npasuMasHOil MHTepMpeTAUMM DE3YNLTATOB PacyeroB M OLEHKH HX
IOCTOBEPHOCTH OT MCCTIeROBATENA TPebyerca TIyGoKOe 3HAHME CYIISCTBA
pelnaeMoit MHXEHEpHOM 3aga4yM, ACROE NMpencTab/eHne 06 MCNoNAb3yemoit
MATeMATHYECKO! MOfenH M mOoHHMaHHe (XOTA Gu B OGLIMX YEPTaxX) 0COGeH-
HOCTEN NPUMEHAEMOr0 BHYMCANTENENONO MeTORA.
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Bonpocut 06paGOTKK M HHTEPNPETALMM Pe3yALTATOB BHYHCICHRHA GyayT
3aTPOHYTH MPH PaccMOTPeRUM KOHKPETHHX BHIYHCIMTENbHHX METOJOB M
aNrOpHUTMOB.

10. Hcoomsaonamue pe3yNbTaTOB B KOPpeKIEA MaTeMaTHdeckoll wone-
am. 3aBeplIaomUfl 3TN COCTOMT B MCNONBL3OBAHMH PE3YJLTATOB PACHETOB
B NPaKTHYeCKON AeATe/NbHOCTH, HHAYE MOBOPA, BO BHEIPEHHHU pe3y/LTATOB.
He crouT oropuarbes, ecnu GONBLIMHCTEO MONYYEHHMX CHAYANA pe3yabTa-
TOB OKakercA Gecnonedfus. [leficTBUTENBHO MONE3HBle AAR TNPAKTUKH
pe3yNbTaTH ABJAAIOTCA NAOOM Cepbe3HON ue/eHampaBjeMHON paboTH, B
npouecte KOTOpOil UMK pellleHMA 381844 MOBTOPAETCA HEOZHOKPATHO.

Oyenb uacTO BHANMA pe3Y/LTATOB, MPOBEACRHLINA Ha 3Tane mx o6paGor-
KH H MHTEPNpPETALMM, YKA3LIBAET RA HECOBEpPLIEHCTBO MCMONb3yeMOoR MaTe-
MBTHHYOCKOR MOZEnn M HeoOXOAMMOCTL 68 KOppekUmn. B Takom cayvae
MATEMATHYECKYIO MOfenbt mopuduuMpyor (ApU 2TOM OHA, KAK NPaBWJIO,
YCIOXKHAETCA) M HAYMHAIOT HOBMMA LUK pellleAUA 3a0ayuM.

§ 1.3. Bumnamrensanill sxcnepaMesT

Coananmne MaTeMATH4YEeCKMX MOHeJieR M pelueHHe MHXKeREPRHIX 3amav ¢
npumeneineM JBM Tpebyer Bunonrenus Gonasworo o6vema paboT (eM.
§ 1.1, 1.2). HerpyaHO 3aMETHTE BHANOTUIO ¢ COOTBETCTBYIOMMMH paboTamH,
NPOBOANMbLIMH MPH OPTaHM3ALMN HATYPHEIX JKCAEPHMEHTOB: COCTABJEHHE
NPOrpaMMbl  IKCMEPHMERTOB, CO3JIAHME JIKCACPUMEHTANBHON YCTRHOBKM,
BHMO/MINEHHE KONTPONBHKIX 3KCMEPHMEHTOB, NpoBefieHNe cePMANKIX ONMBITOB,
06paboTA IKCMEPUMERTANBHLIX NAHHBIX M MX MHTepnperauua M T.4. On-
HAKO BHIYMCIMTENBHLIA 3KCMEPHMERT MPOBOAMTCA HEe Hal pealbHLIM 00Bb-
€KTOM, B HRJl er0 MATEeMATHYECKON MOAEAbI0, H POAb IKCMEPHUNEHTANBROM
YCTAHOBKM HMrpaeT OCHAIIEHHAN CMEUMANbHO Pa3paGOTAHHOM MporpaMMof
OBM. B ¢BA3M ¢ 3THM ecTECTBEHHO paccMATPHMBaTH NMpoBeldcHHe GOABUIINX
KOMMUIEKCHHIX PAaCYeToB MPH pelieHHN MMIKEHEDHHX M HAYYHO-TeXHU4e-
CKHX 3aJ1aY KAK édivucaumesbxsitl IXCREPpUMERM, A ONMCAHHYIO B MpeAblaYy-
men naparpade nocNefOBATENBHOCTh ITANOB PElIERHA KAK ONHH ero LMK,

llinpokoe npuderenne IBM B uaTemMaTHdeckOM MONENMPOBAHMM, pa3-
paGoTaHHAA TEOPHA W 3HAYMTENbANE APAKTHYECKHE PE3yABTATH NO3BANA-
10T TOBOPHTL O BHYMCANTENLROM IKCAEPHUMEHTE KaK 0 HOBOH TEXHOMOTHM M
METONOMOTMH HAYYHHX M NPUKIAAHHX MccnenoBanuit. Cepbeanoe pHeape-
HHE BHYHCIMTENbLHONO IKCIEPHMEHTA B MHXKSHEPHYIO NEATe/IBHOCTL AHIDb
HAUMHAETCA, RO TAM T OHO MPOHCXOAMT peanbHo (B ABMAUMOMHON M
KOCMHYECKOMN MPOMBIIIJIERHOCTH) €10 MJOAL BeChMa BECOMM.

OTMeTHM HEKOTOpHE NOCTOMNCTEA BEIYMCAMTENIBHOTO JKCNEPHMEHTA MO
CPaBHERMIO C HATYPHLIM. BLIYHCANTENBHHIA IKCOEPUMERT, KBK MPABMIO,
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pewenne Ppunauyeckoro. B aror sKemepumenT MOkHO nerko M 6e3onacHo
BMellIMBaTECcA. Ero MoxkHo noBTOpHTH eme pa3 (ecam B 3TOM ecTh neobxo-
AMMOCTb) M NpepeaTs B M0G0 MOMEHT. B xome 3TOro sKcRepUMEHTa MOX-
HO CMOJETHPOBATE YC/IOBMA, KOTOPbIE Re/Ib3A CO3AATH B 1AGOPATOPHH.

3aMeTHM, 4TO B pAZe CNyYaeB NPOBeJEHHE HATYPHOIO 3KCMEpHMMenTa
3aTpyAHeRO (B MHOTAA M HEBOIMOXHO), TAK KaK M3YVAIOTes GhiCTpOnpoTe-
Kalolpe MPoUeceH, MCCAEAYIOTCA TPYAHOROCTYNMHHE HAM BOOGWIE MOKS
RefocTynHbule o6beKThl. YacTo mpopeficHMe MONHOMacWITAGHOTO HATYPHOrG
IKCNEPUMEHTR COMPAKEHO ¢ TYOMTENBHLIMM MM HeNpeacKalyeMeMM mo-
CNefcTBHAMN (AdepHAsA BOHHA, MOBOPOT CHMOMPCKMX peK) MM ¢ omac-
HOCTBIO A71A XHU3HH Mau 3gopoeba noaeft. Hepenko Tpe6yerca uccnepgosa-
HMe W MPOTHO3HPOBAHHE Pe3y/abTaToB Karactpoduveckux asnennit (apapua
apepuoro peaxropa A3C, raobansHoe noTenneHne KAMMATA, IeMaeTpAce-
HMe). B 3tHX cay4anx BLIMHCAHTENbHBIA 3KCHEPHMEHT MOXET CTaTh OCHOB-
HBIM CPEACTBOM MCCIEOBAHMA. JAMETHN, UTO C €0 MOMOLIBI) OKA3LBAETCA
BO3MOXHHIM MPOTHO3MPOBATH CBOACTBA HOBHIX, €llle He CO3ZAHHHX KORCT-
PYKUMA K MATEPHANIOB Ha CTAAMM MX MPOEKTHPOBARNA.

CyluecTeeHHEN HEJOCTATKOM BBIYMCIMTENBLHOTO 3KCMEPMMENTS ABNAeT-
¢ TO, YTO MPHMEHMMOCTh €r0 pe3yAbTATOB OrpAHMYENA pPaMKamy MpUBA-
TON MATEMATHYECKON mMOfenH.

Koneuno, BHYMCAMTENBHLIR JKCHEPDHMEHT HHMKOTHAR HE CMOXET noji-
HOCTBIO 3BMEHMTb HATYPHHA, M Oyaymee 3a X PA3YMHBIM COYETAHHEM.
JefleTBUTENERO, NOCTPOCHHE MATEMATHYECKON MOfENH OCHOBAHO HA pe-
3ynsTaTax HaGaiofenunil, onbiTa, & AOCTOBEPHACTL €€ BLIBOJIOB mMpoBepAerca
€ MOMOLLEI0 KPHTEPHA NPaKTHKH.

Jna uHkeHepHHX 38084 XAPAKTEPHO HANHYHME 3HAYUTEABHOMO YucAa
napaMeTpoB (KOHCTPYKTMBHLIX, TexHonornyeckux U ap.). Co3narme nosoro
M3filenHA MAM TeXHONMOTMYEeCKOro mpouecca mpeanoiaraer swGOp cpeAy
6OJILMIOre YHUCIA ANLTEPHATHBHLIX BAPHAHTOB, & Takke ONTHMMIAUMIO MO
pany napaserpos. IloatoMy B X0fe BHYMCAMTENBHONO IKCAEPUMEHTA pac-
YeThl MPOBOAATCA MHOIOKPATHO € pa3sHHMH 3HAYEHMAMM BXOOHKIX Napa-
MeTpoB. JI1A MONYYEHHA HYXKHBIX Pe3yNnbTATOB ¢ TpeOyeMoll TOUHOCTHIO M B
npHeMTeMBEe CPOKHM Heo6XOAMMO, 4YTOOL HA pACYET KAXKAOro BapHAHTA
TPRTHAOCE MUHMMANEHOE BpeMA. MMeHHO nosToMy npyu co3flavuy nporpam-
MHOrO ofecriedeHMA Tak BAXHO HMCNONL3IOBATh 3¢deKTHBHLE YHCIEHRLIE
METOAR .

Paspatotka mnporpammsioro obecneyenssa BHYHCIHTENBHOrO 3KCMEpH-
MEeHTA B KOHKpeTHOR o6nacTH HHXKEeHEpHOM ACATENLHOCTH MPHBOOMT K
CO3ARMIO KPYNHOrO mpOrpaMuHoOre komnnexkca. OH cOCTOMT M3 cBA3AHHBIX
MEXEY OGO MPHKMASAHNX NMPOrPAMM H CHCTENHBIX CPEACTB, BKJIOYAIOMINX
CPeACTBA, NPEROCTABASAEMBE MONLIOBATENI0 ANA YNPABIEHMA XOXOM BH-
YHCANTENBHONO dKcmepUMenTa, 06paboTkn M NpeACTABICHUA €ro peaynLTa-
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10B. Takoft KoMANeke MPOrPaMM MHOTAA HA3LIBAIOT NPOLAEANO-OPUENMUPO-
GaNNNA NAKEMOA RPUXAGINMT NPOIPIMA.

§ 14. JonomEmrenbibie 3aMeIaaEA

1. MarematHueckoe MOICTHPOBAHME ABNAETCS OCHOBOA COBPEMEHHOM METORO—
JIOTHK pelieRMA MHXEHepNBIX 3afay, M ero ponb ofBLeKTHBHO BO3pacTaerT B CBA3M €
Heob6XOAHMOCTRIO pelieHns Bee Gonee COKHBIX MPHKAAAHBIX Npobaen.

2. Oddexrnsrocts npnueHerna OBM B tol wm uuolt ofnact mayku M
TEXHHKM TeM Bblllie, YeM coBeplUeHHee ee MaTeMaTHYecKMe Moaenn. B 1o xe BpeMsa
ucnonsdoBaihe IBM AN McolenoBaHHMA Kakux-ambo NpoUECcoB YacTo CRYMHT
©EPbe3HBIM CTHMYNOM VIS COZJIAHMA HOBBIX MBTEMATHYeCKHX MOAeNell M feTalbHo-
ro M3y4YeHHA ITHX NMPOUECCOB [IPYTHMM METOAMM.

3. Camo no cebe npumetienne IBM He nossosisier pelIUTh MHKeHepHYIO 3anayy,
a MMIE K3eT B PYKH HCCIEROBATENA MOWMHLIA MMCTpYMeHT NoaHanusa. Mcenonpsopa-
Hie DBM He TonBKO Me 0CBOGONAALT OT HeOGXOAMMOCTH TNYBOKO OCMBICIMTH
peitaeMylo npobiemy, Ho M 3aCTaBNAeT YAeNATH NMOCTAHOBKE 3ajayK ropaspo Gonp-
Lle BHHMBHUA.

4. BHYHCNTENBHEDT SKCNEPHMEHT He MIPOTHBOPEYMT HATYPHOMY SKcllepHMeHTY
H KIACCHYECKOMY MATEMATHYECKOMY aHAa/IM3Y HMHXeEHepHOM 3aAa4M, &, HANpPOTHE,
HaXOOMTCA ¢ HUMM B OpraHHYecKoM eMHCTBe.

5. IIna ycmewHOro mnpHUMEHEHHA MeTONA MNATeNaTHHECKONo MOAeNMPOBAHHA €
McnonbaoBaMed JBM HeoGxonuMo rapMoHuveckoe BilafieMHe BCeMM ero COCTABMA-
kM. B Hacrosuen Nocobuu oCHOBHOE BHMMAHME YNE/eHO BbIMMCIKTENBHBIM
METONlAM M AJITOPHTMAM, AHANIU3Y CBORCTB BLbIMUCIAHTEAbHBIX 3a/84, MHTEPNpETAUNM
NONYJaeMbIX PeaysIbTaToB.

6. Jononnurenphyo WHOPMALUMIO 0 METOROTIOMNH COBPEMEHHOTO MATeMaTHue-
CKOrO MONETHPOBAHUA M HOHLENUMM BHMMUTHTENEHONO SKCNEPUMENTa MOXHO NOMY-
YHTH M3 CENyIOUMX HeTowHmkos: [65), (78], [81], [47), [58).

7. TonynsipHoe nanoxeHHe NPHHUMKIOR OPraHMIAUMK M DYHKUMOHMPOBAHHS
NpofyIeMHO-OPHEHTUPOBAHHEIX NMAKETOB NMPHKIAAHBIX NPOrPaMM COREPXUTCA, HANMPU-
Nep B [45].



laaea 2

BBEJIEHUE
B QNIEMEHTAPHYIO TEOPHIO
NMOrPEMHOCTERA

§ 2.1. Herounmku B knaccndparanman
norpenEocTell pe3yALTaTA
YRCACHHOIO PEMEHAA 3a1ATH

JnA npaBHALHOTO NORMMAHMA MOAXOAOB W KPMTEpPHEs, MCAOABLAYEMHX
NpH pellleHMH NPMKIATHON 3808YH ¢ npuMeHednem JBM, ouens paxHo ¢
CAMOTO HAaYana MPH3HATH, YTO MOMYYHTh TOYHOE IHAYEHME PEIICHMA NpaK-
THYECKH HEBO3MOXHO M He B 2TOM wueNib uuHcnenmit. [loayyaemoe Ha
OBM pemenste y* nouTH Beeraa (3a MCKIIOMEHMEM HEKOTOPHIX BechMa
CENMANbHLIX CIYY8EB) COEPXKMT MOrPEIHOCTh, T€. ABIAAETCA mpHGIM-
wennbiM. HeBo3MOXKHOCTL MOAYYEHMA TOYHOrO pelleHMA CHefyeT yke W3
orpakH4YeHHON pA3PAAHOCTH BHYMCIMTENLHON MAILIMHM.

Hannyune morpemisocTH peileuMs o6yc/10BNEHO PALOM BecbMa Fny6GoKHX
npuunn. [lepeuncaum ux.

10. MaTemMaTHUeCKAA MOMENL ABAAETCA NUUIL MPUOIMMEHRKWM ONHCcARU-
eM peanbHOr0 mpouecea. XAPAKTEPHCTMKM MNpOUECEa, BhYWCIEHHEE B
PAMKAX MPHUHATOA MOMNENH, 3ABEOMO OTAMYAIOTCA OT MCTHHHHIX XApAaKTe-
PHCTHK, NMpHYeM MX NOTPEllIHOCTE 3BBMCHT OT CTeNEHH AAE€KBATHOCTH MOge-
nH peansHOMY Mponeccy.

20, HcexopHue paHHmeE, KAK MNPaBHIO, COACPKAT MOTPELIROCTH, MO-
CKONBKY OHM JIMG0 MONYYAIOTCS B pe3ynLTaTe IKCMEPUMENTOB (M3Mmepe-
HHUR), THGO ABAAIOTCA PE3YALTATOM PelleHHA HEKOTOPHX BCMOMOTATENBHBIX
3anay.

30, IIpumenAenuie ANA PeMICHNA 388Ul METOAN B GONBUIHHCTBE c/y4Ya-
€8 AMIAOTER npHbnkennsimM. Hafitu peilienme podumkaomelt mwa npax-
THKe 3afla4M B BHMe KOHeYHON OPMYAH BO3MONXHO TOABKO B OTAENBHHIX,
OYeHb YMIPOLIEHHHX CHTYBIMAX.

49, [Ipu sBOAe MexoaHNX paHubX B IBM, punonuennn apudpmernuec-
KHMX OmepalMil M BLBONE pe3YNLTATOB HA MEYATH MPOM3BOJATCH OKpYr-
NeHnA.

IyeTs y — TOYHOE 3HAYEHHE BENHYMHE, BHYHCIEHHEe KOTOPON ABNAETCA
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Ne1LI0 mocTaBieHHON 3afaun. COOTBETCTBYIOIAA NEPBLIM ABYM H3 YKA3aH-
HBIX APUYKH MOTPEIHOCTL Sy HAILIBACTCA NEYCMPANULOT ROLPEWNOCMBIO.
Takoe va3paHHe BLI3BAHO TeM, YTO MNPHHATHE MATEMATMYeCKON MOfleTH M
3aNaRHe HCXONHBIX JZAHHWX BHOCHT B peiieHHe OWHGKy, KOTOpaA He MoXer
OniTe ycTpaHeHa fanee. EAMHCTBEHHBIA cNoOCO6 YMEHBLLIHTHL 3ITY MOTpell-
HOCTL — mepediTH K Gonee TouyHON MaTeMaTHHecKoA MOAenH u 3anath Gonee
TOYHBIE MCXOJHEIE JAHHEE. _

Torpemrnocts 4,y, MCTOUMHMKOM KOTOPOfl ABJNAETCS METOR pelleRHA
3a[]a4YH, HA3LIBRETCA ROIPEWNOCMSI0 HeModa, & NOTPENIHOCTE dyy, BOIWHKA-
HOIIAA H3-3B OprTJ'IBIIHﬂ npk BBOAE, BbiBOAEe H BRIYHCISHHAX, — #NuvuCAU-
measnoti noipewnocmro. TakuM o6pazom, NONHAA NOTPElIHOCTL Pe3yNbTA-
Ta pellleRns 3agaun va OBM §y = y - 3° cknannisaeTcA M3 Tpex coctaB-
ARAOWUX: HEYCTPAHMMON MOrPEMIHOCTH, NMOTPEIIHOCTH METOABR M BbIYHCAH-
TeNbROM MOTPelIHOcTH, T.e. §y = dyy + &y + Sy

Bynem panee MCXOAMTE M3 NPEANONONKEHHA, YTO MATEMATUYECKAA MO-
pens GHKCHpPOBAHA M BXOZHHE AAHNDLIE 38AIOTCA M3BHE, TAK YTO MOBJH-
ATL HA 3HAYEHME BEIMYMELI §,Y B NpoLEcce pelleRUA 3a0B4H JeACTBUTEINb-
HO Henw3a. OHAKO ITO cOBCEM HE O3HAYAET, YTO MPefBADHTEALHLE OLEeH-
KH Be/IMYHHB HEYCTPaHMMOH MOorpellinocTH HE RyxXHb. JlocToBepHAA MH-
dopManaa 0 NOPANKe BENHYHHAL Jyy NO3ROAAET OCOIHAHHO BLIGPATL METOR
pellieHMs 3ala4¥ M PA3YMHRO 3a[aTk ero ToyHocte. JHesmaTennno, uTOGH
Be/IMYMHA NOrpellHOCTH MeTOAa Omaa B 2—10 pa3 meHele HeycTpaHHMOA
norpetHocTH. Bonbinee anauenne dyy OLLYTHMO CHMIKAET TOYHOCTL pe3ynb-
TATA, MeHblllee — OGbIYHO TpebyeT yBenM4YEeHuA 3ATPAT, NPAKTHYECKH yXKe
He BAMAA HA 3HAYerMe nonHoR norpemnoctH. Hroraa xapakTep nenonvao-
BAHMA pPE3YNALTATA TAKOB, YTO BMONHRE AOMYCTHMO, YTOOH BeNHYHHA b,y
Gpiia cpaBNMMa ¢ §up MM Aake HECKONLKO MpeBbillana ee.

Benrunua BoiYMcanNTeNpROR norpelinocTh (ApH PHMKCHPOBARHEIX MOae-
JIH, BXOARMX HNAHRHX H METONe pelieHMs) B OCHOBHOM ONpele/ineTcs
xapaKkTepHcTHkaMM Mcnonbayesolt OBM. Jenareapno, 4m06m BennuuHa
8,y Guina XoTA 61 HA NOPANOK MEHbllEe BETHYHHAL! MOTPEIIHOCTH METONAA H
COBCEM He XENATE/IbHA CUTyallds, KOTAA OHA CYLUSCTBEHHO €€ MpeBbUlaeT.

VYMeHHe AHANM3NPOBATD NOTPELINOCTH [OPH  PelleHHMH NPHKARAHON
3338498 M CcoG/IONATE MexAY HMMM Pa3yMHHH KOMMpOMHCE MO3BOJIAST
CYUICCTBEHHO 3KOHOMMTH MCNONL3YEMBIE PECYPCH W ABJIAETCA NPHU3HAKOM
BLICOKON KBaNH(HKAUNH.

§ 2.2. Opn6/oKeBENE YHCIA.
A6comoTaas M OTHOCHTENLHAA MOTPEMEBEOCTH

B npeasiaymem naparpage Gbin0o OTME4EHO, 4TO YMclia, MojydyaeMble
npH pemexHH Ha OBM npuknagRbIX 3a0a4, KAk Apasuao, ABAAKTCA
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npubnHxennninu. Cneaosarensno, BONPOC 0 MoOYNOCMU PE3yALTATOB, T.€. O
MEpe MX YKJIOHEHHA OT MCTHHHBIX 3HAYEHMH, B TEOPHH M OPAKTHKE MeTo-
noB BHIMMCNEHMA npuobperaer ocoSoe aHavenue. Haunem erc paccmorpe-
HHE c BBEAEHMA OCHOBHLIX MOHATHI 3N1eMERTAPDHON TEOPHM NMOrpPELIHOCTEN,
Ycnosumesa oTROCHTENERO 0003HAYERMI, KOTOPHIE B JanbHelleM GyayT
MCNONLIOBATECA MPH cpapHenuu senuyuH. Kpome npuBbiuHeiX 3HaKoB
P et " " S GyneM Hcnonb30BaTh 3HAKM NPHOTMKERROrO
pasenctea " # " u npubnHkennoro Hepasenctsa " < ". B cnyuae, korma

NONOKHTENLHLIC BIMYHEL @ H & ABNAIOTCA BEANYMHAMH OXHOTO TOPAMAKA
(r.e. 10" < a/b < 10), 6ynem ucnone3osars 060anagenne ¢ ~ b. Ecnu xe a

MHOTO MeNbille ), TO 6yaeM MUCATh @ € b, YTO 3KBHBANIEHTHO COOTHOUIEHHIO
afbg 1.

1. AGcomoTnaa ¥ orHOCHTeNBAAA Norpemmoctd. Ilycts a — TOWHOe
(BoOGiIe roROpA, HEMIBECTHOE) 3IHAYCHUE HEKOTOPOR BenNMYMHBI, a' —
M3BecTHOE MNPHUOGNINKEHHOE 3HAYEHME TOH Xe BeJIHYMHB (npublisuxenxoe
vucx0). Quubxod (MAu no1pewnocms0) NPUEANNKEHHOrO YMCAE a* HA3LBA-
FOT PA3HOCTb @ — @ ° MEKAY TOUHLIN W NPHEIMKERHEM 3HAYEHNAMM.

Ilpocreitieft konuyecTeeHHON Mepol olIMGKM ARNAETCA abcosOMNAR
ROPEUWNOCTS

&(a*) = |a-a’|. (2.1)

Onnako no sennymHe aGCOMIOTHON MOTPELIHOCTH NANEKO HE BCETIA MOXHO
CAEeNATH NpaBUAbHOE 3AKIIOYERHE 0 KayecTse npnbivxenns. JeficTentens-
no, ecnn A(e®) = 0.1, TO cneayeT nM CYMTATE NOCPeIIHOCT GONBLIOA MM
HYXHO NpH3HaTe ee ManoR? OTBeT cymecTBeHRLIM OGpa30M 3ABUCHT OT
APHHATHX €IMHUIK HM3MepeHHWA M MacuiTa6os sennuuH. Ecanm a= 0.3, 10
CKOpee BCer0 TOYHOCTb MPHUOMMMEHHMA MeBenNMKa; ecnu wxe ¢ & 3-108, To
clieflyeT NPH3KATh TOYHOCTL O4eHb BbicOKON. TaxuM 06paaon, ecTecTBeHHO
COOTHECTH NOrpellIHOCTL BeNMYMHL M €@ JRaYeHHe, ANA 4ero BBOAMTCA
NOHATHE omnocumexssnot notpewnocmy (npu a # 0)

_le-a*l __A(aY)
Ke*) = o = —far- (2.2)

NcnonsaosaAne OTHOCHTENBHNX MOCPellHOCTE yAOGHO, B YACTHOCTH,
TEM, YTO OHW He JABHCAT OT MACHITa60B BeNHYMH M eNHMHRHMI MIMEDEHMA.
3amerdM, 4TO ANA npueefenyoro suiwe npumepa &a*) % 0.33 = 33% B
nepsoM cayuae n §(a*) v 0.33-10°9 = 0.33-10"7% Bo sTOpPON.

Tak kak 3HAYERHE 4@ HEN3BECTHO, TO HEMOCPEACTBENROE BHIUYMCICHME
sennuMR A(e*) n ¥a*) no ¢opmynam (2.1), (2.2) uesoamoxuo. Bonee
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peanibHad H 4acTo NOAAAKIIIAACA pelleHMIO 3allaYAa COCTOMT B MONY4YeHHH
OLeHOK MOrpeulHOCTH BHAA

la-a*| <A(a*), (2.3)

a*| 2 .

rae A(a*) n 5(a*) — naBecTHHE BEMUMHBI, KOTOPbIE Mbi GYJieM HA3KBATL
eepraumu tpaxsgyauy (MAM MNPOCTO 1panuyaau) a6CoOAYMNOU W OMNOCU-
measnoti notpewrnocmed.

Ecau pesviuMHa f\(a') M3BECTHA, TO HepaBencTso (2.4) Gyaer BHINOAMe-
HO, €CJIi MOMONKNTD
A(a*)

T -

Ha*) = 2.5)

TouHO Tak xe ec/iH pennuMna 5(a*) M3BECTHA, TO CACAYET MONONKHTE
A(a*) = |a| &(a"*). (2.6)

Mockoneky 3naYyerMé a HEM3BECTHO, MPH MPAKTHYECKOM MPHMEHEHHH
dopuynn (2.5), (2.6) aaMena0T APHOENHIMEHHEIMN PABEHCTBAMM

a*) = -?%:—I‘—! ,A(a*) ~ |a*|¥a®). 2.7

Jameunnune. B nurepaType no MeronaM BhuMCIeHHIt UIMpPOKO
Hcnoneayerca Tepuud "tounocts”. [IpHHATO roeopuTh 0 TOUHOCTH
BXOAHWLIX NAHHHX W pelleHHA, O MOBHUIEHMM H CHHXEHHM TOYHOCTH
BHYHcTeHMA M T.4. Mu Takke OyaeM MCAOMBL3OBATH ITY TEPMHHOJO-
TMIO, 38 KOTOpOil cKpuBaeTcs A0BOABHO NpocToR cMuchA. Togroets B
KBYECTBEHHEIX PBCCYXKACHMAX OGHIYHO BLICTYTIAET KAK MPOTHBOMONOX-
HOCTb MOTPELINOCTH, XOTS [AAA KOMHYECTBEHHOTO MX M3MEPeHMA Mc-
NONBAYIOTCS ONHM M Te Xe XAPAKTepHCTHKH (Hanpumep, aGCOMIOTHAA W
OTHOCMTeALHAA norpewdocTd). TodyHoe suAvYEeHMe BeAHMYHMHME — 3TO
3HaueHHe, He cofiepxkamee norpemuoctd. IoBhileAne TOWHOCTH BOC-
NPHUHMMAETCA KAK yMeHblleHHe MOTPelIHOCTH, 8 CHHMXKEHNEe TOYHOCTH —
Kak yBesqudenMe norpemsoctd. YacTo Mcnonsayeman ¢ppasa "rpebyerca
HAflTH peulcHME ¢ 3afaHHON TOYHOCTHICO E" O3HAYAET, HTO CTABMTCA
3aflaya O HAXOXAECHWM MPUGAMKEHHOTO peUIeHNA, NPHHATAR Mepa
MOTPEeUIHOCTH KOTOPOrO He ApeBnilliaeT 3afaHHOA Bennunuil €. Boobme
ropopA, clenopano 6ul roBOpMTL 06 AGCONIOTHOR TOYHOCTH M OTHOCH-
TeJALHOA TOYHOCTH, HO YBCTO ITOr0 He AENAIOT, cYMTaA, YTO M3 KOH-
TeKCTa ACHO, KAK UIMEPAETCs BeIMYMHA NOTPEIIHOCTH.



2. Ilpapuna 3amucE wpEGAwxemmux wmcen. IlycTs npu6aMkeHHoe
YHCAIO a* 38/1aHO B BHAIE KOHEYHO!N AecATHYHOA ApOGH:

a* = ap apy ... .01 ... Bm

3neveyuau yufpamuu wncaa a® HAIWBAIOT Bce UMPPH B ero 3anmcH,
HAYMHBA ¢ NepPBOA HenyaeBOR ciepa.

Mpieep 2.1. Y 4ucen ¢* = 0.0103 u a* = 0.0103000 suavamme umcpsl non-
YepkHyTHl. [lepBoe yucno Mmeer 3, a propoe — 6 aHavawux undp.

navamyo uudpy YMcAa @° HAILIPAIOT ecpuotl, €CAM AGCOMOTHAA
AOrPeMIHOCTE YHCTA He MpPeBOCXOAMT eXHHMUM pPa3pAfa, COOTBETCTBYIOmME-
ro roft nMdpe.

Mpumep 2.2. Ecn A(a*) = 2:10°8, 10 uncno a* = 0.0103000 umeer 4 Bepsie
3Havalme UHPbl (OHW NOAYEPKHYTH).

Cnesyer OTMETHTB, YTO WHPOKO PACMPOCTPAHEHHON OMIMGKON npwu
3anuck npHOIHKEHRLX YHCen ABJAAETCA OorGpachiBaHME MOC/NEAHMX 3Haua-
mUX HyAelt (Daxe ec/M OHH NPeACTABAAIOT coGOfl BepHEle UMPPH).

3ameununue Bepuan mudppa npubammennoro ymena, soobme
roBops, He 0Gs3aHA cOBOANATL ¢ COOTBETCTBYIOWEeR nMdpoil B 3anuch
To4noro uMcna. Takum o6pazom, Tepmmuy “Bepuan uudpa" He cAenyer
NOHUMATH GykBanbMo (cM. npumep 2.3).

Mpusep 2.3. Mycre @ = 1.00000, a* = 0.39999. Torna A(e*) = 0.00001 u y
yucna a' Bce NOAYepKHYThle WHGPH — BepHLIe, XOTS OMM M He COBNajaloT ¢
COOTBECTEYIOMMMH UNnDpaMu Yucia a.

KonnvecTBo BepHHX 3nBYamMMX UM@pP UMCIA TECHO CBA3AHO ¢ BEJIMYM-
HOW ero OTHOCHMTENbMOR norpemnocTy. IpuBexennble HMXe YTBEPXKACHHR
NO3BOJAAIOT B AbHOALIEM ¢BASKBATE TOYHOCTb YHCNA € KOAMYECTBOM €TI0
BEPHLIX 3HAYAIMX LMEPP M TPAKTOBATE MOTEPI0 TOYHOCTH KaK MOTEpIo
RepHEIX uMdp.

Dpeanoxenmue 2.1 19 Ecau xucso a* codepxum N aepuuz
anavawuzr yudp, mo cnpaecdauso nepasencmao 6a*) € (1041 - 1)1 «
5 107N,

20. Jlas moio ymobu xucao a* codepxaso N cepuniz smavewuzr yudp,
docmamouxo, ¥mobu Omao emnosneno nepadencmao &a®) € (10N41)1 w
& 10°N.
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30, Ecau wxucao a* umeem poano N sepusiz snavawuz wyudp, mo
10°¥! < §a*) < 10°M! u maxuu obpason §(a*) ~ 10°N.

Tipumep 24. Yro MOXHO cKadaTe 06 OTHOCHMTENEHON MOrpelINocT YMcna a”,
ecM OHO CONlepMT 3 BepHble Undpn?
B cuny yreepunennn 10 uneen &a') < 102 = 1%.

Mpusep 2.5. C kakON OTHOCHTENBHOM TOMHOCTBIO ClleAyeT HaMTH uMcno a',

4T106b1 BEpHBIMM oka3amucek § 3Havawmx undp?

U3z yrBepxpenna 20 chepyer, 410 NOCTATOYHO HallTM @ € OTHOCHTENBLHOMA
ToyHOCTEIO £ B 1076,

3amMeTHM, 4YTO TPAHMUB aGCONIOTHOR M OTHOCHMTENBHON mnorpelmHocTedl
NPMHATO 3ANMCHIBATD ¢ OBHOR MAM ABYMA 3Havammuy udpamu. Boasman
TOYHOCTb B 3AMHCH 3THX BeJHYMH, KAK MPABMJIO, He HMEeT cMuicia, TaK
KaKk OGLIYHO OHM SABNAIOTCA NOBAALHO CPYORIMM OLEHKAMM MCTHHHBIX
aHadeHHI norpeilinocTed, U KpoMe TOrO, ANA NMPaKTHYECKONO MCNoNb3oBa-
HMA YBCTO OBHIBAST NOCTATOYHO 3HATHL TOJNIBKO UX NOPANOK.

NMpssep 2.8. Wndopnauna o mnorpewHoctd suma Ha®) = 0.288754-10°%
npakTHYecku pasHolleHa Whdopnwauuu & a*) & 3-10°6, npuyen noceanas Bhlabi-
paer Gonbuie fopepua. Ckopee Bcero, BnoJHe YNOSBJNETEOPHTEABLHON B NaHHOM
enyvae amnsercs u sanuck §a*) ~ 1076,

Hepapencrpo (2.3) 3xBUBANEHTHO ABONHOMY HEPABEHCTRY

a*-A(e*)<aga* + A(a”)

M N0?TOMY TOT (hakT, YTO YMCIC a° ABRAAETcA NPUGAVMEHHBIM JKAYeHMEM
unena a ¢ pepxmed rpammueit aGcomornon morpemmoctd A(a*) (¢ abeo-
sromnow moxnocmaro € = A(a*)), NPURATO 3aNMcHBATE B BUAE

a=a*+ &(a').
Kax npasuno, uncia ¢* u A(a*) yKasniBaior ¢ OBMHAKOBLIM YucaoM P
nocne JecATHYHOR TOYKH.

Mpuep 2.7. Ilycre onn uMcaa a M3BecTHH NpUGAMkKEHHOE AHaYeHMe a* =

= 1.648 ¥ rpanuua abcoMOTHON NOTPElIHOCTH 5(0‘) = 0.002832. Torna MmoxHO
sanucate @ = 1.648 + 0.003. 3anuen pupa a = 1.648 £+ 0.002832 umu ¢ =

= 1.648 % 0.1 sapnmorTca HeecTeCTBEHHBIMM.
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Ha nepasencrsa (2.4) cneayer, 4T0 3nateHHe a4 3BKAIOYEHO MPHMEPHO

mexnay a*(1 - §a*)) u a*(1 + ¥(a*)). Hoaromy ToT ¢dakT, 410 yneno @
ABNAETCA NPHUOAMMKEHHBIM 3HAYEHHEM YMC/IAa 6 ¢ CPaHHUCR OTROCHTENbHOM'

norpewnocTH (%) (¢ omuocumesswot moxxocmsw € = #a*)), npuuaro

sanucuBats B BUae a = a*(1 * §(a*)).
Npineep 2.8. Ouelnn TONHOCTE YaCTO MCNOMBayeNOIO B MPOCTEAIUNX pacyerax
npubauxenna 7° = 3.14 k wucny 7. Masectno, yro * = 3.14159..., noorouy * —

- ®* = 0.00159... CnenoBarenbho, MoxHo npuraAte A(x*) = 0.0016 u 5(x*)
% 0.0016/3.14 » 0.00051 = 0.051%. Hrak, » = 3.14 ( 1 £ 0.051%).

3ameuanue Ecam uncno a® npuBoauTces B KadecTbBe pe3yabTaTa
6e3 YKA3AHMA BEeNHMYHMHE NOTPelIHOCTH, TO NPHHATO CYHTATB, 4TO BCe
ero aHavamue uudpul ABAAOTCA BepruiMu. Hauumuaowmuit nons3opa-
Te/lb 4ACTO CAMUIKOM AoBepAeT BuBoauMuN u3 IBM undpam, npeamo-
naras, YTO BEIYMCAMTENBHAA MAIIMHA MPHUACPKMBACTCS TOTO e COrMa-
wenuA. OfHAKO 370 cOBteM He TaK: YHCAO MOXET GuTh BhIBEEHO ¢
TAKHM KOQJIMYECTBOM 3HAYALIMX UHEPP, CKONBKO NOTPe6YET NPOrpaMMHCT
3ajlauMeM cooTBercTeyiomero ¢opmata. Kak npaBunmo, cpeau 3TmX
undp TonNsKo HeGOALUIOE YHCIO MEPBHX OKAKYTCSA BEPHBIMM, &, BO3-
MOXHO, BEPHLIX WP RET COBCeM. AHANM3NPOBATL PE3YNbTATH BRIYMC-
JIEHMA M ONpefeNiATh CTENeHb MX JOCTOBEPHOCTH COBCEM HENpocTO.
OzRa u3 neneflt M3y4eHMA BHYMCIIMTENLHBIX METOAOBE M COCTOMT B AOC-
THXEHHM NOHMMAHHMA TOro, YTO MOXHC M YETr0 HEeNb3A OMHAATH OT
Pe3yAbTATOB, NOAYYEHHHX wa IBM.

3. Oxpyrneane. YacTO BOINMKAET HEOGXOZMMOCTb B OXPYIAENUU YMCHA
@, T.€. B 38MEHE €r0 IpPYrHM YMCJAOM @¢° ¢ MEHbIIMM YMCJIOM 3HAYAINX
uudpp. Boauukaoman npu Takofl 3ameHe MOrpellINOcTh Ha3lulBaerTc] no-
LPEWNOCMIN OXKPYLACNUS. '

CywecTByeT HECKONBKO ¢nOCOGOB OKPYLNIEHHA YMCA8 OO R 3IHAYAILMX
unudp. Haubonee npocroit Ma KMX — ycevenue COCTOMT B OTOPACHIBAHHM
BceX WHGP, PACNONOXEHHMX CApaBa OT n-f 3uayamert undpui. Bonee
DpeAnOYTHTENbHLIM ARIAECTCA OKpYrAenuc no donoaxexur. B mpocreitinem
BApHMAHTE 310 MPaBHAO OKPYTJEHHA cOCTOMT B cliepayiomeM. Ecan nepsan
cnesa M3 OTOpacHBaeMbiX nMp Meunule 5, TO coxpaHaeMmbie UMPPH OCTa~
loTca 663 nameHeaMa. Ecam xe ona 6onsme nu6o pasna 5, 70 B MaamuMit
coXpaHaeMblft paapan NOGaBNAETCA eAMAMIA.

A6coniorHaA BENTHYMHA MOTPEWIHOCTH OKPYIJIGHMA APM OKPYLAEHHH MO
JONOJIHEHHIO He MpeBHILIAST MOJOBHHL eAHHMIUL Pa3pafa, COOTBETCTBY-
I01ero mocsefiHell ocTaBaseMoil uMdpe, a OPH OKPYL/IEHHMM YceUeHHeM —
efHHHLL TOrO e pa3lpana.
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lNpsep 2.9. TIpu oxpyrnenmu 4ucna a = 1.72631 yoceueHuew jno Tpex 3Haya-
wux undp nonyuurea uucno a® = 1.72, a Npu OKPYINeHMH N RONOMHEHWIO —
umeno a* = 1.73.

Iparnupt aGCONMIOTHOA M OTHOCHMTENbHOA MOTpElIHOCTE MPHHATO BCer-
OB OKPYrAATh B CTOPOHY YBeHYeHMA.

Mpwep 2.10. Oxpyrnenme Bermaun A(a*) = 0.003721 1 d(a*) = 0.0005427 no
LBYX 3Hauallwx Wnbp Raer anavenus A(a®) = 0.0038 u &a*) = 0.00055.

§ 2.3. DorpemmaocTa apudMeTEISCKEX Onepamml
HaJZ OpuGAMXEHELIMHE YHCNAME

Hecneayen pnmAnpne norpeminocTell MCXORHKX BAHHKX HA MOTPEIINOCTD
peayapraToB  apudmerHyecknx omeparmin. Ilyere ¢* u 8 —
ApHGAMMeHHne 3Havenua uMcen a M b KaxoBa coorsercTBylomas um
B/IMYMHA HEYCTPAHMMOM MOTPEUIHOCTY pe3yabTara’

ODpennoxenue 22 Abcomomnas norpeurnocms asefipauve-
cxotl cyaus (CYuus uAU PAINOCMU) NE NPECOCIOOUM CYMMLYM GOCOANOMNMT
notpeuinocmetl cAGaACANZ, M.C.

A(a® £ 5°) € Afa®) + A(8°). (2.8)
0 Umeen

A(a* £ b)) = |(ax b)-(a* £ b*)| = [(a-a") £ (6-8")] £
CA(e”) + A(Y). I

Cnepncrsue Bcusy nepasencmea (2.8) ecmecmaenno nosoxums
A(a* £ b*%) = B(a*) + A(b*). (2.9)

OnenyM OTHOCHTENLHYIO NOTPELIHOCTD ANre6panYecKolt cyMMEL.

Hpennoxenue 23. MMyems a u b — nenyaeosie vucea oduoto
anaxa. Totda cnpagedauon xepasencmaa

a® + 5°*) € Spax, Ha* - &*) € vépay, (2.10)
10¢ Gnax = max {§(a"), &%)}, v = |a + b|/]a- b].

0 Henoneaya ¢opuyny (2.2) n nepasenctro {2.8), nMeen
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fazb| &a*2b%) = Aa®t b*) < A(a*) + A(B®) =
= |al&a®) + |b]8(6*) < (la| + |b]) épax = |a + &]bpax-

U3 nonyyennoro nepabenctea cpa3y caenyior onenkn (2.10). i
Canencreue B cuay nepasencme (2.10) ecmecmeenno nosoxums

Ha®+ 6*%) = Bpax, 8(a* - 5°*) = Vipay, (2.11)
t0¢ bmax = max {&a*), (6*)}, v = |a + b|/|a- b).

Meproe na pasencts (2.11) o3uavaeT, YTO NpH CyMMHPOBARHHM YHMcen ORHO-
IO 3HAKA HE MPOMCXOJUT MOTEPH TOYHOCTH, €CIM OLECHHBATH TOYHOCTH B
OTHOCHTENbHHX eAnHHnax. CoBceM HRaue OGCTOMT NE/0 NPH BLIYHTAHHMH
YMCcesX OHOTO 3HAKA. 3/iech FPAHMIA OTHOCMTEABHON OMIMOKK BO3pAcTaeT B
v > 1 pad M BO3MOXHA CYLXECTBEHHAA MOTEPA TO4YHOCTH. Ecau uucna a u b
6nuaxi Hactoneko, 410 ja + 4] > |a - b|, TO ¥ > 1 M He MckmOuena
nosHas WAM MNOYTH NOAHaA noTepa Touwoetd. Korma 210 mpoumexopwr,
FOBOPAT O TOM, YTO APOMICLINA KXgmacmpodunecxes nomeps MoOXKoCMY.

Mipusep 2.11. [lycte pemraercd nmiXeHepHas 3allaya, B KOTOpol OKOHYATENbHLIN
pesynbTarT y BEIMHCAACTCH Mo Gopuyne y = 1| — z ¢ noMoltbio NMpelBapUTENbHO
onpenensiedoro 3xavennst r. [lpeanonoxiu, 4to HaneHHoe npuGnMkeHue z* =
= 0.999997 k anadenuio r cofepkut § BepHex anavawmx uudp. Torma y* =1 -
- 0.999997 = 0.000003 4 B Mpouecce BHMUCNEHUA OKAZANNCH NOTepAHHHIMM 5 Bep-
ueix undpp. Ecnu xe yyecrs, yro &z*) -~ 0.0001%, a &y"') ~ 33%, To cmenyer
MPH3HATB, 4YTO MPOHIOUNIA KATACTPODUYECKAR NMOTEPA TOMHOCTH.

Mon4epxuen, yto anech BUHOBMMKOM ''KatacTpodbl'' ABNAETCS He onepauuA
BRIMHTAHKA, 8 TNPe[NIOXKEHHBIA MEeTON pellewus 3ana4H, TNe OKOHUATENBHHR De-
SYNLTAT MONY4aercsi € NOMOUILIO BHIMMTAHMA ABYX GAMakux umcen. Brmonnenue
ITON ofepallii JHIWE Ae/aeT O4eBUAHLIN TO, YTO AEACTBMTENbHO NosedHas Hudop-
MalUMg@ O BHAHEHWHM ¥ yMe OKA3ANACh NOTEpsHHOA A0 BhiuMTaHwA. Ecnu ner apyro-
ro BapMaHTa pacHera, TO ANA NONYYEHUN NPHEMIIEMOTO De3yNbTaTa CJefioBano Obl
NpeABapHTENLHO BEIGACHTL T € CYUECTBEHHO GOMBLIMM YHCIIOM BEpHBIX JIHAKOB,
YYMTBIBAA, YTO § CTApWIMX aHavaMx UKD NpH BLMUTaHKM GYIYT NOTEPAHBI.

Hrak, mosmywaem caeayiowmi saxuuit pubop. [Ipm noctpoermm ume-
JICHHOTO MeTOfia peuleHMA 3aauM clefyerT M3GeraTh BHUMTAHMA GANIKHX
4YHcea OZHOro 3HaKa. Ecam ke TBKOe BLYMTAHME HEH3beXHO, TO cileayeT
BHIYHC/IATh ApTyMEHTH ¢ MOBHINEHMON TOYHOCTLIO, YYMTLIEAA €€ MOTeplo
npumepHo B v = [a + b|/|a - 4] paa.

Dpennoxennme 2.4. Jas omuocumessnsz notpewnocmen npous-
8edenuUs U YGCMNOI0 NPUSAUKERNMT LUCEA GEPRB OYENKY
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Ha®b®) < &(a”) + 8(b*) + 6(a*)é(b°), (2.12)
Ka*/b*) < f(—;’—Z}—{i(.P (2.13)

B NocAesHell N3 KOTOPHX cuMTaeTea, 4To &%) < 1.
0 Bunoauuu creayiomme npeoGpa3opaHus:

|ab|&(a"b*) = A(a*b*) = |ab - a*b"®| = |[(a-a*)b +
+(b-b%)a-(a- a)b-b7)| < [6]Aa") + ] AG?) +
+ Aa®)A(b%) = |ab|(8(a*) + 6(b°) + &(a*)8(b%)),

Te.

labj&(a®b*) < |ab|(&a"®) + &(b°) + &(a")&(b")).
Pa3geans o6e uacTi 3TOr0 HepaseHcTBa Ha | ab|, monyusem ouenky (2.12).
JnA sHBOAa BTOPOR OUEHKH NPefBRpUTENLHO 3aMeTHM, 4TO |b*| =
= b+ (b"=8)] 28] -A*) = |b|(1 - &b*)). Torma

la/b-a*/b*| _ |ab*-ba®| _

a*/b") =

le/6] = {ab®] 7
= | "-b)+¥a-a")| . |a| A(b*)+]|8]A(a")
L [abl(1-8(8"))

_8(b*)+5a”)
= .

Cnencreue. Ecas 6(a®) € 1 u 8(8*) < 1, mo das oyexxu tpanuy
OMROCUMCABNYMT no:pewnocmcli AOKNO UCNOABICAAMD caedymu;ue npuﬁ-ﬂr
XKCNNRBE paecncmaa:

Ha*s*) = 3(a*) + B(b*), (a*/b*) » &a*) + 8(b*). (2.14)

Hwmenno pasenctsa (2.14) yame BCero M uemonAs3ylorT AAA OPaKTHYe-
CKOMl QUEHKH MOrpellHOCTH.

Hrak, Buinonnenne apudMeTHyecKMX onepaumit Haa NPUGAMMERHBIMM
YMCIAMM, KaK MPAaBMAO, CONpOBOXARETCA moTepeit ToynocTH. Epnncrsen-
Hasd onepanMA, APY KOTOpPOMl MOTEPA He MPOMCXOJUT, — 3ITO CIAOXKEHME
yucen ofHoro 3anaka. HauGoapwian noTepA TOYHOCTH MOXKET NPOU3IOATH
NpH BLIYMTAHMH GAMAKHX yMcen OBHOIO 3HAKA.
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§ 2.4. llorpemuocTs PyrKnum

1. HorpeniHoers pyermun uBornx nepesennnx. lycrs f(z) = f(zy, 12,
w Tm) — Auddepenunpyemas s o6nacty G PYRKUMA M nepeMeHHLIX,
BBIYMC/ICHHE KOTOPOIt MPOH3IBOAMTCA MPH MPHOMMIERRO 3alanHbIX 3HAUE-

HHAX aprymentos z!, z;, .., z,. Takaa cuTyaums posumkaer, Hanpumep,

BcAkUA pa3, Koras wa OBM nponasoautea pacuer no ¢opuyne. Bawho
3HaTh, KaKOB3 BE/MMHHA HEYCTPAaHMMON OMIMOKM, BLI3BAHHOHN TeM, YTO
BMecTO 3HavyeHHA y = f (z) B AelCTBMTENLHOCTH BHIYMCIASTCA 3HAYEHME
y'= f(z*), rae z* = (2], 23, .., 7).

Bpenem oGoanawenna: nycrs [z, £¥] — orpesok!, coenmMaOWMA TOYKH
Tz u ij = dff oz,

llpennoxenue 25 Jiz abcomomnot nowpemnocmu anavenus
y'= f(z*) cnpasedauca caedyrowan oyenxa:

A(y*) € 5 axqlf; 1863, (2.15)

[t T
0 Oneaka (2.15) puTexaer u3 (GOPMYNB KOHEUHLIX MpHUpalieHnit
Jlarpauxa?:

1~ = B (e = 2)), s =10

Cnepcrsue Fcau z* 8 7, mo o cusy ouenxu (2.15) moxwno
nosoxums

AY
Ay = BI1 (915G, (2.16)
By = 511 ()] A(e)). (2.17).
k1%

Pasencrso (2.16) yao6mo naA NpaKTHYECKMX OLEHOK, 8 PABEHCTBOM
(2.17) mu1 BOCNOAB3YEMCA B AasibHENLIEN JAR TEOPETHYECKUX NOCTpoeHkil.

| OTpeakoM, COSAMHSIOWMM TOYKH T U £° B m-MepHOM NPOCTPAHCTBE, HaabiBaer
¢ NHOXECTBO Todek BuAa az + (1 — a)z*, 0€ a < 1.

? YKoaed Jlyu Jlarpaux (1736 — 1813) — dpaHuyackuin MATEMATHK, MEXAHHK M
N:TPOHOM. Oniﬂ'i M3 co3faTesled MaTeMaTHYeCKOro aHanuaa, BApHALIHOHHOTO HCYMC-
JIeHHA, KNACCHIECKON BHATTUTHYECKON MeXaHHKM.
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U3 ¢opuyn (2.16), (2.17) suitermor npHGAMXeHHbIe PaBEHCTBA NS

ONEeHKH TPAHMIL OTHOCHTENBHBIX m“. |‘u PIOCTCR
Wy w Eutde)), He s Eviory (2.18)
71 I
- 3neck
=5 11 (£%)] =, [1S (2]
yt= — % = e (2.19)
i (=% Y f(z)

Mpinsep 2.12. MycTs KOPHU KBaApaTHOTO ypabHeHna 2 + br + ¢ = 0 Bruue-
NIAOTCA NPU 3Ha4eHHAX koadduumentos b 103, ¢ & 1. Kakoso Bamsaume norpeu-
HocTeNl 3a7aHMA KOIPDUUMKEHTOB Ha TOUHOCTE BEIYHCIISEMBIX 3HAYEHMAT

Bocnonbayemcst sBHBIMK bopMymaMu st kopei: n = f (b, ¢ = (-b —

—{d)j2, 5= g (b ¢) = (~b+ [d)/2, rne d = B - dc Samernn, ur0 01 = ¢

Torna npH 3anaHHBIX 3Ha4YeHHAX KoSDPULIMEHTOB NONYUMM ﬂ ] ]lﬁ - 4% 103,
a s (-100 - 10%)/2 = -103, np = o/n » 1/(-10%) = -10°3. [lanee, uneen f; =

=(-1- bd/2 % (-1 - 109/109/2 = -1, f, = 1fd ~ 108, ¢ = (-1 +

+ y{d/2 = (b - {ONAD = -nf{d » 106, g, = -1/{d = -10"%. Mpunenan
nepsylo u3 Gopuyn (2.19), AnA KOPHSA 7| HaXomuM v | = |8t l/ 1201 = 1,

vy = |1 1/12f] » 10 Awanormamo mna wopus £ vmee vy =

= 18" lgpl/lxzl 8 1, 25, = lc*|lg;|/127] % 1. Taxuu obpasow,

&xf) 8 B(B*) + 10°68(c”), 8(x) » &(b*) + §(c*). (220)

CnienoBaTe/bHO, TOMHOCTH NEPBOrO KOPHA NPAKTMYeCKH ONpefensiercst TONbKO
TOMHOCTBIO 3afianMA koopduLMenta b, B To BpeMA Kak KodbOUUMEHT ¢ MOXer
6bITE 3anaH odeHb rpy6o. [ina eroporo kopHA BAMAHME NOTPEWHOCTER B 3aflaHHM
KoapQHUHEHTOB § M ¢ NPaKTHYECKH ORMHAKOBO.

2. Horpemsuoers ¢yrknum oamolt uepemensolt. Mopuynsl AN rparmL
norpeiudocTel Pynsumn f (z) omHOM nepeMenHOR ABNAIOTCA 4ABCTHBIM
cayuaen $opuyn (2.16) — (2.18) npu m = 1:

B(y") = 1F (B, By » £ (DA, (2.21)
Y



Hy*) V‘i(z“). 8(y*) ~ vb(z*), (2.22)
rae v® = |2°[|f' (=) /1R=z°)], v = || | S (D) |/ 1K)

3. Dorpemuocm HeasHolt gyarauwu. Hepenko npuxofinten eTanknpars-
ca ¢ cutyaumelt, koraa oynkuua y = f (2, 7, ..., Tm) 3803ETCA HE ABHOM
¢opmynoit, 8 Kak peuleHHe BenMHelHOrO ypasuenns F (y, 1, 13, ..., Ip) =
= 0, T.e. Heasho. Ecnn nnA Takoit eAsHoft GyHKOMM BOCNONLIOBATLCA M3-
BECTHHMH (GOPMYJIAMHM BLIMMACAEHUA NPOMIBOAHLIX

LD = CF P gy i= L 2 m, (2.23)

TO MCCNefOBAHHE HEYCTParHMON NOTPEMHOCTH HEABHON PYHKUMM cpa3y e
CBOAMTCS K PBCCMOTPEHHOMY BEILLE CYYAIO.

Mpusep 2.13. [Ina npoBepennoro B npumepe 2.12 McclenoBanusa coBceM He
oba3aTenbHo 6bUTO BHINMCHIBATE fABHble <opuynsl mns xoprefl. B ston cavvae
peanuuubl 3y = f (b ) m » = ¢ (b ¢) MoxHO paccMaTpHBaTh KaKk HesBHBie
byHKUHY, 3aNaKHEle ypaBuenen F (1, b, ) =0, rne F=2 + bz + ¢

3peck F, = 2r+ b Fy =z, F, = 1. Cneposarenstio,

vi = (SRR D), 2 % 109|227 + 109],

£, b=103, c=1
via= (e IFSFINED| 2 o ym gn, o= g @ V1] + 1091,

Buuncnenns npu i = 1, 2] 8 =102 u i = 2, z; 8 -10"3 nawr te ke anavenns
Ko PHUMEHTOB ¥ |, ¥[ ,, ¥, |, ¥; ,, 410 K B npuMepe 2.12, 3, crenosarenbho,

Te xe dopuynnt (2.20).

§ 2.5. Ocobeamocma
MAINWHHOM apAQMETHKR

3HaHMe OCHOBHLIX OcOGeHHOCTel MAWMHHON apMPMeTHKH HeoGXOAMMO
AJIA TPaMOTHOrNO uenonbicBaiva OBM npu pemlennu HayuHO-TeXHHYECKHX
3agay. llonwaosstens, He YYNTHERIOIMUA 3T OCOGEHHOCTH, BPAX MM MOXET
PAcCYMTHIBATE HB BbLICOKYI0O TOUHOCT: M 3PEKTHBHOCTD BHIYMCACHMA.
HepuuMBHME K HUM YACTO MPHMBOAMT K HeBepHmM peayastaraM. Iomuepk-
HeM, YTO B OCHOBE MPHUHH MOABJIGHMA BHYUCIMTENILHON MAOrpPEIIROCTH

NEKUT caM cnocob npeicTaBlerna uncen Ha IBM.
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1. Cucremu cumenemun. IpunaThil cmocob 3anMcH YMCeN COCTOMT B
NpeACTABIEHHN HX yNOpAAOYEeHHBIM HAGOpoM nugp. B npussunoft mam
AecATUYHOA nNO3MNHOHHON cHUCTEMe CYUCIEHMA BEIIECTBEHHOE 4YHUCA0 Z
NpPeAcTaBAAIOT MNOCNeIOBATEIbBROCTEIO CHMBOJIOB, KOTOpAA HAYMHAETCA CO
aHaka (+ MAM -) N OPOROMKAETCA LENOYKON AecATHUHMX Uudp a, M f),
pas3feneHHuX RecATHYHON TOUKOH:

z=tap... a;ao.ﬁ;ﬁ; Y S (224)

3mecs kaxgo#t mo3mumm  (pa3pAny), KOTOpyld 3aHMMeeT uubpa
OTHOCHTEJIBHO RECATHUYHON TOYKM, OTBEYRET ONpPefeNeHHAA cTeneHb YMea
10. Mo cymectsy, pasencrse (2.24) npepcrapaaer co6OH npHHATOR
COKpAIlIeHNe MOMAON 3ANMCH 4Mcia T, HMeloleR Buj,

2=#(an 10" + .. + o+ 10' + ay- 100 4+ 5-101 4
+ 521024+ ... + B 10m + ).

Mpumep 2.14. 3anucp z = 20.5 o3Havaer, yro z = 2-10! + 0-10° + 5-10°L.

JNA ApeAcTABJIEHMA YNCES B BHYHCIAMTENEHRX MAIIMHAX TAKXKE HC-
NONBL3YIOT MO3MLHMOHHLIE CHCTEMbI CUMCACHMSA, OLHAKO OCHOBAHMAMM CHMC-
TeM CJAYXKAT, KBK NPAaBMNO0, CTENERM 4YHCAA 2. JTO BH3BAHO CMOCOGOM Xpa-
HEHMs1 uicen B yetpocTeax maMatd IBM, Kak[oe M3 KOTOPHX MOXHO
PACCMATPMBATH KAK HA0OD OMHOTHMHLIX JIEMEHTOB, ¢NOCOGHBX HAXOLAMTBCH
TONBLKO B ONHOM M3 [IBYX BO3MOXHWYX YCTONUMBLIX COCTOAHMHA — "BrIIO-
yen" wam “Beikaiogen”. OTH cOCTOARMA HHTEPNPETHPYIOTCA COOTBETCTBEH-
Ho kaKk 0 nau 1 — anwavenna gsoHuwnoro umcaa. HanGonee pacnpocTpanens
CHCTEMBI CYMCACHNA ¢ OCHOBaHMeM 2 (Ga3ucHan [BOMYHAN CHCTEMa cYMClIe-
amn), 8 u 16.

Hriopupya HEKOTOpHE MAaNOCYLIEeCTBEHHHE JeTand, Gyaem CcYMTATh,
YTO BCe BHYMCAMTENbHBIE MALIMHL PaGOTAIOT B NBOMYHOR CHCTEME cYHCne-
HMA. B uelt pellecTBeHHOE YMCENIO I MO-TpeXHEMy 3IBOHCHBAETCA B BUIe
(2.24), oxnako a, u f§, — ywe nponunsie umdpet (0 uan 1). B atom cayuae
AO/INAA 3BMHCh BHTAAZNT TAK:

r=tan 2"+ ..+ -2 + - 20 + ;-2 +
+ 024 o+ P2+ L)

flpumep 2.15. 3annurem ymucno r = 20.5 B ABOHYHOR cHUCTeMe cuMcllenuA. flna
JTOr0 PABNOKHUM €re B CYMMY TO CTeMeHAM ABOAKK: r = 1-2¢ + 0-2% + 1-22 +
+0-2' + 0-20 + 1-2']. Onyckas crenen asoitkk, moflywaem r = (10100.1),.
3nech HMKHWI WHAEKC 2 YHASKBAeT Ha OCHOBAHME CMCTEMBI CHHCIICHMA.
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Ilna xpanenns uucna B naMamt OBM orsopmrea none cranzapruoit
AAMuE (A&QWUNNOE C.£060), B KOTOPOM YHMCRO 3ANKCHBAIOT B BUAE NOCNEN0-
BaTe/ibhocTH ABohunuX 1Mdp. Ilo Popme npeacrapnenns, cnocoby xpame-
HHMS M peannzaunH apH@MeTHYeCKUX omepanyil cymEecTBEHHO PA3NMYAIOTCA
JBAa THAB MCAOAL3YEMBLIX HA BHIMHCAMTENBHBLIX MALWMHAX YHCEN: Densie
YMCAA M BEWIECTBEHHBIE YMCIB.

2. lIpeacranneane neaux Iuces. llenoe uncno n npeacTssasnOT B BUAE
n=t(ar2l + ... + /2" + ag29), (2.25)

rge L — uexotopoe cTanaaptHoe ana IBM wenoc uicno, a; — pponunnie
undpu. Beero ans xpakerna wMcna n OTBORAT /. + 2 pa3panoB (OfMH M3
HUX JJIS XPAHEHHS 3HAKA).

U3 npeacrarnenna (2.25) BUAHO, 9TO MAKCHMANBHOE NO MOAYAID LEN0OE
uncno, npeacrabumoe B OBM, ecTh npay = 2L + .. 4+ 2V 4 20 = 2001 - 1,
O6u1YHO 3TO 3uAvYeHMe He oueHb Beanko. Hanpumep, mpu cTangapTHOM
¢dopMaTe aanucH Henwx uucen Ha kommeiorepax THNA IBM PC ng,y =
=23 -1 ~2-109.

Onepauny clOXKeHMA, BHIYUTAHHA W YMHOXKEHHA HBJ NEJIbIMM YHCIBMH
PeaNN30BAHLI TAK, YTO €CAH PE3YALTAT HE NPEBHLIIACT NO MOAYI0 YMCIO
fimay, TO OH TMQTY4aeTcA TOYHeIM. OTMETHM, ONHAKO, CNIEAYIOLLYI0 HEAPHAT-
Hyl0 ocoGennocers. Ecnn MORyns peaynnTaTs mpeBmaeT Agax, TO Ha GONb-
UIMHCTBE BLIYMCIIMTENbLRBIX MAIIMH 3Ta CHTYBUMA He AOBOAMTCA KO cBefe-
HHMA MOJIb3OBATENA, NPONCXORNT MPHUCBOEHHE PE3YILTATY HEKOTOPOro 3Ha-
YeHuA (MEHBLIETO Npax MO MOMYNIO) H BLIYMCAEHUA MPOROIKAIOTEA Aanee.

3. IpepcranncAHe PEMECTBEHELX THceA. B GONbIIAHCTRE COBpeMEHHHIX
9BM 145 pemiecTBeHRLIX Yyicen nMpuHaTa GOpMA NpelcTARICHHMA ¢ NjaBa-
el TOYKOH, KOrJia kaa0e YHCI0 NpeAcTaBNAKT b BHIE

r=2(7- 20 4 72022+ 4 72020 (2.26)
3pecs Y, 72, ..., Yt — BBOHYMbEe nuPpu. UHcao T HOpManMayeTca TakK,
yrobm 7, = 1, v noatoMy B mamaTa IBM xpamarcA TONBKO 3wauaiuye

undppn. Uneno g = (271 + 122272 + ... + 7y 2°t) vasuBaerca wanmuc-
cott uncna r. Konuvectso t undp, KoTopoe OTBOAMTCA AR 38MNHCH MAHTHC-
CH, HA3WB3EMOE paIPSINOCMBI0 MBHTMCCH, 3ABHCUT OT KOMCTPYKTHMBHEIX
ocofeHHOeTe KOHKPETHOM BLIYMCIMTENBHON MAIIMHB, HO BCerfa ABNAETCA
koneunsin. B npezacrasnennn (2.26) p — nenoe uHcnO0, Ha3nBaEMOE JoOUN-
usiu nopadxown. Iopafok Takke 3aNMcHIBRIOT KAk ABOMYHOE neace YHUCIO
p = (0101 ... 0g)2, BAA XpaHeHHUA KOTOPOrG B MALIMHHOM ¢/IOBE OTBOOHT-
ca | + 2 pponunmix paspanos. Ha pue. 2.1 cxewaTH4ecKH npeAcTansieHa
CTPYKTYPa MallIHHHOTO C/I0BA AAA XPAHEHHSA BEUISCTBEHHOrO YHMCIA.
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lafal [, . ... ... .. [6]tfa] . . . [a]afa)

7 r]

Haﬁrm;ra MWJQ nopadon

Puc. 2.1

MockonbKY HYAB — HEHOPMANMAYEMOE YHENO (ero HeNL3A NpescTABMTH

B Buae (2.26) npn v, # 0), ANA €r0 XpaHEHHA MPELYCMATPUBAIOT 0cOOLIf
cnocob 3anmMcy.

lipuuep 2.18. Mpencrabum uHcno r = 20.5 B ABOMMHOR CHcTeMe cYHCNIEHUA B
HOpMaJIMaoBanHO ¢opMe ¢ nasalowlenr Toukod. Tak kax r = (10100.1); (cm.
npuuep 2.15), TO, nepemeian ABOMUHYI0 TOYKY HAa 5 NOINUMA BJEBO, MOTYHaen
z = (0.101001),-25.

Ha ocnoBaummu nMeowmxcd cpefeHMit 0 mpeAcTaBAeHHM uncen B OBM
MOXKHO CHENATH PAMl BAKHLIX BHBOMOB.

10, Ha OBM npeacraBuMbl He Bce uMca, A JHIIL KOHeunmA wnabop
PALHOHAJILHBIX YHCEN CAELMANBHOTO BHAA. 3TH uMcaa 06pa3yioT npedcma-
GuA0€ ANOXECTIOC BHIYMCIANTENbHOR Mammubl. 1A Beex ocTanbubX YKucen
I BO3MOMHO MMUIE HX MPUGAHKERHOES MPENCTABICHHE ¢ OUIMGKOM, KOTOPYIO
APUHATO HA3LIBATL Owubxold npedcmassenus (HAM owubxoi oxpytsexus).
O6uiuno npuGankennoe mpeacrasienne Yncna r B IBM oboanayaior!
kak r* = f{l(z). Ecan okpyraemHe npoM3BORAT MO [ONOJHEHHIO, TO
TPBHMIA OTHOCHMTEJILHOH MOTPellHOCTH NPEACTaBJeRMA paBHa eQMHMnE

NepBOro OTGPOIIEHHOrO PaspAAA MARTHCCH, T.e. §(z*) = €, = 2°t (nopa-
JOK YHCNAa HEe BAMAET HA OTHOCHTEABHYIO MNOrpPellHOCThH npam:'rmemlﬂ).

Ecnn Xe OKpyrnenne npOM3BOLAT yceueHMeM, TO &(z°) = g,= 2.
Benuunua €, urpaer b euiuncaennax va IBM dynnamentanenyio ponw; ee
HA3LIBAIOT OMNMOCUMEAMROR Mounocmaw IBM, a Takke mauiunnod mov-
xocmaro (NN wawunnsia ancuson). Beloay B gansuenmen €, — 310 OTHO-
eutenbnas rounocrs IBM. 3amernu, uTo 3nauenHe 3TOH BeNHYMHM Onpe-
HENSEeTCA pPA3PANHOCTBIO MBHTHCCH M CNOCO6OM OKPYIIeRUA,

BasxxHO ¢ CBAMOrO HBYANA MMETh YeTKOE MpEACTABJIEHHE O TOM, YTO MOY-
TH HaBepHAKa B MPEACTABMMOM Muoxecree IBM ner uncna y, amnaomero-
cA peluenHem nocTaBieHHON 3adaym. Jlydiee, 4TO MONKHO MOMBITATLCA
caesiaTb, — 3T0 HafiTH ero npencrasaenme y* = fl(y) ¢ ornocuTemsHON
TOYHOCTBLIO MOPAAKA Ey.

I fl — Havanbhele 6ykeel akra. floating — "nnasatowmn",
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Iloneano oTMeTMTH, YTO cpefyn ApeAcTaBuMux na OBM ugncen uer we
TONBKO HH ONHOTO HPPAUMOHANLKOro (B TOM YMcNle H TAKMX BAaXXHLIX NO-

CTOSHHLIX, KaK T, e, {2), HO M AWKE TAKOrO WHPOKO HCTONBIYEMOrO B
BHYMCTeHNAX uMena, kak 0.1. Jdeno B TOM, 4TO ABOMYNAA 3aNUch YHENAA
0.1 sapnserca  6GecKOHedHOR  mepuMOfinuecKolt  apobero: (.1 =
= (0.0001100110011...),. IlosToMy 3TO YMCRO BCerja NpefcTABAAETCA Ha
9BM nputnuxenno, ¢ nOrpeuIHOCTLIO, BHIIBBHHON HEOGXOAMMOCTHIO OK-
pyraeHms.

20. inanason mamenenns 4ncen 8 IBM orpannuen. B camom gene, Tak
Kak 7, = 1, T0 ana MauTHcew p enpasefansut ouenkn 0.5 < |a| < 1.B 10
*ke Bpema ANA npexcrasnennsa p IBM nopaaka p uenoasayerca koneunoe
upeno (I + 1) meonunsix uudp u nosromy |p| € pmax = 21 - 1. Takuu
o6pa3oM, ANA Beex npeactaBuMuix Ha OBM uncen z (3a mckaouenmnem

nyna) umeem 0 < Xy € |z] < X, rme Xp = 2_(pm+l). X, = 9Pmax 3ame-

THM, YTO AMANa3oR mpefcraBlienns uncen va IBM Bceneno onpenensercs
pPa3pAaHOCTBLIO NOPAAKA.
30. Bce uncaa z, no noaynwo Gonsuwine X_, He npefcTasBHMu ua OBM u

MOT'YT pAcCMATPHBATBLA KAK awuxnas Oecxoneunocms. [lonmTka mony-
YWUTb TAKOE YMCI0 MPHBOAMT K aBApMitHOMY ocTanosy IBM no nepenoane-
xuro. Bee uncna z, no moaynio menbwine X, ANs BRYMCAMTENbHON Maly-
HB HE Pa3JIHYMMB 1 NPEACTABJIAITCA Kak Hynb (wawunnwi xyss). [ony-
deHHe YNCAa T TAaKoro, 4To |z| < Xo, HA3WBAIOT ucxeanoaexueni nopsdxa
(v anmunepenoanexuen). O6LYHO APH UCYEIHOBEHMH MOPSIKA ABTOMA-
THYyecku nonaraetca fl(z) = 0 u BuYNCIEHNA NPOAOAXKAIOTEA.

3ameyannne He carenyer cmellMBaTh MAUIMHHYI0 TOYHOCTB €, €
MUHMMATLHEM MONOMHMTENBHHM NpeacTaBMMEM Ha IBM unciom X
310 coBepiienno pasusie Yuenn, npudeM Xo € £y,

“Kew "X 0 ." ) 9
— i " L S NI | - un: b d b 4 2 1 " L ! .
Mawiunnae Mauwunnbii Mawunwae
decroneqnocrme Ny decwonevnocms
Puc. 2.2

4. Ha mMamunnoi uncnopoi acu (pue. 2.2) 4HCAa pPacnonokeHH HepaB-
HOMepHO. [INOTHOCTE MX BO3pACTAET MO Mepe NpUOIMKENHA K HYM0 M
nagaeT ¢ ynaneHuem OT HyAA. Utob6m y6eanTnca B 3TOM, 3aMETHM, 4TO
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paccToAHKe OT OfHOrO MpefcTaBunoro Ha 3BM uucna z mo mpyroro 6an-
HANIEro MPEACTABUMOrO paBHO €AMHMUE NOCNEAHEro PaspANS MAHTHCCHI,
yMHOxeHHOt Ha 2P, T.e. paBHo 2Pt Tak kax { ¢pMKcHpPOBAHO, TO paccTo-
ARHE yHBRbmmﬂ c )’Hellbl.l.lellneﬂ nopaaxa pu noapacrae‘r C ypenuuenH-
eM p.

Ina xomnsiorepos tana IBM PC (npy smunenennsax wna ®OPTPAHE)
TpeACTABMMEC MHCIA PACMOIOKEHH B Auamadone 10738 < | 2] < 3-10%,

BMOJMHE AOCTATOYHOM ANA GonbmMHersa npuiaokenuil. Onmaxo paspan-
HOCTE MaHTHeen Hepeqmka (& = 23) m g, » 10°7; B fecaTnunoil apndMern-
Ke 3TO 3KBMBAJIGHTHO TOMY, YTO MAHTHMCCA COAEPXKHT 7 HECATHUHBIX LHUPP.
3amernm, 4yTo AnA Goavwnhcrsa DBM, ncnonbayeMuXx AN HAYYHO-TEXHH-
YEeCKHMX PACYETOB, MAHTHCCA HMMEeT PadpAfHOCTb, IKBMBaneHNTHYIO T—14
AECATHYMHM DA3IPANAM.

4. Apudwernyeckse ONEpANME HAJ YUCIAMM ¢ IUTaBAIOMEH TOWKOM.
[Ipapuna BuinonHennsa apudueTHYECKHMX omepausifl B ABOMYHOM cHcTEME
CUHCACHNA YPEIBRIYANHO MPOCTH H Nerko peanusyiorea Ha IBM.

OpnHako B CHNy OTPAHMYEHHOH PA3PAMHOCTM MAHTHUCCH ONMEPANMM CJIO-
HEHMA, BHUHTAHMA, YMHOXKEHMA M flefleHHA Haj npeAcTaBuMeivn B OBM
BOLUECTBEHHBIMM YUCNAMHM HE MOTYT GLiTh peanuaosann Toyno. Jdeno » Tom,
4TO apUPpMeTHYecKHe ONEpPalMM HALL YMCHAMM, MAHTMCCH KOTOPHIX cOfep-
XxaT { paspAfos, NPHUBOAAT, KAK NpaBMO, K Peay/ibTaTaM, COAEPKIIIUM
Gonee i paapaaoe. Okpyraenue peayneTaTa A0 ¢ paspaloB K CAYXKHUT r1aB-
HEIM HCTOMHMKOM norpewHocTH. Jlnsa Toro 4to6nLl OT/AMYATH MALUHHHLIE
apudMeTnuecKue OnEepanMM OT MIACANBEHLIX MATEMATHUYCCKHX OnepanMil 4,
-, ¥, :, 6yAen 0GO3HAYATB MX Yepes ©, © © 0. Mrnopupys uecyuiecrsen-
HbIE AETaNH, MOXKHO CUMTATH, YTO Pe3ynbTAT MAIIMNHON apHdMeTHyeckon
onepauHy copnajaer ¢ pe3ynbTATOM TOYHOIO BHNONHEHHA TOH e onepa-
OMH ¢ MOCPelHOCTI0, MPHOGIHIKEHHO PABHON MOTPELUNOCTH OKPYrIeHMS.
Takuu o6pasom,

A(a®b)~ |a+ bley, A(a9b)~ |a- bley,
D(a®b)m |axbley, B(a®b)x |a: bley.

KoHeuno, B HEKOTOPHIX CHTYBUHAX OKPYrA€HHE MOXET OTCYTCTBOBATE.
Hanpumep, moneano 3uaTs, 4TO YMHONEHME M AeNCHME YMCIA Ha HENYLO
cTenens ABOAKH BhinonuaeTcs Ha DBM Touno, Tak kak B 31OM Ccnyyae
MAHTHCCB He MEeHAeTcA.

Mpuuep 2.17. PaccmoTpHn runoternyeckyio IBM, B koropoll uMcna Ilpenl:\fan—
AAOTCA Beero NHWL ¢ 6 ABOMYHLIMK pa3pAlaM¥ MAHTHCCBI, 3 OKpYIJleHHe NpoM3-

BonutcA No nonondenuio. Tycte Ha Takoit IBM seluucafiorcs cywMa M npoKaee-
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DeHue ABYX MpeNcTaBMMBIX Ha Hell umcen ¢ = 205 = (10100.1); u b = 1.75 =
= (1.11),. MpousBonuM RLMKCAEHHA B ABOHYHOR apHMETHKe:

a+ b= (10100.1); + (1.11), = (10110.01),,
ax b= (10100.1); x (1.11); = (100011.111),.

[locne okpyrnenua no 6 awavawmmux uudp nonyuus a @ b = (10110.1); = 22.5,
a® b = (100100.); = 36. Oderuano, YTO 3TH Pe3YJBTAThl OTIMYAIOTCA OT TOYHBIX
aHaveHus a + b = 22.25, a x b= 35.875.

3ameTnu, 4TO MaWIMHALIE APpUMETHYECKNE ONepalMM O6GNANAIOT HHBIMK
cBOMCTBAMM, HeXeNW OOLIYHbIe MaTeMaTH4eckne onepaunu. Hanpumep, me
BHLIMONHAETCA M3BECTHOE MPaBHIO Apu¢pMeTKH "OT nepeMeHHEl MecT cjiara-
eMbiX cyMMa ne Menserca". IlokaxeM 210 ua npHMepe.

Mipusmep 2.18. Mlycts BhluMcnenus npouapopsarcs wa 3BM u3 npumepa 2.17,
npuied a = (L), & = ¢ = (0.000001);. Torna a + & = (1.000001); u nocne
OKDYTNeHNA MMeem a ® b = (1.00001);. danee, (a ® b) + ¢ = (1.000011); u nocxe
okpyrienun nonyduM (e ® 5) ® ¢ = (1.00010);. Cnosetie B MHOM NOPAAKe Aaer
c® b = (0.000010),, (c ® b) ® a = (1.00001),. Takun obpasom, (a © b) ® ¢ #
£(c®b5)®a

5. Yasoemdan ToumOcTs. Ha MHOMX BBIMMCAMTEIBHLIX MALIHRAX BO3-
MOXHA peanH3auMA apH@PMeTHYecKHX AeAcTBHA Hal 4YHCAAMH, pa3pAl-
HOCTE MAHTHCC KOTOPHIX MpPUMEpPHO BABOE MPEBOCXOAMT CTaHAAPTHYIO
paspAaHOcTL . D10 NPUBOAMT K CYLICCTBEHHOMY MOBLILIEHMIO MALTMHHOR
rounocrn. Hanpuuep, na kounsiorepax THna IBM PC (npu Bmumcnennax
ua QOPTPAHE) B pexnme yasoeunon TouHoet €, - 10716, [Ina cpashe-
HHA HAMOMHMM, YTO OGWIYHAA TOYHOCTH ITHX IBM ects €, - 10°7, Tak 4T0
cnefyer roBOPUTL He 06 YABOSHMHM TOMHOCTH, B O MOBLIWEHHYN TOYHOCTH Ha
MHOTO NOPARKOB.

Ha mex 3BM, rme apuduernka yasoeHHOft TOYHOCTM peanM30BaHa
ANNAPATYPHO, BpeMA WCMNOAHEHMA NPpOrpaMM BO3IPACTARET He Gomee ueM
BaBoe (4acTo 3TOT Ko3bpuument Ginxe K eannune). Ecan xe peanusauns
BRIYMC/IEHNA ¢ YABOGHHOA MAHTUCCOA OCYWIECTBAACTCA MAPOrpaMMHbLIM
06pa3oM, TO BpeMA cueTa yBEJIM4YMBAeTcA B Beckonbko pad. [lockoneky
IAA XPAHEHMA HMCNA ¢ YABOGHHON MAHTHCCOH OTBOXMTCA [BA MAWTMHHLIX
C/IOBB, B ITOM CAYy48€ BABOE BO3PACTAET MCMOAB3IYEMAs MAMSATS.

OrMeTHM, YTO YABOCHHAA TOYHOCTb HE JMKBMAMPYeT OWNOKH OKpyrie-
HuA, 8 TONBKO YMEHbIIaeT HX BeJIMYUHY.

6. Buancrenne MamuEHOTO ncHAoH. LA npHGIMXKEHHOrO BhlYHCAe-
HMA BEMHYMHB £y, YAOOGHO NOALIOBATBCA CACAYIOWIMM ONpefeneRneM.
Maumnuoe 3ncHMNION — 3T0 MMHHM3JBHOE H3 MpeacTaBMMuX wa OBM
uypcen €, ANA KOTOpux 1 @€ > 1,
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Benmunny £, MOXKHO ONECHUTL HEMOCPENCTBEHHO B XOf€ BHITHCAHTETb-
Horo mponecea. JInA 3TOr0 JOCTATOMHO BKJIOYMTL B MPOrPAMMY (DPArMeNT,
peanuaytomnit enepyomuit Meron. Ionaras €(M = 1, caenyer uuncaaTs
nocncposarenbHo £(1) = 0.5€(0 (2r = 0 Hetn _ eg(n) = Qfetnn)
nposepAn KakAnf pal BHNOAReRHe HepasercTBa 1 & (7 > 1. Kak Toab-
KO MPH HEKOTOPOM 7 OKAXEeTCA, 4T 1 ® €M) = ], cenyer NONOKHTL €y =
= g(7'1} y pepeitTy k cleAylolleMy 3Tany puuucaeHMit. Xora nonydenuoe
TAKMM CHOCOGOM 3HAYEHHE MOXET OTNHYATBCA OT £y B 2 pa3a, OOBIYHO OHO
HCMONBIYETCA TAK, 9TO ITA MOIPEUINOCTL He MMEeT 3HAYCHHA.

NMpussep 2.19. Mokaxen, 4to £y = 276 = (0.000001); — MawMHHOe INCHION
nas 3BM uz npumepa 2.17. B cawon pene, 1 + €, = (1.000001), u nocne oxpyr-
nennn uMeeM | ® £y = (1.00001);. Ecnn xe x enuuuue noGaButn moboe NONoKU-
TeNnsHoe € < €y, TO B CeIbMON pad3pAle peaynbTata Gyler CTOATL HyMe M Noche
OKpYTIeHHA nonyunu 1 @ € = 1.

Beiony B nanvheftineM, NpHBOAA KOHKPETHHIE YHCIIOBEHIE TPHMEPbI, MH
OTKAXKENCA OT MCIONb30BaHMA ABOMuHON apudMerukn. JdecatnuHan apud-
METHKA MNpHBLIYHEE, A OCHOBHBIE 3AKOHOMEPHOCTM MOBEACHMA OWMGOK
OKPYTrICHMA HE 3ABMCAT OT OCHOBAHMA MenaNb3yeMofi cHcremid. B Gons-
WIMHCTBE PACYETOB, KOTOphie OyNyT MPHBENEHB! AJIA HANIOCTPALMM MOBEfe-
HH OWHGOK OKPYINeHHA, HMHTHPYETCA BLIMOJIHEHME BLIYNCICHHA Ha
FHIOTETMYECKOR BHIYMCAMTENSHON MaimHe, uMelomeR! 6 JecATHYHEX
Pa3pAfOB MaHTHCCH ¥ MPOMABOAAmEN okpyraenue no aononnennio. Bypen
HA3WMBATh 3TY MRIIMHY O6-paapsdnod decamuwnod FBM. nn nee g, =
= 5-10"7, Tak 4TO MO TOYHOCTH OHA CPABHMMA ¢ KoMmbioTepoM THna IBM
PC (npn suiuncnennax na ®POPTPAHE ¢ o6uunoil T04HOCTBIO).

§ 2.6. /lononERTEbHEE 3AMEIAHRA

1. Bonee noapo6Ho npubsKkeHHble 4YMcNa M NOrpeulHoctH apHdMermyeckux
onepalf MAL HUMH HaNoMeHH! B H3BecTHoM YveGHoM nocobun [28]. 3pecs e
NpMBefeHE! NPaBUia NOACYETa OCTABNAEMbIX 3HAUAWMX itMdp, KOTOpbie peKoMeHay-
eTCA NPHMEHATE NPY MACCOBHX "PYuHBIX" BHMUCNEHMAX Ge3 TOYHOTO yuera no-
rpelrHocref.

2. Jononmurenenyw MudopMaunio o6 ocobeHHocTAX apudMerMveckHx onepa-
UMA Kal YUCNANH C MUIaBalolied TOUKOR MCKHO HaMTH, HanpuMep, B [19), [83].

3. B nocnenHee BpeMA B MpaKTHKe BbIMHCEHMN B KavyecTBe Nepbl OWHOKM

a-a"
1+|a]
obbenuHALILYI0 B cebe 4epThl aGCONMIOTHOA M OTHOCHTENBHOR MorpewiHoctH. OHa
6mmska kK A a®| npw |a| € 1 1 npakTHuecku cosnanaer ¢ &a°) npu |a| > 1.
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Fagea 8

BHIMUCNIUTENBHLIE 3AJAYH,
METOJIb M AJINOPUTMLIL.
OCHOBHHIE [TOHATHA

§ 3.1. KoppexTHOCTL BHIMCIETENLEON 38/aTH

1. Hocramopka prrmRcAETENBEOR 3amavm. [lox BeuncAuTENEHOR 3808~
yell 6yaeM NMOHMMATL OGHY M3 TpeX 3ala4, KOTOpbLI€ BO3HMKANT NMPH AHA-
AN3e MATeMBTHYECKHX MOfenell: mpAMYIO 3afiauy, OGPATRYIO 3B4AYY MIH
3anauy upentndukanun (cu. § 1.2). Croso “suuncamrensnan" nomuep-
KHBAET, YTO OCHOBHbIE YCHAMA OYAYT HANpaBRieHb Ha TO, YTOGEI HaATH
(eruMcANTL) €e pelnenne.

ByaeMm cunTaTh, YTO MOCTAHOBKA 38JaYHN BKJKOYAET B ceba 3anaHHe
AnoXKECMaa JONYCMUMNE 6ZT0ONMI dannsiz X t ANOKECMOG 603IMOKNWI
pewenud Y. [leib BHYNCAHTENILHON 38JAYH COCTOHT B HaXOW/AECHMM peule-
una y€Y no aanaunomy Bxoamomy mawHomy z€X. Jlna npocToThl nowmMma-
HHS JOCTATOYHO OCPAHHYMTLCS PACCMOTPEHMEM 38184, B KOTOPWX BXOAHBIE
AaHHLIE M PelIcHHe MOTYT OhTh TONLKO YHCABMH, HaGOpaMu uHcen (BexTo-
PaMM, MATPHMLAMH, NOCAEAOBATeNLHOCTAMH) M Pynkuuamu. [peanonoxnm,
4YTO ANA OUEHKH BEHMYMH NOTPEUIHOCTeR NpHONHKEHHKX BXOAHNX AAMHBIX
z* ¥ npUSNMKERHOrO pellleHnA y* BBeleHL AGCOMIOTHRIE H OTHOCHTE/LRHE

norpewnoctn A(z*), A(y®), 8(z*), §(y*), 8 Takxe mx rpammum A(z*),

A(y*), 8(z"), 5(y*). Onpenenenua ITHX BEAMUMH B CITy4ae, KOTAA T U y —
yucna, 6uan panel B § 2.2. B Tex cayuaax, Koras sxofiRke RaHHbE WIH
pellieHNe He ABJAIOTCA YUCAAMH, 3TH XAPAKTEPHMCTHKH moTpeiHocTel
TAKKE MOXHO BBECTH ECTOCTBOHHLIM OGPA3OM; Mu 6ygeM 3TC OenaTts mo
Mepe Heob6XOANMOCTH.

2. Onpeaencame KOPPEKTHOCTH 3anAYH. AHaana BaxuefwWx Ttpe-
60BaHNI, NPEABABAAEMBIX K PAdIHYHNM MPHKJIARHBM 3aXA4AM, NPMBOXHT
K TOHATHIO KOPPEKTHOCTH MBTEMATHYeCKOAl 3aAa4yM, KOTOpoe G6huo
Bnepsuie copmyanposano J.Apamapom' n paasuro sarem H.I.Ilerpos-

! Kax Anawmap (1865 — 1963) — dpanuysckUA MBTEMATHK.
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ckuu!. Buunennrensuan 3anaua Haableaetcs xoppexmnot (no ApaMmapy —
MeTpoBckoMy), ecnM BRMONHEHN Clefyiomue TPH TpeGosanus: 1) ee pemie-
une y€Y cymecTByer npy Mo6ux BxoAumx gaHHuX z€X; 2) 310 pemienue
€IMHCTBEHHO, J) pelleHHe YCTOMYMBO MO OTHOWIEHMIO K MANKM BO3MYIIE-
HHAM BXOAHWX JAHHBIX. B TOM cayuse, xorma xora 6n ONHO M3 ITHX
TpeGoBaHMIl HE BHNONHEHO, 3ala4a HA3LIBAETCA NEXoppexmuod.

CyuwecTROBaHMe pellleHMA BBIYMCTMTENEHOR 3BJAYM — ECTeCTBEHNOE
TpeGoBatine K neil. OTCyTcTBME PEUIEHHA MOXKET CBMACTENLCTBOBATH, Ha-
MpHUMeEp, O HENPHroAHOCTH NPHHATON MaTeMaTH4decKoft MopmenMm nubo o
HenpaBUNBHOM MocTaHOBKe 3anayu. Mnoraa oreyrerue penieRns asaserca
CNEACTBHEM HENPABHABHONO BHOGOPA MHOXECTBA AOMYCTHMBIX BXOAHBIX
nAaHRBIX X MM MHOXECTBA BOIMOXKMKX pewiennit Y.

s

Mpuep 3.1. Pacenorpin aafavy o pellieHyM KBANPATHONO YpaBHEHUS

R+br+c=0. (3.1)

Crapumn  kospDUUHEHT @ cuMTaercA DABHBLIM eflMHulle; 3TOr0 BCErfia MOMXHO
RoGHTBCA AeNieHHeM YpaBHeHMA Ha 4. EcnM cumtaTh BXOOHBIM MaHHBIM Napy Koad-

dnumentoB B, ¢ w UCKATDL perieHHe B MHOKECTBE BELIECTBEHHLIX YMCEN, TO CYMIECT-
BOBAHMe pellleHMA

n=(=b={¥ - 4c Y2, n=(-b+ | - 4c )/2 (3.2)

Oyner rapaHTHPOB3HO TONBKO B TOM C/Iy4ae, eC/M OTPAaHMUMTE MHOKECTBO BXOAHBIX
OAaHHBX KoaddMUMERTANM, YAOBReTBOPHIOWMMY YCNoBHIO B2 — 4¢ 2 0. Ecan xe
PACUIMPHTE MHOXECTBO BOAMOXHBIX pelleHMA M CuMTaTh, uTo kopHH (3.2) moryr
NPHHMMATE KOMMUIEKCHbiE 3HaYeHMA, T0 3anaqa 6yfer HMeTh peleHre NpH Jiobbix
b ¢

Tak Kak MBTEMATHYECKAA Mogens He ABNAercA abcoMOTHO TOYHBLIM
OTpaKeHHEM PpeaNbHOR CHTYBOMH, TO fAaXKe B CAyuYae, KOLJA HCXOAMas
npo6/ieMa 3aBElOMO MMEET pellleHHMe, COOTBeTCTBYIOWIAR BHIYHCIMTENbHAA
3a/1a4a MOXeT M He OKa3aThcA padpemwnMoi. Komeuno, TAKAA CHTYanuA
FOBOPUT O cepbe3noM fedekTe B NOCTAHOBKE 3alayd. B HeKOTOPHX cayua-
AX OTCYTCTBME pelllcHHA MATEMATHYECKON 3afadH MPMBOANT K MOHMMAHMIO

! Wean leopruesny Ierposexunt (1901 — 1973) — poccuickun NaTeMaTHi.
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TOrO, YTO MmepBOHAYANLHO ¢OPMYNAHPOBAHHAA NpobGieMa HepaspellinMa U
HYXAGETCA B CEepbe3HON KOPPEKTUPOBKE.

3. Eauuecrresmnocts. [Ina HEKOTOPHX BLIYMCIMTENILHLIX 3884 €QMMCT-
BEHHOCTE ABJIAETCA ECTECTBEHHLIM CBOHCTBOM; B/A APYTUMX Xe peleHHne
MOMET M He GHTL efuncreennnM. Hanpumep, kBazpaTHoe ypasuenue (3.1)
nMeer zpa kopua (3.2). Kak npasuno, ecan 3aflada HMeeT peanbHOe cofep-
MAHHE, TO HEEHHHCTBEHHOCT, NOXET OBITh JIMKBHOMPOBAHA BBERCHMEM

" OMOMRMTENBHBIX OTPaHK'IeHHil Ha pellenne (T.e. cyenneM MHOXecTBa Y).
B HEKOTOpLIX cAydYanx NpobieMa CHUMAETCA TeM, YTO NpMaHaeTcsa Lereco-
0o6pa3nuiM HaATH HAGOp Beex pellleHMH, OTBEYAIOWIMX BXOAHLIM XAHHMHIM Z,
H TOTAa 3a pelUeHHe y npMAMMaeTc 10T Ha6op. Hanpusep, nna ypaene-
HuA (3.1) pewennes MOXHO Ha3BaTh napy (z;, 23).

HeeuueTBEHHOCTE petlleHMA BRYHCIUTENLHON 3a18YN — BECHLMA HETMPU-
ATHOE c¢BOficTBO. OHO MOXET GHTH NPOABNEHHEM HEMPABM/IBHOM NOCTAMOB-
KH McxogHoR npukiaajuoil npobGiaeMbl, HEOMHO3HAYHOCTH e pellleHHA HAH
CHI'HANOM O HeyAaYHOM BLIGOpe MaTeMATHYEcKON MoAeny.

4. YerofiaupocTs pemesna. Peulenne y BeIYMCIMTENBHON 3a184H HA3LI-
BRETCA yCMouvuasL no 6T0OKBA FANNBA T, €CTIH OHO IABHCUT OT BXOXHBIX
JAHALIX HeMPepHBHLHIM 06PA3OM. JTO 03HAYAET, YTO AAA aioboro £ > 0
cymecteyer & = He) > 0 Taxoe, 4TO BEAKOMY HEXORHOMY HAHHMOMY z°,
yaosaersopsiomeMy ycaosuio A{z*) < 6§, orseyaeT npUEIMKEHHOE
peutenne y*, ana koroporo A(y*) < €. Takum obpazom, oas ycroftumsol
BHYHCAUTENEHON 3aJAa4YM ee pellleHe TeOPeTHYECKM MOXKHO HBATH co
CKOJMb YrOIHO BLICOKOH TOYHOCTBIO E, ec/in obecnedeHa JOCTATOYHO
BHICOKASA TOYHOCTb & BXOOHHX fAaHubiX. CxeMaTHuecKM cUTyauus
Mao6paxena Ha puc. 3.1. Muoxecrsa Tex z° u y°, 1 koropux A(z*) <
0 m A(p*) < €, vaoBpaxensl KAK OKPECTHOCTH TOYeK I M J, MMeompme
paguyct & u €. TpeGopaume ypenHunTh TOUHOCTb pellleHHA NPHBOJHT
ABTOMATHYECKH K MOBHIIEHMI0O TpeGOBAHMA K TOYHOCTH [AHHBLIX;
COOTBETCTEYIOIHE OKPECTHOCTH Ha puc. 3.1 OTMOUYEHH MYHKTHMPOM.

Puc. 3.1
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HeyeToumBocTs pellleHHs y 03HAYAET, UTO cywecTBYeT Takoe £ > 0,
YTO Kakoe 6w Manoe & > 0 HM GBIMO 3a/1AHO, HAAYTCA TAKHE MCXORHBIE
naHubie r°, 4to A(z*) < §, HO A(y") 3 €.

Mprisenen npocreitiine NnpUMephl YCTORYMBHIX W HEYCTOMYMBHIX 3aaaY.

Mpusep 3.2. 3apava BEMUCIEHUA KOPHER KBajpaTHoro ypabHewuna (3.1) ycron-
YMBa, TAK Kak KopHM (3.2) ABnAOTCA HeNpepbBHLIMK GYHKUMAMK KoabdUUMeHTOB
bu c

Ipyuep 3.3. 3anaua o BhIMMCAEHHMM paHTa MaTpMUB! B OOLeM CTy4Yae HeyCTOM-
uMBa. B camom pente, ans matpauu A = [tl) 0
H CYUeCTBYeT HeHyNeBoA aneMeHT g = 1. OnHako ckoNb YToAmo MaNoe BO3MYlue-

paHr paseH 1, nockonexy detd = (¢

Hue KoapdHulMeHTa az; Ha BeMMUMHY € # () NMPUBOAMT K MaTpule Ae = [; :]

anA Kotopon detAE = € # 0 n, cnenoBaTeNbHO, PaHr paBeH 2.

Tpusep 3.4. Tlokaxen, 4To 3aNaya BEMMHCAEHMA OfpefiefieHHOro MHTerpana | =
b

= [f(2)dr ycronunsa.
a

Myers f°(r) — npubankenno 3ananHas Wurerpupyemas byHkuma u ° =
b

= [f*(z)dz. Onpepennn aGeonotiyio NorpeltHocts GyHKUMK f* ¢ NoMolbIO paBeH-
a

crBa A(f*) = sup|f2) - f(2)|, B KoTOpOM 3HAK SUp MOXHO 3aMeHMTH Ha max,
€[a )
ecn fu f* wenpepbinin. Tak kak

)
agf) = 1-r| = |£(f(=)-!'(=))drl < (8- 9A(f), 33

70 ana goboro € > 0 HepasenctBo A(1®) < € 6yner BbinonHeHo, ecaw
notpeSoBath BbmonHeHHe yenosua A(f*) < § = /(b - q).

NMpssep 3.5. Iokaxen, 4o 3agada BeMMCIEHHMA NpouasofHon u (z) = f'(z)
NpHOAHIKEHHO 33NaHHOA PYHKUKM ABNAETCA HeycTOMMHBORA.

Mycrs f*(f) — npubmmkenno 3anawnan Ha orpeske [a, §] HenpepuiBHO
‘mdpdepermunpyenan odywkuua M u*(z) = (f*)'(z). Onpenenun abcomotibie
NOTPellHOCTH C MoMolubio pabeHers A(f') = [Tn.g]lf (2) - (2], A(u*) =
= mag | () - w3,

Boabmes, nanpunep f7(z) = f () + asin(z/a?), rae 0 < a € 1. Torna
u*(z) = u(2) + aleos(z/a?) u A(u*) = a’!, B 10 Bpema xak A(f*) = a. Taxum
06pa3oM, CKOMb YTONMO MaNiof MOTPEIMOCTH 3aflaHMA GYHKUMK [ MOKET 0TBe4aTh

CKOMb YTORHO 6ONBUIAS NOrpelHOCTh Npou3ssonmoR f .
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Paaanumne B CHTyauMax, BOIHMKAIOMIMX MAPH MNPuGAMMKEHHOM 3IBIBHHH
$yakunn B 3agayax MHTErpUpOBaHHA U OHdbepeHuMpOBARNA, OTPAKEHO
Ha puc. 3.2. Buano, uro ymenwiwenue senuumunt § = A(f*) Bneyer 3a
co6oit ymensiwenne A(*) (3Ta BenMuMEA He NMpeBHIIAET 3AWITPHXOBARHOA
nnomann), B TO BpeMA KaK nponanonnue f n (f*) smoryr ornmustnca
CKONL YTOLHO CHABHO.

-
- ———

[N S —.

Puc. 8.2

OpHa M Ta e 3a0a4ya MOMET OKA3AThCA KAK YCTONYMBON, TAK W Heyc-
TOAYMBOA B 3aBHCHMOCTH OT BbLIGOpPA C¢MOcO6A BHIYMCACHHA AGCONMIOTHHIX
norpewHocTe A(z*) nm A(y®). B peansunx 3agnayax 3TOoT BHGOP
onpefenfieTcA TeM, B KAKOM tMbit/leé AOMMKHO OLITE 6aH3KO ApnGAMkKeHHOe
pelieHHe K TOYHOMY M MAalocTh KAKOA M3 Mep NOrpemiHOCTH BXOAHBX
RAHABIX MOXHO 'BPBHTMDOBATD.

lipssep 3.6. Pacoorpun aapauwy o BbluKceHHM c}uuu CXOAAllerocA pAja
Ay =k$ 8k C NPHOMMKEHHO 3ANANHBLIMM CaraeMbiMM ap & ak. Ecam a onpenenser-
=0
€A TakuM 06pa3om, 4to rapautupyercs Manocts A(ay) AnA Beex k To A nocne-
noBateNbHocTH a° = {a;]k.o ecrectenmo nonoxuts A(a*) = sup|ax - a|. B
20
Takol NOCTaHOBKe 3afava HeycropumBa. Yrobbl yGeamThess B 2TOM, AOCTATOYHO
NONOKUTD "k— a+ S(rne 6> 0 A k< Nu ak—qu>N Torpa anna
cynMbl pana §° = kE ay uueen A(S®) = Nb. Cneposatensho, kak 661 Hu Gbima
=0

Mana senuuuna A(a*) = 8, abcomotHylo norpewocts Cymmul psam S* ¢ no-
uoublo BHS0opa N MOXHO chenaTh cKoMb yroAHo Gonbwof. Ecnx xe nomoxuts
q7



@y = ax + & nna seex k 1o cymma pana S° soobute craner Beckonednod, T.e. pea

CTaHer PacXofAWMMCA.
B 10 xe BpeMsA, e MoXHO 3ajaBaTh a; TaK, YTo6bl oKaszasach MaNof Benu-

yuHa A(e®) = éﬂlak - ag|, 10 A(S") = |§o(a§ - a7)| < A(a®) 1 B rakon

nocTanoBre 3afava YCTOAYMEA.

5. OmaocarensHan ycroiunBocTs pemennn. YacTo TpeGopaune ManocTh
aGCcoNIOTHOR MOTPEIIROCTY ABJIAETCA HEONPAaBAAHHBLIN KWW TPYOHO npoBe-
pAeMbIM. B TakMX cAyyaAX MONE3HO PACCMOTPETH OMNOCUMEABNYI0 YCMOn-
vugocms pellleHHA, onpelleneHHe KOTOpO OTNHMYaeTcA OT AAHHOTO Bhille
onpeaeneHua ycTOAuMBOCTH (a6coarommod ycmotxusocmu) TOALKO TeM,
yro A{z*) n A(y*) 3amenaorca Ha &z°*) u §y*) coorseTcTBENNO.

Mipusep 3.7. BepHemca K 3alave BbluHcIeHMA CyMNBl pAga § = kS a; n3
20

npudepa 3.6. [pennonoxum, uroe ax # 0 ona scex k Yacro MOXHO rapaHTHpOBarh
nanocrs Bemunint §a*) = sup{|ak — ag|/| ax|}. Torna A(ag) € |ax[-¥(a*) u
0

nosrony A(S*®) € Eol ax| - & a*). Taxun obpasom,

&< | Elal/I E al| Ka) (34)
=0 k=0

CnepoBatensho, 3afa4ys BbMUCACHHA CyYMMBI CXONAUIETOCT DPANA S OTHOCUTENb=

-
HO YCTOAYMBA, €clIH OH CXOAMTCA abcomoTre (T.€. CXORHTCA AR kE | ak| ). Econ e
=0

-
PSR CXOAKTLA TONBKO YCROBHO, T.€. kE | ak] = w, T0 3anava He nBnAerca orHocu-
0

TenBHO ycroR4uBoRt.

Jameganne Tak kak Aaa peluennA BHYHCIMTENbHBIX 3anay
ucnonsaywor IBM, TOYMOCTE KOTOpHIX ONpefenferca paipARHOCTHIO
MBHTHCChI MM IKBHUBAJIIEHTHOM BENMYMHOA TPAHHUB OTHOCHTENBHON
MOrpelIHOCTH OKPYTAIEHUA E,, TO MPEACTaBIAETCA 60Jiee CCTeCTBEHHBIM
HcCelOBS8HHE OTHOCHTENEHON YCTORYMBOCTH.

6. O menoppexranx 3amadax. [Jnurensnoe spens cyurTanocs, yTo He-
KOPpeKTHHE 38/1auM, pellcHHA KOTOPHIX HeyCTON4YMBH, He MMelT Pu3n-
4eCKOT0 CMbIC/IA M He NPEICTARNAIOT LEHHOCTH Ana npuaoxenuit. Oanako
3TO MHeHHe OKa3anock owmH6GounbiM. Kak BHIACHHAOCE, MHOTME BaXHLIE
npuKaaalble 3a484YH HEKOPPEKTHDI. He BBI3bIBAET, HRANPHMEP, COMHEHMA
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MPAKTHYECKAA BaXHOC1H PEIEHUA HEKOPPeKTHHX 3ajau Auddeperuupo-
BaHHA H cyMMHPOBaHMA pana {cM. mpumepst 3.5, 3.6). K HexoppekTHbIM
3aflayaM OTHOCATCA Takke OOpaTHHE 3afauu reodU3HUKK, AcTPOPHUIUKM,
cnexkrporpaduM, MHOrMe 3ajlayd pacno3HaBaHMA O0pa3aos, 3aflauM CHHTe3a
¥ pAL APyr¥X NPHKNAfHEIX 3afiay.

K nacToauweny spemeny pa3paGoTaHa TEOPMA PEIUEHKA MHOTHX KJI3CCOB
HEKOPPeKTHBIX 333y. Baxras poss B cO3XAHMK METONOB PELICHHA TaKMX
3a0ay TNPUHALNEKNT POCCHACKMM M3TEMATHKAM, B MEPBYIO Ouepelb
A H.Tuxouosy!. ITH meTonN (memodst petysfpudayuu) AOBONLHO CHOKMHBI
H BBIXOJAT 3a paMKM HNaHHOR KHMHCH. m’lﬂ ﬂepﬂom 3HAKOMCTBA C HMMM
MOXHO pegoMeNioBaTs y4eGHoe mocobue (79).

§ 3.2. O6ycnosneAnocTs BUMHCTATENLHON 3aABYH

1. Onpenencansn. IlycTs BHYNCAHTENbHAA 330348 KOpPeKkTHa (ee peiue-
HME CYUICCTBYET, €AHHCTBEHHO K YCTOMYMBO NO BXOAHLIM AaHHHM). Teope-
THYECKH HajlMuMe Y 3aflauM YCTORYMBOCTH O3HAMAET, YTO €e pelieHMe
MOXeT GbITh H3REHO CO CKOMb YTOAHO MA/IOf MOTPEIUHOCTLIO, EClH TONBKO
FapaHTMPOBaTbh, YTO MNOTPEWIHOCTH BXOAHBIX AAHHHIX JQOCTATOYHO MAJIHI.
Onnako Ha NpaKTHKe MOTPeIlHOCTY BXOAHMX NAaHHEX He MOCYT OBITh
cAeNanbl CKOMB YFOAHO MANbiMM, TOYHOCTE MX orpamudeda. Jlaxe 10, yTO
MCXOANBIE AaHHBIE HyxkuO Gyler spectit 8 DBM, o3navaer, 410 MX OTHOCH-
Te/IbHAA TOYHOCTB OyJeT 3aBelOMO OTPaHH4eHa BEJIHYHHOR MOPAIKA €,
(em. § 2.5). B peanbnocTH, KOHe4yHO, YpOBEHb OWIMGOK B McXOZHOA Mudop-
Manmu 6yAeT cywecTseRno bhiwe. Kak xke NOBAMAIOT Mainlie, HO KOHEYHHe
AOTPEIHOCTH BXOAHBLIX HAHMBIX Ha pelieHHe, Kak CHIBHO cMOCOGHBI OHM
HCKA3NTL Kenaewniil peayastar’ [na OTBeTa Ha 3TOT BONPOC BBEJIEM HOBLIE
NOHATHA.

Mon ofyciocrennocmaro esivucaumersnot 3adavu MOHMMAIOT YYBCTBH-
TENLHOCTL €2 PElEHHN K MANbiM NOTPeUIHOCTAM BXOAHLIX HaHALIX. 3agauy
Ha3bIBAKOT rOpoOwWo EEyCJOGJC‘HNOﬂ, €C/IK MANbIM IIOTPEHIHOCTRH BXOOAHBIX
A3aHHMBIX OTBEYAJOT Masne NorpelHocTH pel.uemm, H naoro o6yl:.¢os.¢euuaﬁ,
€CJIH BO3MOXHB CHJIBRLIE U3IMEHEHHRA pel.l.lellllﬂ.

Yacro 0Ka3LIBAETCA BOIMOXKHBIM BBECTH KOJNIMYECTBEHHYIO MEPY CTeneHM
06YCIOB/IERHOCTH BLIYHCIHTENBHOR 23aNa49K — Yucao odyciocAeHnOCMY.
3Ty BeNMYHHY MOXKHO WMHTEpPRpPeTHpOBaTh Kak Ko3(puuMenT BO3MOKHOIO
BO3PACTAHMA NOTPEIIHOCTEA B PEIIEHNM MO OTHOLIEHMIO K BLI3BABLUMM MX
NOrPEUIHOCTAM BXOAHKX AAHHBIX.

I Angpen HuxonaeBuy Tuxonon (1906—1993) — poCcCHACKMA MaTeMaTHK.
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Ilyets Mexay aGCONOTHHIMH MOTPEIIROCTAMM BXOAHBIX JBHHBIX T M
pellieHHA Y yCTAHOBIIEHO HEPaBEHCTBO

A(y®) S v A(z?). (3.5)
Torna senuumna v, HB3LIBAETCA QOCOANMXMG NUCLOM O6YCA0OLENNOCTIY.
Ecnu ke ycTaHOBNEHO HEPABERCTBO

Ky*) € vsh(z*) (3.6)
Mex 1y OTHOCHTENbHBIMM OWMGKAMK JAHHBLIX M pellleHHA, TO BeIHYHRY Vg

HAALIBAIOT OMKOCUMEATNBM NUCAOL o6ycaos.temwcmu. B HGPBBBHC“QK
(3-5), (3.6) BMecTo norpeinocreit A M § MOTYT DUrypHpPOBaTL MX TPaRMLb

A u 3. O6YHO nOJ YMCAOM OGYCTOBNICHHOCTH ¥ 3aANHM NOHMMAIOT OfRY
M3 BeNHYMH V¥, HIH Vs, MpHYEM BHOGOp GLIBAET ACEH M3 CMBIC/IA 38/AYH.

Yame Bce ke Noj vHMc/IOM OOYC/AOBAEHHOCTH MOHMMABKIT OTHOCHTE/EHOE
YHeao obycnopnennoctd. aa nnoxo obycnomnexnoit zamaum v > 1. B
HEKOTOPOM CMBICTIE HEYCTOMYMBOCTL 38JIAYH — ITO KpailHee MpOABIEHMe
mAoxoR 0GYC/OBNERROCTH, OTBeYAIONISE 3RAYERHI0 V = «. Komeuyro, v —
3TC MaKCHMaNLHBIR KO3(DDHIHEHT BOIMOKHOrO BO3PACTAHHA YPOBHA OLIM-
60K, H AMA KOMKPETHHIX MCXONHBIX ARHHBLIX HeficTEMTeAbHHA KO3DPHIM-
€HT BO3PACTAHMA MOMET OKA3ATBCA cymecTsenHo menmbmie. Oanako npu
BuBoAe oueHok (3.5) u (3.6) cTpeMaTca K TOMY, UTOOH HE 3aBHILIATE 3HA-
YeHMA ¥, W Vs M MOITOMY COOTHOWEHHE V > 1 Bce ke CBHAETE/LCTBYET O

peancHOfl BO3MOKHOCTH cyulecTBeHHOro pocta owmbok. [py6o rosops,
ecnn v - 10¥, rae v — oTHOCMTENEHOE YMCNIO OGYCNOBAEHHOCTH, TO MOPA-
Aok N noka3piBaeT YMCIO BepHBIX UMEP, KOTOPOE MOXKET GHLITH YTEPAHO B
pe3ynbTATE MO CPABHEHHIO ¢ YHCIOM BEPHMX UMD BXOAHBLIX JAHHHIX.

KakoBo TO 3anayeHne v, MpH KOTOPOM C/€AYeT MPHU3HATH 3aKAvY MAOXO
obycnosnennoft? OTBET HA ITOT BONPOC CYIMICCTBEHHO 3ABMCUT, ¢ ONHOM
CTOpOHbLI, OT MpeAbANIAEMEIX TPE6OBAHHA K TOYHOCTH PelleMMA M, ¢ Apy~
rofi — or ypoBua oGecnevMBaeMol TOYHOCTH HMcXoAHuX AanHmX. Hanpu-
Mep, ecM TpeGyerca HallTu pemienue ¢ TouHoctsio 0.1%, a Bxoamasa nu-
dopuanna 3anaerca ¢ TounocTeio 0.02%, To yxe axauenve v = 10 curua-
nu3npyeT 0 naoxolt o6ycnoenerrocTi. OgHaKo (nMpu Tex ke TPEGOBAHUAX
K TOYHOCTH pe3yJLTATA) CApAHTHA, YTO MCXOAHWE [ABHHBE 3a0alTCA ¢
ToyHocThi0 He Huxe (.0001%, osuayaer, uro u npun v = 103 3axava xopo-
wo 06ycnornena.

C npocTeIM, HO OYeHb BAXKHLIM NPHMEPOM MJIOXO OGYCHOBNCHHON 3afa~
4YH MB yXKe no3Hakomuaucs B § 2.3. D10 3anaua BHYHMTAHHA NPHGAMKEH-
HHX YKcen oaHoro 3naka. Ouenka (2.10) maer pnA Hee 3HAYEHME OTHOCH-
a0



TeNLHOro 4YHeaa obycaosnennoern ¥ = |a + b|/|a - b|. Tak kak B nupume-
pe 2.11 umeem v » |1 + £°%|/|1 = z*| ~ 7-10% TO noTepsa mATH BEpPHBIX
3HAYAWMX UMPP 3NECH HE NPEACTABAAETCA YAMBUTENBHOM.

2. HDpumepn mnoxo oGycnosnennnrx 3apad. [lepBuM paceuMoTpuM Kiac-
cH4YecKHM npumep, npunaanexawnit Tk Yunkuucony [83).

Mipyuep 3.8. [lycre Tpebyerca HaiT™M KODHM MuOTOWNeHa
Az)=(z=1)z=2) ... (r=20) = 29 - 210 #9 + ...

No 3afaMHLIM 3nadeHMAM ero Koadpduumenton. Ma Teopum H3IBECTHO, 4TO 3Ta

3aflaya ycrofiyusa. BoabMem kooppuuMent a = =210 npu 9 K ManeHnM ero
aHadeHue Ha a® = -210 + 228, Kak nomnuser ora, kKasanoch 6bl, HEANAMMTENbHANA
omMbka Ha aHadenusA kopHen? 3ametum, wro [ = 1, £, = 2, ., 7y = 20 ~

TOYHblE 3HaYeHusA KopHed.
BrluMcneHHble ¢ BHICOKON TOMHOCTEIO KODHY BO3MYLIEHHOTO MHOTOWJIEHS TAKOBBL

7/ ® 1.00000; z, » 2.00000; z; » 3.00000; z; & 4.00000; r, & 5.00000;
zg % 6.00001; z7 ~ 6.99970; :; % 8.00727; z5 ~ 8.91725;

2o ® 10.0053 £ 0.6436015 27, o % 117036 + 1.65233;

TPy s N 13.9924 £ 2518835 2] |, % 16.7307 £ 281262z

Zhg10  19.5024 £ 1940335 23, % 20.8469.

Kak HerpyaHo BMAETB, KOPHM 1), ..., Zg OKABANMCh NMPAKTHYECKH HEYYBCTBHTENBHL
K morpewHocTAN B Koodrduuuente «. B To xe Bpema nekorophle KopHM npeBpaTH-
NUCH B KOMIUIEKCHBIE ¥ MMEIOT OTHOCHTeNIbHBIE NorpeltHocTH ot 6 ac 18%, Hecmor-
ps Ha 10, yro &{a®) » 6-1078%.

B nanwon cnyvae HetpyZmo NpoBecCTH amaNMa YYBCTBHUTEALHOCTH wxopwed. [lycTs
Hz, a) = 0 + a9 + .. .Byned paccuMatpuBaTs KOPHM I} KaK GYHKUMM
napamerpa a, T.e. zx = n{a). Pasencreo F (z(a), @) = 0, BbmonmenHoe B
oKpecTHocTM a = =210, 3ajaeT 1 Kak HesBuyw ¢yHkumio or a. [lomeayaes
Bropolt u3 GopNyn (2.22) ANA rpaHMitEl OTHOCHTENBHON MOTPEUTHOCTH W NPMMEHAA

dopuyny (2.23) ana npouapofHo HeABHON PYHKUMM, HMeeM i(r,'_.') ] wj(nr'). rae

ol -1 F/F,| JF _ oF — pr =
vy = . Yunrupas, 'rro----.:"’ud— = P'(1) =
[ ] T3, da Tlas-210
as-210

20
=V (- 1), nonyqaen vg = _n_l_r210x‘s
J{JI ' 12k ko
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BhiuncnenHe uncen Vi Naet cleRyollHe 3HaYeHUs:

v N 200718, by m 9108 by N 1074, wy W 107, we ® 34100,

ve ™ 2-109, vy 8 8-104, vy~ 2-106, vy & 2-107, ppo & 2-108,

me9- 109, viz R 4- 109, vz ¥ 1010, pp, ® 2410190, b B 3 10,

ne ™ 3¢ 1010, yr w3 1010, vig ® 1010, 1g & 3-109, Vg N 5+ 108,
CBMAETENLCTBYIOMIME O YPeaBLIYARHO NNoXoA OGYCIORTIGHHOCTH CTApUIHX KODHER.

Cnenyer oGpaTHTL CEPHEIHOE BHHMAHHE Ha TO, YTO 3aKa4YA BEIYHCICHMA
KOpHeft MHOTOYJIEHOB BLICOKOMl cTeMeHH 4acTo OKa3HBaeTCA Miaoxo o6ycno-
snennolt. IlooToMy MMeeT cMHCA ¢ ONpefeNneHHON OCTOPOXKHOCTBIO OTHO-
CATHCA K AIrOPHUTMAM, COCTABHOM YACTBIO KOTOPHLIX ABAAETCA BHIYHCACHWE
KOpHell MHOTMOYIEHOB BRICOKONR cTEneHH.

K coxanennio, 3ta 3aa4a MOXeT ObLITh NAOXO OGYCNOBAEHHON W AnA
MHOTOYJIEHOB HEBLICOKOR CTENEHH. B OCOGEHHOCTH, €CNH BHIYMCAAIOTCA
KPATHhIE KOPHM.

Mpwwep 3.9. Mycrs Mwercs pewenwe ypashenns (r — 1)4 = O ¢ KpaTHBM
KopHen. Oumbka B mnapwen kodpduumenre, pasHaa 1078, npusopuT K ypaBHe-
wnio (z = 1)* = 108, umeloweny cnenyloitue kopHu: 52 = 1 + 102, 534 =
=1 % 10°2: i B arom cnyuae omnbka B 10°6% B onlon M3 KooddUUHEHTOB NpHBe-
JIa K NOrpeliHOCTH pelleHHA B 1%, uro ABHO TOBOPMT o MUIoXoR oGyclloBRNeHHOCTH
38084H.

3. O6ycaosnensocTs 3ANATH BLINCACHEN 3Bavenma Gyaxnmn oxmof
nepemenmolt. IlycTs 3a7a4YA COCTOMT B BHIYMCICHHH NO 38AHHOMY £ 3HAYE-
mua y = f (z) andpdepenunpyenoit dynkumn f B cuny ¢opmya (2.21),
(2.22) &na 31Ol 3amayuM MMeeM

vy 8 1)1, 3.7)

L Ll 1 (9]
S TraT 38)

Bocnoapayemca stumn  GopMynaMM I8 OUEHKH 06ycJAOBAEHHOCTH
3anayM BLIYHCIIEHNA 3HAYEHHA HEKOTOPHIX NpocTeAmnX GyHKun.

Npsuep 3.10. Mna 3anaun BLIMHCAEHHA 3HaueHWA YHKUMH ¥ = &% B cuay
dopuynet (3.8) orHocuTenbHOE YHCNO OBYCIOBNERHOCTH Vg NPHETHARENHO parHo | 2]

W NpH pealbHBX BBIYMCIEHMAX 373 BENIHYMHA He MoXer ObiThb ouveHb Gonbuloft.
HanpiMep, Npy BBIYKCAEHMM SKCHMOHEHTH Ha Komnbiotepe tvna IBM PC Beerpa
|z}l < 88, Tax Kak B nNpOTMBHOM cNYMae BOIMOXHO TepenaiMenMe WM

anTHRepenontenne. CrefoBaTeNbHo, 3ajaya BLMMC/IEHMS 2Tof DYMKUHK Xopollio
ofycnoBnenn, ofHako B cnyuae 10 < |r] < 102 cnemyer oxmpars norepu 1-2
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BepHBIX 3Havalkx UWpP NO CPABHEMMIO ¢ YHCIONM BepHBIX uM(P apryMenta r.
MonvepkHen, 4TO 2Ta NOTEPA TOMHOCTH OGBEKTMBHO OBYCHOBJIEHA MOrPelIHOCTHIO
33/1aHUA aPrYMeHTa ¥ He CBA3AHA ¢ HCMOJMB3YyeMbin ANDOPUTNOM.

Mpumep 311 Ina  sanaum
BHMHCIEHUA 3HaveHWwst GyHRuMH Y
¥y =sinz B cuny dopuyrs (3.7)
uueeM ¥y = |cosz| € 1, wro roso-

PHMT o XxopolreRt abGcomoTHon o6yc-
NOBNGHHOCTH 270l 3afadH NpU Beex
z OnHaKO ecnM BaxeH pesynbfar ¢
onpefeleHHBIM  MMCTIOM  BEpHBIX
3HAKOB, TO HYXHO MCCHENoBaTh
OTHOCHTENBHYIO  OGYCJIOBMIEHHOCTE.
Cornacio dopuyne (3.8) mnneen
vg = |zctg z|. Ha puc. 3.3 npuse-

-

I
! |
' |
! I
| i
| I
| |
' %
|
| |
| 1
| |
| |
[ i |
o iz

ale e e ——————=

<
~[y

(4

~aj
rafun

neH rpaduK 3toR GYHKUMK NpH T 2
2 0 (ona uerHaa). Puc. 3.9

Tak kak vg + o npu z ~ =k

(ana k= t1 ¢t 2 ..) tonpu r® xk sanaua obnapaer nnoxodt OTHOCUTENLHON
O6YCIOBNEHHOCTBIO, H MOXHO JIMWE YTEWAThCA T€M, NYTO Masa abConoTHaA
norpemnocts sHauenna y°* = sinzr’. Ecim e snavenme || ouenn permko, to v >

> 1 ¥ BBMMCNATL 3HaueHMe cMHYca npocro GeccupicienHo. HanpMsep, eciu Bb-
uMCneHHA BefyTcA Ha Komnblotepe tvna IBM PC, rpe €, ~ 1077, 10 yxe ana
|z] ~ 107 ommMa Toneko abconloTHas owIMGKa TNpPeACTABNEHMA uMCNa T ecTh
BENMYMHA NOpAfKA eAWHnubl, Tak kak A(z*) & |z|+€,. Herpynio nomsts, uro
npu A(r*) - 1 BuiuMciientoe Miobbm cliocoBoM aHaveHwe sinr® He Npencrasnser
HHKaKol . lienHocTH. BbiBo, KOTOpHIA MOXHO chenaTh, AOBONLHO MPOCT: MPH MC-
NONBIOBAHMM GYHKUMKM ¥ = SINT XKeNatensHo NPOBOAHTE BEIMHCIIEMHA Tak, Tobbl
apryMeHT HaXoAuAcsA B nManasoHe |z| < 2, nockonbKy 3nesh Vg <1

b
4. O6ycnopnenaocTs 3a8a9M Buyucienma warerpana / = [f (z)dz. Kak

cnepyer u3 onenku (3.3), B 3TOM cayuae a6caNIOTHOE UHCI0 o6ycnoBleHHO-
et uMeer Bux v, = (b - a). Ecnn xe nepeﬁrln’u PBcCMOTPEHHIO OTHOCH-

TeAbANX morpemnocTelt n nonoxnte §(f*) = sup |[*(2) - f()|/If (2)|
: (a,8]
AnA Tex, z, rae f(z) # 0, TO MCMOAB3YA HEPABEHCTBO

b b
A% < f1£G) - f(g)|dz< 1 (@Ndz- &%),
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NOJMY4YHM OLEHKY

§I%) < vgi(f°), (3.9

» xoropon vs = {1/ ()lds/1{ 1 (2]

Ecay noasiRTerpansian GyHKINA 3HAKONOCTOAHHA, TO0 v5 = 1 v 3azasya

xopowo o6yciosnens. Ecan xe dyrRrmua f na [a, b)) apuunMaeT 3nageHus
Pa3ubix 3Hakos, TO Vg > 1. Jins wexoTopmx cuabHo konebmowmxea (oc-

UMATMPYIOWMX) OKONO HYAA QYRKUHA MOXKET OKadaThed, uTo ¥5 > 1 M

TOrAA 38843 BHIYHCJIEHHA MHTErpana ABJISETeA NAOX0 00YCNOBISHHON. '

HRorpa nmpHuHHON NOABJIEHHMA NAOXO O6GYC/NOBJIEHHMX 3aA8Y CTAHOBHT-
CA OTCYTCTBME Y nons3doeatens IBM snementapuora npepcrasnedns o6 ux
cywecTsosanMn. B cA3M ¢ ITHM 3ameTHM, YTO B MOCHEHES BpeMs NOAy4a-
€T Pp83BMTHE ONacHAd TEHAESHUMA MPEHEOGPOKUTENEHOTO OTHOWEHRHA K
MATEMATHYECKHM 3HAHMAM BOOGIIE M K 3HAMHI0 BHYHCAMTENsHOH MaTema-
THKH, B yacTHOcTH. Bepa B Morymwectso DBM M HafeXHOCTE ¢cTAHAAPTHHIX
mporpaMM GbiBaeT TAK BEMHMK3, YTO CYMTAETCA COBCEM HEHYKHLIM 3HATL O
BHYMCAREMON MATEMATHYECKON BeNHYHHe YTo-MN60 KpoMe ee ompefeneHns
M, BO3MOXHO, reoMeTpMyYeckoro Mnn ¢duanveckoro cuurcns. Ilpuesesem
NpocTO npuMep, HANIOCTPpHpYOWMA oueHKY (3.9) M 23030 MOKa3HIBA-
IOIWMA, 9TO MHOTAA BHANMTHYECKAA BuhKnaaka GeiBaer 3ddexTHBHEE, YeM
NpHMEHeHNe CAMOT0 COBPEMEHHONO KOMMLIOTEPA.

Npiep 3.12. Mycts 8 pacnopsikedkU TNOIbIOBATENA MMEETCA BbICOKONPOMIBO-
purensHans IBM u crampaprHas nporpaMmMa /1A BhIMMCIeHMA MHTErpasos Buja

b
I= | f(2) dz Tipeanonoxmu, 4ro HyxHo BbMMcIMTE Koabduuuentn Dypbe
a

1 2
o = [ g(x) sintnrdr pnst dynwumn g(z) = 4+ ACS Tnpu n > 1l n A > L.

Ucnoneaoaiue InA BBIMMCAEHUA ¢n YKA3AHHOM CTaHAapTHOM NpOrpaMMbl TIpH
f{2) = g (1) sinTnRr aBTOMATHYECKH O3HAYaeT, WTO CTABHTCA BHIMMCIHTETLHAA
3a]1a4a, paccMoTpeHHas Bbiwe. [Ipy oToM BETMYMHA OTHOCMTENBHOR MOTPEWIHOCTH
5 (f*) entuncnsenott va IBM dynruuu f* ~ f3aBenono He Moxmer GuITb MeHbue!
En-

2
OueHHM BeMYHHY 73 JameruM, 4YT0 QYHKUMA AetS T sinxnr HedyerHas M,

1 Ecnw yunTHIBaTL NOrPeliHOCTL BbiMWcNeHUA GYHKUMHU sSiNTRI, TO cnenyetr
OXMAATh, YTO 3Ta BENIMYMHA GyneT 3HAYMTENBHO Gofblie €.
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CNIGAOBATENBHO, WHTETPAN OT Hee paBeH Myaw. [T0GTOMY BO3MOXHO aHANMTHMYECKoe
BbIYHC/IEHHE MHTETpana:

1

. z

on = i rsintrrdr = - — cosxnz|
-1 xn

1
+ fcosxnz dr = 2 (=1)m*L.
-1 m . T

Kpowme roro, | g ()| 2 |Ae°°’21'| - |z| » A -1 n nosromy
i[lf(:)| dr = !lg(:)l *|sinznz|dr > (4 - 1) ilsintuﬂd: =A-1
- - -1

Takuu obpasom, v 2 (A - 1rna/2 8 1.5 An Ecin g, BoMUCHAETCH, HanpuMep,
npu A4 = 10 u n = 102, 10 vz > 1.5+106. CnenoBarentho, Ana ATHX 3HaueHMA

napaMerpoB NpHHATOE pelleHMe O BBIMHCTICHMM MHTerpala no npocredlieii crad-
AapTHOM NporpaMMe Moxer- o6OMTHCH B foTeplo npuMepHo 6 asHavamux undp
pesymstata. Ecu eivumcnenus penyrea Ha OBM, umewowmwed nxwe nopanka 7
RECSTUMHBIX 2HAYAWNX HHUPP, TC BO3MOXKHA KATACTPODHYECHAN MOTEPA TOMMOCTH.
3aMetHM, YTO B ITHMX PACCYXKOEHUAX HHKAK He YUTeHbl NOTPeliHOCThL PeaNH30BaH-
HOTO B TMpOrpaNMe MeTONd H BBIMMCAMTENIBHAA NOrpelllHOCTh, HaNM4He KOTOPBIX
yeyrybnsier curyaumio.

5. OGycnoBncHHOCTL 3371a7B BHIUWCHEHHA CYMMH pana. Paccuorpum
381a4y BHIYMCIEHHA CYMMEI aGCQNIOTHO CXOAAIMErOCA PANA ¢ HeHYAeBbiMu
cnaraeMpMy. B cuny oneAkn (3.4) ara 3amaua ycTOAYMBA, & 3B OTHOCHM-
TEJIbHOE YHCA0 06YC/NOBSHHOCTH cleayeT NPHHATE BEIHMYHHY

= L -]

vy = ,Eo |¢k|f|;§o axl. (3.10)

Saue'ruu, 4YT0 ANA pAla ¢ NOACKHTENBHbLINMM ClaraeMblMM MMeeM Vg = 1,

T.e. 3ana4a xopowo obSycnosnena. Ecau xe pajt 1eakomocToaHHbIA, TO
v; > 1 v npu vg > 1 3aaa4a OKAa3HBAETCA M/0X0 00) CJOBJIEHHON.

§ 3.3. Buvscmremnaue MeTOAN

QOGeynHB HEKOTOphIE BakXHEe OcOGEHROCTH BHIYMCIMTRIIBHBIX 38/1AY,
O6paTHM BHHMAHME Ha T€ METOMN, KOTOPHE MCAOIB3YIOTCA B BHYHCIUTENb-
ROA MaTeMaTHKe ANA Npeob6pa30BaHMA 3aa8Y K BMAY, YAOGHOMY IOnA pea-
an3annn #a OBM, ¥ no3BOAAIOT KOHCTPYHPOBATL BLIYMCAUTENBHLIE 8IM0-
puTMel. MH 6yfeM HA3HIBATE 3TH METOAM onivucaumestnsisy. C HEKOTO-
POfi CTEMEHBLIO YCAOBHOCTH MOXKHO PA3GMTb BHYMCIMTENbHBE METOAM KA
cleayowme Kaacch: 1) MeToanl IKBHBANEHTHHIX Npeo6palossuuil; 2) meTo-
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Bl anApokeuMalMu; 3) npaMbie (ToYHWE) MeTOAbl; 4) WTEepaUHOHHLIE
METOAH; 5) MeTOdbl CTATHCTHYECKMX McnbTaHMA (Meroan Monte—Kapao).
Merosi, OCYWIECTRAAIOMIHA BLIYHCACHHE peIIEeHHA KOHKPeTHOM 3ajauH,
MOXET MMEeTh [O0BOJIbBHO CAOKHYIO CTPYKTYpY, HO €ro 3JleMeHTAPDHbIMH
WIAraMM, ABAAIOTCA, KAaK [PAaBUNO, peanu3auMy YKasaHHMX Metonos. Jla-
AHM O HMX Obllice npefcTaBleHHe.

1. Meroau sxBHBanewTHHX npeoGpasopammil. OTH METOAL NO3BOAAKT
3AMEHNTL MCXONHYIO 3aJavy ApYTOH, HMEKWeN TO xe pewexHHe. Boinonue-
HHE IKBMBAJIEHTHLIX NpeoGpa30BaAHHT OKA3LIBAETCA NONEIHHIM, €CH HOBAA
agBYA TMPOUIE HCXOAHON UM O6GJafaeT NYYWIMMH CBOACTBAMM, MAM AAA
Hee cywiecTBYEeT H3BecTHLI MeTOh pellueHHsdA, a, MOkeT ObiTb, H [OTOBAA
nporpamMma.

Nipiuep 3.13. OxeupanenTHoe Npeo6pasoBalWe KBAAPATHOTO ypaBHewus 12 +
6]? ¥ - 4c

3| =3 (sbinenenne nonHoro KBajparta) CBOAWT
3afa¥y K Tpo6NieMe BbLIMMCNEHWA KBAIPATHONO KODHA W NPUBOAMT K W3BECTHBIN
AnA ee xopueit dpopmynam (3.2).

OKBHMBAJIEHTHBIE MPeOGPA3OBAHMA WHOTKA MO3BONAIOT CBECTH pellleHMe
MCXOAHOA BHYMCAMTENLHON 38I8YH K PelleHHI0 BLIYHCAHTEAbHOA 3a1a4YH
COBEPIUEHHO HHOTQ THNA.

+ bz +c¢ = 0 K Buay [:+

Mipumep 3.14. 3agaua OTHICKAHMA KOPHA HeluHelHoro ypaBHenua f(z) = 0
MOmer GLITh cBelleHs K SKBMBANEHTHOR 3alade NOMCKA TOYKM [JN0GANBHOTO MUMM-
uyma dyurumn ¢ (1) = (f(2))2. B camon nene, pynruna ¢ (z) HeotpuitatentHa
M [OCTHraeT MHHMMANLHOMO 3HAYEHHA, PABHOIG HYAIO, NMPK TeX M ToJIbKO TeX Z,
ana xoropuix f(z) = 0.

2. Meroau amupokcHManmm. OTH METOfbl NO3BOJAKT NPHOGAM3NTB
(annpoKCHMMpORATH) MCXOAHYIO 3aAAYY APYrOd, pelieHHe KOTOpOA B
ONpeAeNIeHHOM cMbicie 6aM3Ke K pemieHHio nexopuoft sanayu. Iorpem-
HOCTh, BO3HMKAIOMIAS NPM TAakoil 3AMEHe, HA3LIBAETCA ROLPEULROCMDIO
annpoxcuaayuy. Kax npasuso, anmpOKCHMHpYIOIIAA 3afa4a cOMEPHKHT
HEKOTOphle NMAPBMETPH!, MO3BOMAIILKE PeryAMpPOBAT BEJMYHHY MHOTperl-
HOCTH ANMPOKCMMANMHM KAW BO3NEACTBOBATL HAa APYrHe CBOACTBA 3ANAYH.
TIpMHATO TOBOPHTL, YTO METOA AMMPOKCHMALUMM crodumcs, eci Morpell-
HOCTh ANMPOKCHMMALMM CTPEMUTCA K HYJNIO NMPH cTPeMJIeHMH NapaMeTpos
METO/Ia K REKOTOPOMY MPeXebHOMY 3H3YEHHIO.

Mpiep 3.15. OauH M3 npocredrMx cnocoBoB BeMMCIEHMA WHterpana [ =

b
= ] Sf{z)dz cocTout B BNNpOKCHMALNK MHTErpana Na OcHOBaHMM OPMYINLI NPAMO-
a

YrONBHHUKOB BeTMYHHON '
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. 1
P=h3 fat (=)

War k = (b~ a)/n smnsaerca aneck napamerpon meropa. Tak xak I* npencrasnser
co6on cnenHanbHbIM 06pasoM MOCTPOCHHYIO MHTETPANLHYIO CYyMMY, TO W3 ONpefaene-
HKUA oNnpelesieHHoro UHTerpana cnenyer, 4Yro npu h » 0 meron NpAMOYTONBHMKHKOB
cxonures, Te [h s I
Mpumep 3.16. Vuutelpas onpenenenwme npouasommon yHwuun f'(z) =
fG + &) - f(3
h

= lim
h~o

aoBate popuyny f'(z) #

, 1A ee NPpUBMUXEHHOTO BBEIYHCIEHNUA MOXHO HCNOVIb~
fiz + b - /()
h

bopNyabl UnciieHHoro AvddepeHUUpoBaHKA CTPENMTCA K Yo npn h = 0.

. Tlorpewnocts annpokcuMaluy ITok

OnuuM ¥3 pacnpOCTPaHEHHBIX METONOB BNMPOKCHMMALMH  ABAAETCA
ducxpemusayus — NPUGTMINEHHAA 3aMEHA WUCXOAMON 33flauM Xonewxomep-
#o¥ zadeved, T.e. 3anavell, BXOAHLIC TAHHBIE M MCKOMOE peieHMe KOoTopoil
MOTYT OnTB OfHO3HAYHO 38/IAHBK KOHMEYRHM RaGopoM uwmcen. [Ina asmsu,
KOTOpHE He ABMAIOTCA KOHEYHONMEPHLIMM, ITOT LUAT HEOGXOAMM ANA nocie-
aywoutefl peanudauuy wa IBM, TAK Kak BHIYMCIHTENTBHAA MAIMIMMA B
COCTOAHMHM ONEepHUPOBATL JIHIL ¢ KOHEYHHM KOAHYecTBOM 4yucen. B npuee-
AeHHbX Buie npunepax 3.15 u 3.16 6mna ucnonL3oBaRa AMCKPeTH3AUMA.
XorA TOMYROE BLIUNCACHME HHTETPANA M MPEANONAraeT HCNONBLIOBAHME
6eckonevHOTO Yucna 3uavenuil f(z) (mna scex z€ [a, b)), ero npuéaMKeH-
HOE 3HAYeHHE MOXHO BBIYHCIIHTL, MCHONB3YA KOHEYHOE YMCAO n 3HAYSHHN
B Toukax a + (¢ = 1/5)h. Anamoruuno, 3anaya BHYKCIEHHA NPOM3BOAHOLR,
TOYROE peteHue KOTOpofl NpefnosnaraeT BHMOOAHEHME ONEpauuM NPEACAb-
rOro nepexoaa npy h + 0 (a crenosaTesbHO, MCNONL30BARKME GECKOHEYHOTO
yucna 3naveHHt QyHxuMu f), cBOANTCA K NPUGAKMEHHOMY BHIYHCACHHIO
MPOM3BOAHON MO ABYM 3HAYEHMAM DYHKUMMH.

[Ipyu-peluenun HenHHeAHLIX 3a[A8Y WIHMPOKO MCMAONb-
3YIOT PRIIHYHLIC MEeMOdM AUNEAPUIAYUY, COCTOALLME
B Opubanxennofl 3aMene Mcxoauolt 3anaum Gonee
OPOCTHIMH NUHeNHEMM 3aIaYAMN.

Tpyeep 3.17. Mycte Tpebyerca NpUONHKEHHO BEMHCIMTE

¥ y-2"-a

anavenwe £ = {a ans a > 0 a 3BM, cnocoSHoRt memon-
HATL NpocTeiiliMe apudMeTHUECKHe ONepalkk. JaMeTMM,
YTo NO ollpeneieluio T ABMAETCA NONOXKUTENBHbIM KOPHEM
HelluHeAnoro ypasHenusa 2 — a = 0. [lyere r'0) — Heko-

TOpoe M3BecTHOe NpuGiuxelke K E. 3amennnu napabony
y= £ — anpaont ¥y = (29N - a+ 2009 (r - z\V),
ABNAOIWERACA  KacaTeNbHoW, npoPeNeMHHOR K Hell B Puc. 3.4
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Toyke ¢ abunecoii = 79 (puc. 3.4). Touka nepecedelus ITof kacaTeldbHolt ¢
ocbio Or naer nyvwee, wen 'O} , npuGnMkernwe M HaXOIMTCA M3 JMHENAHOTO
yparenuss (2{0) — a + 220 (r - D) = (. Pewas ero, noayuaen
npubmxeHHy o popMyny

_ (£9)2 - a _1 a
E“:.—r‘o'-__é;WI__—_ﬁ(t'o' +;10_j' (311)
Hanpunep, ecnn gna r = r2 paare ‘% = 2, To nonyuntca yTouHEHHOe

3HadeHue {2 N * = %(2 + g) =15.

Ilpu penieHNH pa3HLIX KAACCOB BLIYHCAHTENBHBIX 33AU MOTYT MCMOJb-
JUBATHCA PAATHYMLE METOAM ANMNPOKCHMADMHM, K HMM MOXHO OTHECTH M
METOAR peTYNAPUIALMH pellleHMA HEKOPPEKTHHIX 3aAay. 3aMeTHWM, 4TO
METOAL PerynapH3BUMM LWHPOKO KCAOALIYIOT U AJA PEIEHNA NA0X0 0Byc-
NOBNIEHHLIX 3873y,

3. llpsuuie meronn. Meros pettieHNA 3AJAYH RASHIBAIOT RpRaubig, €CJIH
OH MNO3BOMAET NOAYYHTH PpelIeHMe MNOoche BLIMONNEHNA KOHEYHONO YHCAa
AIEMEHTAPHLIX Onepaumil.

Tpisep 3.18. Meton BbMMCIEHHA KOpHeM KBaApaTHOTO ypaBHeHHA £ + br +

+ ¢= 0 no popuynan n, = (=b + [ — 4c)/2 smaserca npann.;u METONON.
OneMeHTapHBEIMM Alech CHUTAOTCA Wethipe apudMerHyeckue OnepalMi ¥ onepauna
MaBledeHn s KBAAPATHOMO KOPHA.

3aMeTnm, YTO IEMEHTAPHAA ONEpauMs NPAMOTO METOla MOXET OKA-
38TBCA AOBOIBHO CAOKHOA (BWuMcleHMe 3HAYEHMA I/IEMEHTapHOA WAK
cnenanbHol GYHKUMM, PelleHMe CHCTeMbl JMHEAHLIX anreGpanyeckux
ypaBHeHMl, pbiYMCICHMe ONpefe/NieRHOre MuTerpana M T.4.). To, 4To OHa
NpUHUMAETCA 38 MEMENTAPHYIO, MPeAnoNaraeT BO BCAKOM CRYUae, 4TO ee
BHINOMIHEHHE CYIECTBEHHO NPOLLES BHYHCACHHA pellieris beell 3azaum.

Ilpn nocTpoeHMH MpAMBIX METONOB CYIECTBEHHO® BHMMaHHME yIenfercs
MIHMMM3AUNH YMCTIA MTeMERTAPHEIX ONepauyil.

Mpmeep 3.19 (cxema Tophepal) Mycre 3anava cocrout B BbluKche~
HUM 3HAHEHHA MHOTOWJIEHA

Pis) = ag + qpz + a2 + ... + ap? (3.12)

! Bunbsmc Jkopax Coprep (1786 — 1837) — aHrnMiACKMA MaTeNaTHK.
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no safaHHeiN koadduuMeHTaN dg, G, ..., dp K 3HANEHWIO apryMeHTa z Eecm
BLIMMCNATL MHOTOWIEH HENMOCpeACTBeHHo Mo dopmyne (3.12), npuyen £, 3, ...,
HaXOAMTb NOCNENOBATENBHBIN YMHOXKEHHEN Ha I, To norpebyetrca BhINOAHMTL 2n — |
onepallMi YMHOXKeHMA M Tt ONePaUMA CNOXKEHHA.

3HauMtentHo Goflee SKOHOMMYHEIM ABNAETCS MeTOA BbIMWCJEHMSA, Ha3LIBAEMBIA

cresotl Nopuepa. OH OCHOBAH Ha 3aNMMcH MHOTOWIEHZ B CNIEAYIOIEM IKBUBANEHTHOM
BHIE:

Pp(2) = ((... ((anT + @p- )T+ ap-a)z + )z + @)z + ap.

PaccraHoBka ckobok AMKTYet Takol NOPSAAOK BEMMCIEHMA: Sy = ap, 5 =
=Szt an-, = Q7+ apgy ey S = ST + apen oo, Sp = Spir + do. Snecw
BbiuNCTeHHe 3HaYeHHa Pp(r) = S, norpe6oBano BLINMGJIHEHWS TONBKO N OMEPAlM
YMHOXEHHA X n onepallui CNoKeHU.

Cxena [opHepa MHTEpecHa TeM, YTO fNaet NpMMep ONTHMANBHOIG NO YuCay
QNeMeHTApHLIX oftepalkil Metona. B ofiem cnyvae sHadenne Pp(zr) nenbaa nomy-
YMTh HMKAKHM METONOM B pe3y/ibTaTe BLNIONHEHMA MeHbllEr0 YHCNa onepauun
YMHOMEHHS W CII0MeHMA.

HHoraa npaAMbie MeTOAB! HA3IWBAIOT moxx.uy, NOAPa3yMeBasd TOR
ITHM, YTO MPM OTCYTCTBMM OWMHGOK BO BXOAHBIX A3HHWIX H MOPH TOUHOM
BLIMOJINEHUH NIEMEHTAPDHWX oOfnepaudil NOAYYEHHHA pe3yabTaT TaKKe
6yner TouduM. Oanako npH peanusauum merona nHa OBM nwenaGexuo
MOABJNICHHE BHYMCANTENLHOA HOTPEIHOCTH, BeIMYMHA KOTOpOR 3aBMCHT OT
YyBCTBUTENBHOCTH MeTOia K OWMGKaM okpyraeuua. Muorne npamue
(Tounne) merombl, pa3paGoTaHHbe B [JOMAUWMHHLIA MNEpHO], OKadaaNCh
HENPHUIOAHBIMH /IJIA MAIHHHKX BbLIYMCIEHMIA MMEHHO M3-328 yYypeaMepHOH
YyBCTBUTENBHOCTH K ownGKaw okpyrnennsa. He Bce TOYHbIE METOAM TBKO-
Bbi, OAHAKO CTOMT 3BMETUTb, YTO HE coBCeM YAAYHBIR TepMuH "TOo4YnnA"
XapakTepuayeT CBROMCTBA MOealbHON peanuaauMy MeTOAR, HO OTHIOAL He
KAYECTBO NOVIYUYEHHOTO MpH PeaibHHX BHYHMCHEHHWAX peaynbTaTa.

4. Hrepammoname MeTOAH. 310 — CHCUMANBHHIE METOAL! MOCTPOSHHUA
AOCNEOBATENILHHX NpUGNpKeHnit K pemennio 3anaun. [Ipumenenne mero-
A8 HAYHHAIOT ¢ BHIGOpAa OAHOrO MJIM HECKOMBKUX HAYAILHHX MpHGINNe-
ruil. [Ing nonyvyennsa Kakaoro M3 nochefylowmx npuéankednil punoana-
IOT OOHOTHOHHA HAGOp AeHeTBMA ¢ McnONL3OBAHMEM HANACHHHX paHee
npu6anxennft — umepayur.HeorpaHnyennce mpoaomkenHe 3TOro
UmMepayUONNILO npoyecca TeOpeTHYELKH NO3BONAET MOCTPONTH
GECKOHEYHYI0 TOCASAOBATENILHOCTD MPHOGAMKEHHA K  pellleHHI0 —

I Or nar. iteratio — "nosropetne.
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umepayuonngy nocaedosamessxocms. Ecam 3ra  nocnepopaTensHocTh
CXOAMTCA K PEMICHMIO 3a84H, TO TOBOPAT, YTO umepayuoxxmi uemod
czodumcs. MHuOXecTBO HaYANBHHIX NpHGAHkeunft, ANA KOTOPHIX METOR
CXONMTCA, HA3KBACTCA ofAacmew crodumiocmuy uemoda,

3eMerM, YTO HTEPAUMOHHLIE METOAB WMPOKO MCMOAL3YIOTCA MPH
pelleRHM CBMbIX PR3HOOGPa3HEIX 387184 ¢ MpuMenenren DBM.

TNMpusep 3.20. PaccnoTpus H3BecTHRI MTEPALMOHHBIN MeTofi, NpeAHa3HaYeHHBIN

AnA sbrmcnenus {a (rae @ > 0), — .uemod Hsomona. 3ananvm NpPOH3BONBHOE
HavaneHoe Npubnuxenne (9 > (. Creayollee npubnukeHMe BLMMCIMM NO
dopuyne ) = %[:‘0' + ;uc_;]' BhBEAEHHON ¢ NOMOILBIO MeTONa JIMHeapH3alHH
B npuMepe 3.17 (cn. dopuyny (3.11)). TMpononxasa 210T npouecc Aanee, NOMYYHUN
KTepallHOHHYIO nochefopatenshocts =0V, 1) (2 = gm = p goropolt
odepentioe (k + 1)e npubamkenne BLUMCILIETeA ueped ke Mo pexyppenmuoil

fopauyae
gtk = 12[,4;:. + ;'Eﬁ] k3o0. (3.13)

HapecrHo, 4To 3TOT MeTOA CXOAMTCA NPH MOGOM HavalbHOM NpHGIMXKeHMN
1'[01 > 0'. TaKk yro ero ofuacTe CXOAUMOCTH — MHOMECTBO BCeX MOJNOMHTENBHBIX
Yuces.

BoiuHcaMM ¢ ero NONOILBIO 3HAYeHMe 1]_2 Ha 8-paspAnHoRt necathyHoft DBM.
3ananuu (0 = 2 (kak B npuuepe 3.17). Toraa !V = 1.5, {2 = 1.4166667,
3 = 1.4142166, r' ¥ = 1.4142136, 2'3) = 1.4142136. JancHeRline BbIMHCAEHKA
6ecCMbICNENHBl, TAK KAK W3-338 OrPAHMMEHHOCTH Pa3pafHON CeTKM Bee cleayiolhe
yTouHehHs SynyT naBaTh TOT we peayabtar. ONHako CpaBHeHME C TOYHBIM 3HaYe-

HHeM r2 = 1.41421356... nokaskiBaer, YTO Y#e Ha Tperbel uTepalluy GbLiH nomy-
vyeHH § BepHBIX 3Havalmx undp.

O6cynum Ha npndepe Meroaa HeloTona HekoTOphie THRHYHME AAA
HUTEPAUMOMHKX MeTOf0B (M HE TOALKO ANA HMX) npaGaemsl. Hrepauuonnue
METOAbl NO cBOGH CYyTH ABNAIOTCA NPHOIMKEHHEIMH; HH OJHO U3 NOaAyYa-
eMbIX MPMOIMXKEHHA He ABNAETCS TOUHMHM 3uaYenmeM pemtenns. Opwaxo
CXOOAIUMACA MTepaUMOHHBIA MeTON O3aeT NPHRUHNDHANBHYI0 BO3IMOXKHOCTHL
HafiTH penlenue ¢ A106GoN 3amanHoh Tounocthio € > 0. Moaromy, npumenan
HTEPAUMOHHKA MeTon, Beeraa 3analoT TpeGyeMyld TOUHOCTE £ H
WUTepalMOHHLI NMpollece MPEPHBAIOT, KAK TOBKO OHA JOCTHTaeTCA.

! Or nar. recurtens — "poaspawanwmuics”.
60



Xora cam GaKT cXOAMMOCTH MeTOAA GeaycnoBHO BAXKEH, OH HEJIOCTATO-
YeH O/AA TOro, YTOGk PEeKOMEHIOBATH MeTOA ANA MCRONLICBAHMA Ha NpaK-
Tike. Eciu MeTOR cXORMTCA Ovens MeANEeHHO (HanpuMep, ANA NONYYESHWR
peleHHA ¢ TounocTbio B 1% HyxHO coenats 106 urepaumit), T0 oH uenpmn-
ropes AaA puunciaennfi wa IBM. IlpakTuyecKyio newHOCT: NpencTaBAAIOT
GHICTPO CXODAIIMECR METOAb, K KOTOpPbIM OTHOCMTCA M Mefon Heiotowa

(nanomunm, uyT0 ToyRocTe £ = 10 B BuYMcnenmn {2 GhIA ZOCTHIHYTa
Beero 3a TpM MTepauumn). JIAA TeOpeTMYECKOTO MECHEAOBAHMA CKOPOCTH
CXOAMMOCTH M YCNOBMA NPUMEHHMOCTH MTEPALUMOMMHX METOZOB BHIBOAAT
TaKk HalnBaemble enpuopnmel oyenxu norpewnocmu, NO3BOARIOWME elle JIO
BLIYMCACHMI laTh HEKOTOPOE 3BKNIOYEHNE O KAYECTBE METOHS.

llpueenem nBe Takue anpHopHble oueHku ANA meroaa Helorona. Mycts

209 > [a. Uasectno, uro toraa z'® > [a naa scex n > 0 » norpemuocT
ABYX MOCAEAOBATENbHLX MPHOMIKEHHA CBA3AHM CAGAYIOMMM HEpABEH-
CTBOM:

stm < (§tnny2, (3.14)

3aecs 6 = l

(z'm - [q) = i(_z‘;_’)_ — BEJIMYMHA, XAPaKTEPHIY-
a

OIaA OTHOCHTE/IbHYIO NOTPEIHOCTh #-TO MPHOMNKEHHA. DTO HEPABEHCTRO

FOBOPHT 06 OueHb BHICOKON! KBaZpPATHYHOR CKOPOCTH CXOQMMOCTH METOAA:

Ha Kaxjoft wnrepapun "omn6bka" & ™ pospopnrea B kBanpar. Ecam

BHpa3nTh &'") yepea MOrPelIHOCTb HAYANLHOIO NPUGAMXKERMA, TO

nNony4HuM MEpaBEHCTBO

sem € (6t )zn' (3.15)

M3 KOTOpPOro BHAA PO/b XOpolllero BHGOpa HaYansHOrO npubnmxenns. Yem
menbiie penuumnna §0 = §(z% ) /2, rem GuicTpee GymeT cXOAMTHCA METOL.

IIpakTuueckad peanudaumf MTEPRUMOHHHIX WeTOfOB Bterga cBA3AHA C
HeOGXOAMMOCTEIO BHIGOpA XpumMeEpusl OXONVANUS UMEPAYUONNOLD NPOYecca.
BuiamcnenmMa Me MOCYT NpPOAOAXKATbCA GECKOHEYHO AOATO M ROMKHH OHTh
OpepBaHEbLl B COOTBETCTBHH € HOKOTOPHIM KDHTEDMEM, CBA3AHHLIM, HANpH-
Mep, ¢ fOcTHXeHneM 3afakHON TOuHocTH. HenonssopaHue ana 3toft neam
aNPHORHKIX OLEHOK YBLUE BCET'O OKA3KBAETCS HEBOIMOKHBIM WK HedbPek~
TuBHBEIM. K8uecTBeRHO BEpHO OMMCHBAA MOBEJEHHME METOAA, TAKHME OLEMKM
ABNAIOTCA 3ABLILICRHBIMM M JAAIOT BECbMA HEAOCTOBEPHYIO KOANYECTBEHMYIO
uudopmanuio. Hepenko anpuopusie ouenxmn cOAepXAT HEMABECTHHE BeNM-

1 Or nmar. a'prioti — "no onbira”.
61



uunn (wanpumep, B ouenkax (3.14), (3.15) comepkurca senuunua {a),
nu6o NpeANOASralOT HAAMYHE M CEepPbe3Hoe HCNONL30BARME HEKOTOpO#
JononunTenbol nudopMmawnu o pemennn. Uaiue pecero Takoi undopma-
MM HeT, B €e MOAYHYEHME CBAAAHO ¢ HEOOGXOAMMOCTLIO PEIIeHHA RONONHM-
TeNBHLX 38034, HepeaKO Gonee CNOKHLIX, WEM HCXORHANA.

JAns ¢GopMUPOBAHHA KPUTEPHA OKOHYAHMA TO AOCTHXEHMM 3alaHHON
TOYHOCTH, KaK MPAaBUMO, MCMONLIYIOT TAK HA3LIBAeMbIE anocmepuopnuel
OYEXXU NOIPEWNOCMYU — HEPABEHCTBA, B KOTOPLIX BENHYMHA MOrPEIHOCTH
OLleHMBACTCA Yepes M3BECTHHE MM MOVYYaeMbe B XONe BHYMCAMTENLHOIO
npouecca BeMMYHHE. XOTA TAKMMM OLEHKAMH HEB3A BOCMOJBIOBATHCA O
HaYana BLIYMCACHMA, B XOAe BLIYMCAMTENBLHONO NpOLECca OHM MO3IBOAAIOT
JABBATL KOHKPETHYIO KOMHYECTBEHHYIO OLEHKY MOrPeiHoCcTH.

Hanpuuep, ana werona Heorona (3.13) copabesnmea cnefywouras
BMOCTEPUOPHAA OLEHKA:

|ztm — Ja| € |zt =zl | a3t

NO3BOAIOLIAA OLESHUBATL aGCOMIOTHYIO MOTPEIUHOCTE MpHGINAEHNA Heped
MOZYNL Pa3HOCTH [ABYX MOCNEAOBATEAbHBX npubauwxenuit. Ona naer poa-
MOXKHOCTE €HOPMYIHPOBATE NpH 3aAAHHON TOYROCTH £ > 0 OYeHB MpocTON
kpuTepnit okondaunsa. Kak TOMBKO OKaKeTCA BHIMOJIHENHBIM HEPABEHCTRO

[z — g | <€, (3.16)

BHYMCAEHNA CIeflyeT NpeKPaTHTE H npuuaTh z{?! 3a npubGankeHne K ,I_a c
TOYHOCTBIO E.

Mpuep 3.21. Ecnm anavenne {2 tpebyercss Hadt ¢ touHoctbio € = 105, 10
HepaBencTso (3.16), kKak BWAHO M3 NpMBeNeHHbX B nNpuMepe 3.20 BHYNCITEHMIL,
6yner Bhmonneno npu n = 4. Tak kak |20 - 2P| = 3.10°6, 10 c yueron

NOTPEUIHOCTH OKPYTJIEHH MOXKHO 3anucaTh pesybrat: {2 = 1.41421 £ 0.00001.

5. Meroul crarHeTHYecKMX HennrTanuit (MeTonn Moare—Kapno). 3to—
YHCTIenhbie METOfIk, OCHOBAHHBIE HA MORENMPOBAHHM cnyvYafiHHIX BEeIHYHA
M NOCTPOEHMM CTATMCTHYECKHX OLEHOK peleMuit 3aiad. JTOT Kiace Mero-
IOB, K&K MPHUHATO CYMTATL, BO3HMK B 1949 r., koraa k. ¢on Heliman? n

! Or natr. a'posteriori — "nocne onbira”.

2 Nxon o Henman (1903 — 1957) — amephkakckufi MarTemathk, GMauK,
uHXeHep-Hao6peratens. Okazan 3HauMTENbHoe BAMAHKE HA Pa3BHTHE COBPeMeHHOM

mateMatuiiv. OanH M3 cosfatenen nepsbix DBM.
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C.¥Ynau' ncnonp3osaty ciydaflHnie 4YHclIa Anf  MOREGAMPOBAHMA ¢
nomotepio OBM noselennsa MeATPOHOB B AfepHOM peakTope. 3TH MEroau
MOCYT OKB3ATbCA HE3AMEHMMBIMM MPHU MOJASTHPOBAHMM SO/LIIMX CHCTEM,
HO NOAPOGHOE MX HANO0KEHHE MPefNONaraeT cyYLIECTBEHHOE MCAMJbL3OBAHNE
annapaTa TeOpPUM BEPOATHOCTEN M MATeMATHYECKON CTAaTNCTHKH M BHIXOAMT
38 PAMKM JAHHON KHHMTH.

§ 3.4. KoppeKTHOCT: BETHCINTENLHRIX
ANTOPHTMOB

1. Bumpcayrensastli anroperd. BuupcantensHuit meron, posepeHHu
L0 CTENEHH NeTaNM3alli¥, NO3BAIAIOMMA peannaosaTs ero ka IBM, npu-
HHMaET GOPMY BRIYMCINTE/LHOrO ANTOPUTMAE.

OnpenennM  esvucaumeasnsiti  af10pymau Kak TOYHOE MPefNHcaHMe
peflcTeMft Ha BXOZHLIMM AAHHBIMH, 3aa0liee BRYHCAMTeNBHHA npounecce,
HANpAaBJIeHAbIA Ha npeobpasoBanie NPOM3BONBABX BXOAHHX AAHHKX z (M3
MHOXECTBA JOMYCTHMBX AJMA NBHHOIO ANrOpPHTMAa BXOAHMHX AAHHHX X) B
MOJHOCTLIO OnpeenAeMuil 3THMH BXOAHHMH JAHRRALIMH PDE3YNbTAT.

Peanbhbil BHYMCANTENIBHLINR anroOpUTM CKJIAALIBACTCA M3 ABYX 4acTefl:
afcmpaxmuote OMNUCAUMEANOID asropumaia, GopMyanpyemoro B o6ile-
NPHHATHIX MBTEMATHYECKHX TePMMHAaX, M Rnpotpesam, 3aNHCAHHOR HA
O HOM M3 STOPAUTMHYECKHX A3bIKOB M npejmusumleuuoﬂ AN peajviaalnH
anropuT™a Ha OBM. Kak npasuno, B pykoBOACTBAX MO METOABM BHYHCAE-
HMA MaNaralTcAd MMEHHO AGCTPAKTHHE ANTMOPHTMEI, HO MX O6GcymiaecHMe
MPOBOAMTCK Tak, 4YToOn BHABHTE OCOGSMHOCTM AJNTOPHTMOB, KOTOpHE
OKA3WBAKT CYLIECTBEHHOE WINAHME HA KAYecTBO NPOrpAMMHON peanu-
BALLMM.

2. Onpeneneame KOppPeXTHOCTE anropaTMa. K BHIYHMCAMTeNBHHM anro-
PHTMAM, NpeAHa3HAYEHHLIM ANA WHPOKOro MCAOALIOBAHMA, NPEeABLABIASET-
cA pAn BecbMa XecThux TpeGobanmit. I[leppoe M3 HMX — KOPpPeKTHOCTH
anropuTMa. Byaem HA3LIBATH BHIYMCIHTENIBHBIA ANTOPDHTM Koppexmuui,
€CAM BHNWIHEHH TPH YcnoOBMA: 1) OH MO3BOAAET MOCNEe BHAGIHEMMA KO-
HEYHONO YHCAA 3NEMEHTAPHHX ANA BHYMCAMTENLHOR MBIUIMHK onepauui
npeobpa3opats M1060e BOAHOE HaHnoe r€X B pesyneTar ¥, 2) pesynbTaT y
YCTOAYMB MO OTHOWICHMIO K MANEIM BO3MYIIEHMAM BXONMHIX AaHHLYX; 3)
Pe3yALTAT ¥ 06GNaaaeT BHYMCIAHTENBHOA YcTONuUNBOCTBIO. Ecin xoTa 6M
OfHO M3 MEPeYMC/IeHHEIX YCNOBH He BHINONHEHO, TO 6yaeM HA3LIBATH
anropUTM NeXoppexmusia. YTOUHMM M 6Gonee moApo6HO OGCYAMM 3ITH yc-
NOBHA-

I Cranucnas Vnau (1909 — 1984) — amepuxanckmil MaTeMaTHK.
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Heo6X0AMMOCTE BLHINOJIHEHMA MEPBONO yc/IOBMA nouATha. Ecan ana
MONYYEHNA Pe3YNLTATE HYWHO BLHINONHHTE GECKOHEYHMOE YHCIO OmepanMi
nn6o TpebyioTcA omepalHH, He peanH3oBaHHbie Ha JBM, To anropurm
¢NeAyeT NPHIHATE HEKOPPEKTHBIM.

Tipusmep 3.22. MzBecTHbIA ANropuT™ AelieHHA uMcen "'yrioM' nekoppekTeH, Tak
KAK OH MOXeT NMPONONKATBCH GECKOMEHO, ecM Iie Onpefesien KDMTEPHA OKOHYa-
HHA BLIMMCIEHMI.

Mpiep 3.23. OtcyTcTBHE KPHTEPUS OKOHYAMMA [€NaeT "HekOPpeKTHBIM M

anropurs Hblotona sbincnenns { @ (cx. npumep 3.20).

lpisep 3.24. AnroputM BBINMCIEHHA KODHeR KBaapaTHoro ypashewus (3.1) no
dopuynam (3.2) HexoppeKTeM, ecnM OH NPENHA3HAdweH NNA HCNONL3OBAHKA Ha
BEIMHCIHTENEHON MallMHe, HA KOTOPOA He peanu30BaHA oOllepallMA M3BJIEeYeHH s
KBaApaTHOTO KOPHA.

3. YerolunBocTs N0 BXOABLIM ZAHALIM. YCTOAYMBOCTE PE3yALTATE ¥ K
MANMM  BO3MYLIEHHAM BXOAMBIX MASHHHX (ycmotdvudocms no ezodnww
danxsia) O3HAYAET, HYTO PE3yAbTAT HeNPepunBHbIM OGpa3OM 3IABUCMT OT
BXOHAHLIX HAAHHLIX MOPH YCJIOBHM, YTO OTCYTCTBYET BBIMMCHMTEJIBHAA NOC-
PEINHOCTE. JT0 TpeGOBAHME YCTONYHBOCTH BHANOTMYHO TPEGOBARMIO YCTOH-
YMBOCTH BHYMCAHTENbHON 3amaun. OTCYTCTBMe Takofl yCTONUMBOCTH fe-
JiaeT aNTOPHTM HENPUIOAHHM AJIA HCNOAB3OBAHHA HB MPAKTHKe.

Ormerns, 410 B (GOPMYRHMPOBKY YCTOMYMBOCTH ANCOPUTMAE MO BXOAHLIM
AaHHbIM HEABHO BXONHT OfIHO BEChbMA BAXKHOE MPEANONOKEHHE, A MMEHHO,
4T0 BMECTE € BXOIMBIM JAHHBIM I B MHOXECTBO [OMNYCTHMBIX BXORHBIX
paunbix X BXOAAT U BCe GJIH3KME K 7 NPHEIMKEHHHE BXOAHBE AanHbie z°.

[ipumep 3.25. MycTs anropHTM npeamasHaseH QNA BBIMMCIEHHA KOpHeA KBaj-
patHoro ypasHenus (3.1) ¢ KoadduiMenToN, yIOBNETBOPAIOIWKUMK YUIoBKIO d =
=P - 4c 2 0. Euim B nen ucnomeaylorea ¢opuynst (3.2), To ator anroputu
ueKoppexreH. B camoM nene, aHauehme d°, orBevaiolttee NPHOMMKEHHO 3aNaHHBIM
Koodpduukentan b* M c*, MOXer okadaTbeA OTpHUaTeNbHeIM, ecn d ® 0. Torna
BHIMHC/IEHHA  SaBEpPIIATCA aBAPUIAHBIM  OCTAHOBOM TPH  TONBITKE  M3BIEYb
KBAZPATHHIM Kopeb M3 oOTpHuaTeNlbHoro uucha. Ecam ke B dopuyne (3.2)
3amennts d Ha max {d, 0], T0 AArOPHTM CTAHOBMTCA KOPPEKTHBIM.

4. Buuncamrensaas ycrofiupocts. Ma-3a manuuma owmn6ok okpyrae-
HUA NpH BBOAe BXOAMLIX A8HHHX B OBM n npu suinonuennn spudmern-
YecKUX Onepaukit HeMAGEKHO MOABNEHME BLIUHCIHTENBHON MOTPELIHOCTH.
Ee senvunna ua pasusix OBM pasnuuna u3-3a paznumunil 8 pas3pagHOCTH
U cnocobax OKPYIeHHs, HO AAA (PUKCHPOBAHHONO AIrOPMTMA B OCHOBHOM
BENNYMHA MOFPEIIHOCTH ONPEAENRACTCA MAIIMHHON TOYHOCTLIO E,,.
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HaoBem a/irOpHTM amivucsumessno ycmouvuowm, €ciy¥ BHYMCANTENL-
HafA MAOTPeIHOCTE Pe3YNbTaTa CTPEMHTCA K Hynio npu £, - 0. Q6uhiuyno
BLIMMCNTENEHHA AFOPHTM HB3LIABIOT YCMOUNuEsIA, ECTH OH YCTORYMB O
BXOAHBLIM JIAHHEIM M BHIYHCJMTILHO YCTOMYME, M Heyc/MouNudma, ecnu
XOTA Gbl OAHO M3 ITUX YCNOBHIl HE BLIMOMHERO.

Mpssep 2.26'. [ycre TpeGyereA cocTaButh TabNHUY OHAMENHR WHTErpatioB
In= i fel"%dr nna n = 1, 2, ... Ha 6-paspanHoft necsitnyton DBM.

0

Unrerpupya no vactam, vueen

In = l d(el"7) = -;nex-r|; N iel~=d(xn) =-1+ in.t""el'xdr.
CnenoBatensno, cnpasennsa ¢opMyia

In=nlp,-1,n221 317

1
Kpome roro, Iy = [ el"Zdr=e—-1% I;' = 1.71828.
0

Bocnomsyencs dopnynoit (3.17) anA nocnepoBaTeNLHOro BBIMMCIEHMA NPHE-
JIHKEHHBIX 3navenmil Hurerpanos Jpn:

I I3 =1g-1=0T1828 I w13 =21 -1 = 0.43656;
L w13 =31y - 1= 030968 I, 17 =417 -1=023872
Iom 12 =517 -1=0.19360; Ie 15 =6I5-1=0.16160;
haIy =715 -1=0.13120; I 17 =8I7-1= 0.004%;
Iy w15 =013 -1 =~0.55360; how Ifg = 1015 -1 =-6.5360 .

3nech BLIMMCNEHWA cneayer NpekpaThTe. HckoMble aHaueHws WHTerpanos odYeBMp-
Ho, MOACKKTENbLHB!, 8 HaliACHHbe 3Ha4YeHnsa npu 7 = 9 u n = 10 orpunarensuu. B
YeM NpHYMHA NOABNIEHMA TaKol Gonburoit ownbru?

B RanxOM npHMepe Bce BBIMUCTEMMA NPOBOAMIHCL TOMHO, 3 eHHCTBEHHasl M,
Ha nNepBHA BIrMAN, HEIHAYUTeNbHAA OWHOKa Gblla CAENAHA MPH  OKPYTJIEHMH
JHaveHnA Jo no 6 snavaumix undpp (samerun, uto Ao = |l ~ /5| & 2-10°6).

OpHako npy Bblyucnenun I; 3ta owmnbKa coxpaHWNack, Npk BeYHIeRMH T yMHO-
xumack Ha 2!, npu BolMucnenun I3 — wa 3!, ..., npu Beiuncnenum Iy — wa 9! u .4

! Unen npunepa saumctsoBata u3 [5), [86].
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Taki o6pason, Ap = |In = I;| = nl Ao Ve npn n = 9 nueen 9! = 36880

noaroMy &g =9 Ao 5 0.73.

Eciv BbIYHCIeHNA NpoM3BopATcA Ged OrpaHM4YeHMil HA YMCIO m, TO PACCMATDH-
BacMBIl ANrOPUTM CNleAYyeT NPHIHATH BHIMMCINTENILHO HeycToRuWBbiM. Owmubku
PacTyT NMponopUMONANEHO B! HACTOABKO GLICTPO, ¥TO YXKe NPH NOBOBUO CKPOMHBIX
aHAUEHUSX N MONMITKM AOGUTLCA MPHEMNEMOrO pPe3y/bTaTa Jake 3a cver yPelnuye-
HWUA Pa3pAAHOCTH MAHTHCCH 3apamee oGpeveHh! Ha Heynauy.

Kak HaMeHMTH anropurs, urobul chenats ero yerofuuBbiu? [lepenuwen dop-
myny (3.17) B Buge

In + 1
n

In-l =

a1 (3.18)

u 6yneM BECTH BBLIMNCNEHMA 3InBVYEHHA [, B OGpaTHOM NOpALKe, HAMMHAN, HANDH-
1
Mep, ¢ # = 54. Monowun Isq 8 13, = 0. Tax kak Jsy < ec['.r""dt = /55, 10 A5y €

< e/65 # 5-10°2. Onmako npu BbryMcneddu J53 913 owmbra ymeubuiMtes B 54
paza, Npu BeMMcnienn s, — ewte 5 53 paza u T.A.

B pesynprare aMadewua In npu n = 50, ..., 1 6yayr BoiuMcaeHH € ulecTbio
BEPHbIMM IHAYAUIMMM UHGPaMK. 30ech MOrPEUlHOCTH He pactyt, a 3aryxakr. flcuo,
410 MOAMDHUMPOBAHKHKIA ANFOPHTM BHIMHCIHTENbLHO YCTOAMMB,

Briupcanrenbhas HeycTOMYHBOCTE ANPOPUTME YACTO MOXET GLITh BHIAB-
neHa GnarogapA AHANM3Y YCTOAYMBOCTM MO BXOAHbBIM [AHHHM, TAK KAaK
HEYCTOAUYHBOCTD K MalbiM OIHMOKAM OKPYr/IeHMA BXOAHBIX A8HHHX ABTOMA-
THYECKH CBHIETE/IbCTBYET O BHYHCANTENbHOR HEYcTONYMBOCTH AJINOPHTMA.

TNMpiosep 3.27. NpeanonoxkHM, YTO BEMUMMBL yn MIA 1 = 1, 2, ... BHIYHCAAWOTCA
no pexyppeHtHolt dopmyne

¥n = apyn-| + Fn (3.19)
a BefHvMMB W 3apans. [lyers y; — 3alaHHoe NpHOIMKEHHOe 3HaveHHe BeNKHHBL
w- Torna (ecnu Boiumcnenust BeayTca abcoMoOTHO TOMHO) ONpefenseNbie no ¢op-

uyne (3.19) mpuGamxkeHuble IHAMEHUA CONEPHKAT OWUGKU, CBASAHHLIC PABENCTBOM
¥n = ¥y = an(¥n-1 = ¥.,)- Cnenosarensho, A(y;) = | an| A(y,.,) # npx semon-

HeHMU YcnoBMA |ap| € 1 anropuTi ycToMuMB NO BXOAHBIM AAKHBIM, MOCKOMLKY
A(y;) € A(yg) ann seex n Ecm xe |an| 2 ¢ > 1, 10 A(y,) » *O(yg)

alCcONOTHAA NOTPelIHOCTh HeOrpaMMYeHHO BO3pacTaeT NMpH n = o. B asrom cayvae
anropuTM HeyCTOAYMB MO BXONHLIM JAAHHBIM, a NOTOMY M BLIYMHCAHTENBHO Meyc-
TONUMB.
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CnpaeepampBocT pajH caefyeT 3aMeTHTb, 4TO anropnt™ (3.19) 6ma
NPH3RAH HAMM HEycTONYHBHIM B cnyyae |ap| 2 ¢ > | npu BhnonHennu
AByX YCHOBHHA, Ha KOTOPHX He ObIO HOCTATOYHO AKLEHTHPOBAHO BHMMA-
Hue. Ileppoe M3 HHX COCTOMT B MPEAMONONEHNM O HEOTPaHMYEHHON Apo-
JOMKHTEBHOCTH BRIYMCMTENIBHOrO Npolecca (7 » x), YTO HEBO3MOMKHO Ha
npakTHke. B neficTBMTENBHOCTN TAKON XapaKTep HEyCTORYMBOCTH FOBOPHT
O TEHACHUMHM K HEOTPAHHUYEHHOMY POCTY MOrpeuiHocTH MPH HeOrpaHHYeH-
Hom npojomkenny eoiumcnenufl. [pasga, ecnu ommbku pacryr oyeHn
6LICTPO, TO BHYMC/IGHHMA MOTYT AOBOJIBHO CKOPO 3ABEPIIMTLCA ABAPHHNHLIM
OCTaHOBOM MO nNepenonRennio. Bropoe ycnosHe Kacaercs Bm6GpanHON Meph
norpetnHoeTH. CoBced He 06A3aTeNbHO, YTOOH pocT abcomoTRONA morpew-
HROCTH Bcerfa OmA HenpHemieM B KOHKpeTHHX BwuMcAeHHsax. Ecan om
COMPOBOKASETCA CMALHLIM POCTOM TOYHOIO pelICHHA M NPU ITOM OTHOCH-
TeNbHaA MOTpellHOCTbL OCTAeTCA MAJNON, TO AJrOPMTM MOXHO NOpPHIHATH
OTHOCHTEAbHO ycToAuMBrM. [lo-Buaumomy, npu aHanMae BLYMenMTeNBHON
ycTORYNMBOCTH $0/iee ecTecTBEHHLIM SABJAETCA PACCMOTPeRME OTHOCHTeNb-
HbIX NMOrpemuocTelt.

Mpsawep 3.28. Tyt & dopuyne (3.19) see fp = 0 4 an # 0. Torna &y,) =
= A(yp) | = lanl B(sy ) |antn1| = &y,.,). Crenosaremsho, ¥y) =
= §y,) n npn mobbiX HaYeHUAX Gy # 0 AATOPUTM OTHOCHTEIBHO YCTOAYMB MO

BXOOHbLIM JaHHbDM.

§ 3.5. YyncTRETELHOCTS BUYHCAETEALELIX ANTOPATMOR
K Omu6KaM OKpYTACHEA

Bunonnenne pudncnernit Ha OBM compomoxpmaerca nosmnenuem
BLIYHCANTENHHONA MOrPEIHOCTH, CBA3AHHOR B NEpBYIO OYepeab ¢ HeoGxomu-
MOCTBIO OKPYIMIEHMA Ppe3yAbTATR KaxAod apudMernveckoll onepanmm.
Jaxke ecnn paspagunocts IBM Benuka, cylilecTByeT peanbRas OnacHOCTS,
YTO BHOWIReHHe GONBWIOTO YHCAA OMEpPBUHA TNPHBERET K RBKOMJAERHIO
NOrpeulHOCTH, ¢MnOCcOGHON AHAUUTENBHO WM [AKe MNOMHOCTLIO WCKA3UTH
BHuMcaseMuift peayasTar. OfRakO M npu HeGonbLUoOM umene paeitcTBui
Pe3YALTAT BLIYMCNEHHH MOXKET OKA3IATBCA COBEPIIEHHO HENPABHABHBIM,
€C/IM ANITOPUTM C/AHIIKOM YYBCTBHTENEH K OINGKaM OKPYT/ACHUA.

Haunnaiomuft BLIYMCIIMTENb YACTO CKIOHEH WMIHOPHPOBATH OLINGKH
okpyrnerusa. Ha nepBux nopax npM peieRMM npocTHX 3a4a4, B O0CO6enH-
HOCTH ©CNM HOBHYOK HE 3alyMHBAETCA O TOYHOCTH HalileHHHX peuleHuMit,
€ro mO3ULMIO HeTPYAHO MOHATh. OAHAKO pelueHHe cepbe3nnX 3anay (Kor-
Oa uucno apudMerndecknx onepauMil NpeBLIAST MHUAMMAPAM, B BLIYMC-
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JNIGHHA BKJIANHBAIOTCA 3HAYHTENbHBE CPENCTBA, B PEIYALTAT cleAyeT MOny-
YUTH ¢ FAPAHTUPOBAHHOA TOYHOCTHIO M 33 MPHHATHE Ha OCHOBARHMH pacye-
TOB pellleHUA MPUXOAUTCA HECTH OTBETCTBEHHOCTH) MPENNOMNAraeT COBCEM
HHOE OTHOMIEHME K BLIYMCANTENBEHON MOrpelHocTH.

1. Hopaaox sumoOMBeHEA onepammll. PeineHne MaTemaTHyecKOR 3aayM
Ha OBM cBoauTCA B KOHEYHOM MTOre K BHMOMHEHMIO NOC/ACAOBATE/ILHOCTH
mpocTeiminx apudMeTHUECKHX W JOrMyYecknx onepauui. Ogmako dacTo
OLHO M TO Xe MBTEMATHUECKOE BLIPANKEHME NOMYCKAeT PailiMuHbleé cnoco6nl
BRIYMCEHHA, OTAMYAIOIMECA TOABKO TOPAAKOM BHIOJAHEHMA ONepanmul.
Ecin BwuMcnenus mnpoM3BOAMTL TOYHO, TO OHM (mpu moboM cnocoGe
BHIUMC/eRHR) GYAyT NPHBOAMTL K OAHOMY pedynsTaty. OnHako peaynsTa-
TH BuMcneHnt Ha DBM yxe 3aBUCAT OT NOPAZKA BHINOAHEHUA omepauuf
M paliyyMe B BHYMCAMTENBHON MOTPEIIHOCTH MOXET GhlTh BEeCbMAB 3HAYH-
Te/bHBIM.

PaccMoTpuM npocTOt, HO MONE3HBIA MpHMep BH4YHMcaeAHMA Ha IBM

CcYMMBI SN = E a. l'lyc‘rh @i — MONOXKHTEAbBHBIE NPEACTABNMbIE HA BHYNC-
1?1

nuTensHoll MammpHe yncna. B kakoMm nopsfilke cneayer MX cyMMHPOBaTh
ANA TOFO, YTOGH CAENAaTh BHYMCANTEIbHYIO MOTPEUIROCTE MO BOIMOXHOCTH
MHHHMANIBHOMR?

Nycrs Sk = § @; — YaCTMYHAA cyMMa, a S; — ee npubankenHoe 3ua-
isl
yenue, puuncasemoe no ¢opuyne Sy = Sp. @ ai. Horpemnocts 3navenns

S§ CKNGILBAETCA M3 MOTPeWHOCTH 3HAYEHHA Sp. M MOTPEIMOCTH BHNON-
neuna onepauum Sp_, @ a;. Crnepoparensro, E(S;] = 5(5;..) + (Sp., +

+ ap)ey & A(Sp,) + Sicw. Tootomy A(Sy) % Saew + Swicu + .. +
+ SEu=((N-1)a + (N-1)az + (N=2)as + ... + 2ap51 + an )Ew.

Tak xKak MHOXKMTE&NB, ¢ KOTOPHM BXOAMT G; B (OPNYNY AAA OUEHKH
NOrpeuIHOCTH, YOLIBAET ¢ POCTOM §, B OGIIEM clydae OWMOKA OKaxkeTcs
HAHMEHBUIEN, 6CIM CYMMMpPOBATE YHCAR B MOPALKE BO3IPAcTAHNA MX 3HAYe-
HHRA, HAYMHAA ¢ HAUMEHBbUIEro.

Unorpa HeyaayHo BHGpaHBHIA MOPAROK onepaurit nu6Go MPMBOAUT K
MONHOR mOoTepe TOYHOCTH, ANGO BOOOLIE HE HaeT BO3MOXHOCTH NOMYYHTH
Pe3YIBTAT H3-38 MEePEeNOIHEHNA.

NMpuwep 329. MNycre Ha 3IBM tuna IBM PC  rtpefyerca puMMenuT
npon3deniene V= Gy % 4 % G % .. X G49 X 650, TAe & N 1025°% Eeam
NpoK3BOAMTE BBIMUCICHHA B ecTecTBeHHOM NOPALKE, TO ywe dg * & & 104 naer
aBapMAHWMA OCTaHOB NO nNepenoiHennio. Bolukchetime NpousBencHUa B 0OpaTHoM
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nopAAKe cpasy e NPMBOAMT K MCYE3HOBEHMIO MOPANKA, TAK KaK asg % G4 N
10049 < Xy. B pesynsrate a0 ® @49 = 0 M nociie BLMONHEHNA BCeX YMHOKeHHN
Gyner nomyveMo Hynepoe 3HAaYeHMe v B nanHoM cayvae BnofHe npMemnem
CNeRYOUMA NMOPANOK ONEPAUHA: V= ag X @50 X @ % @49 X ... X apy X Gy X 4z,
HCKTIOMAOWMNA BONGOKHOCTL NEPENOnHeHHA WK aHTHNePenomienH .

2. Karacrpodugecian noreps rounocrs. Hunoras Koporkaa mocnenoea-
TeNBHOCTD BHIYWUCAEHHA TPHBOAMUT OT MCXOAHHX JAAHHLIX, H3BECTHHX C
BHICOKOM TOMYHOCTBIO, K pe3Y/NbTATY, CONEPMKAIIEMY HEJONYCTUMO MAN0
peprux nudp nan poobule He HMeOwWEMy HM OAHoO# Bepuod ungpu. B
3TOM c1yuae, Kak 6mno ormeveno B § 3.2, npuuATo rOBOpHTL O KATACTPO-
¢HyeckoR noTepe TourocT. B npuMepe 3.29 Mu cTanKuBanMch © cHTYANM-
efi, KOrAR HeYNAYHHA NOPANOK BHYMC/IEHMSA NPOM3BEAEHMRA NpHBEN K
HEBEPHOMY HY/IGBOMY 3HAUEHMIO peayasTata. PaccMoTpum pApyrue npu-
MEpH.

Tipusep 3.30'. HamectHo, uto GyHKUMA eT Mower GbiTh NMpeacTasfeHa B BuAe
CXONALETOCA CTeNeHHOro pAna:

2 2 B8 I

er-kgo 1+:+2+3!+...+;-!-+... (3.20)
BosunoXHOCTL BhIMMcIeMHA 3HaveHns SKCMOHEHTH NPAMBIM CYMMHpPOBAHHEM pANA
(3.20) xaxerca npusnexatenbhoft. [lyctb AnA BbuMCneHUR Hcnonbayercs 6-pas-
panHan pecathyHaa OBM. Bosbwen z = -8.1 u 6yneN BLMMCAATL 3HAYEHMSA
YacTHYHEIX CYMM R0 TeX Nop, Noka noﬁmeune o4vepeHOrO CnaraeMoro elle MeHs-
€er aHaYeHMe CYMMH:

e8! » 1.00000 © 8.10000 @ 32.8050 © 88.5737 © 179.362 © 290.566 ©
© ... ©16.4111 © 7.81941 © ... = 0.000649915.

B cyuny souwno 36 cnaraeMbix v 3HadeHMe odepentoro (37-10) cnaraeworo okrasa-
JNock Yy¥e€ He B COCTOSIHHM M3MeHWTE pe3yibTarT. Moxno JIM cuMTaTh pesynbTar
ynoenersopurensippd? CpabBHenme ¢ MCTHHMBIM aHaweHuen €81 & (.000303539
NOKA3LIBALT, YTO HAANEHHO® 3HBYEHHe He COAEPHMT HU OfHOM BepHOA UHPHI.

B uem npuunua karacrpodpudeckodl norepr touHoctn? Heno B ToM, uTo BhIUMC-
NeHHbie cllaraeMbie pPAN3a HeM3BEKHO CONlepKaT NOTPEIHOCTH, MpHYeM AAA HeKoTo-
phix (AnA cnaraeMux ¢ 510 no 13-€) BeMUMHA NOTPellHOCTH NPeBOCXORMT 3Haye-
MMe caNoTo MexoMoro pedyfictara. Hammuo AsHb fedext anroputsa, Kk obeyxpne-
HHIO KOTOpOTo Mhl €llle BepHeMCcs B KOHLE 3Tore naparpada.

B naHHOM chyyae Nepexofl K BBIYHCNEHMAM C YABOEHHON JJIMHOM MaMTHC( 1
NO3BOIHT MONYMHMTL 3HaveHMe ed-! ¢ wectblo BepHbiMM 3HavautMMk uudpamy.

! Hpen npunepa 3aumcreoBana w3 [86].
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OnHako BoEro MWL YOBOGHHOe 3HadeHMe apryMedra r = —16.2 cHoBa BoaBpautaer
Hac Kk Toit xe npobnene. Mocrynun unave. Mcnoneaya paanoxkenme (3.20), sudnc-
nuu e8¢l & 1.00000 @ 8.1000 @ 32.8050 @ ... = 3204.47 u rorpa eB! = |fed:l &
& 0.000303539. Mpeanomennoe ManeHeHHe aNTOPUTMA TIOIBONMIO NMOAYYHTL WCKOMOE
aHa4YeHHe Ha Tof xe G-paapaAnHof necATMUHoM IBM, HO yme ¢ WeCTHIO BEPHBIMM
anavawkuk Ukdpamk.

JamerHN Tenw He MeHee, uTO peaNblble MalllHHMble ANTOPUTMBI BbILDAC/IEHUA eF
YCTpoeHH COBCEM HMave.

Ilpnsenem Temepb mpuMep, kOoraa k karacTpodpuueckoil moTepe TOYHO-
CTH NpHBOAMT e Goslee KOPOTKAA NOCASNOSATENLHOCTL BHIYHCICHMA.

Tpwep 3.31. Tlyets npn 7 = 1/490 Ha 6-paspantoR fecaruunon DBM sbiume-
AfeTcs 3HadeHHe HYHKUUH

¥ = cosr — cos2r. (3.21)

Sauemn,qronpn:NOBenmmuuq=cas:f=l—;—2ucz=cos2: M1-22

6nn3ku. Tak Kax BHYMCIeHHBe HX NPHOMHKEHHBIE 3HAYeHWA cl" H cz’ 6yayr

COMepXMATE OUIMOKY, TO BO3MOKHA Cepbe3Hass notepsa ToyHoctH. JleAcTeMTenbHo,
c; = 0.999998, c; = 0.999992 u y* = ¢/ - ¢; = 0.000006. Mpu BbiuKTaHHH

CTapiliHe pa3pAAbl OKAJANHCh NOTEPAHHBIMH U B Pe3yNbTATE OCTANACh TOJILKO OJIHA
3Havauwan uHdpa.
; sin ? nosponAer Habe-
KaThb BHIYHTAHUA GAMIKHMX WMCen M faer 3madeHMe y* = 0.624741-107% ¢ wecrnio
BePHBIMH L Hbpamu.

Hurepecto ormetuth, 4To ¥ # 1542, MpHyYeM KcnoML30BaHMe 3Toit NpUGITHXEH-
HoR (hopMYBI B NaHHOM cyvae naer 6 BepHBIX 3HawauwlMx uMdp, B TO BpeMA KaK
BEMMcIEHHA Mo dopuye (3.21) — TonkKo oRHY Bepuylo UMPY.

Briumcnenne no axsxBaneHTHON dopuynte y = 2sin

3ameyasnne He pceran karacTpopuueckana noTeps TOYHOCTH B
APOMEKYTOYHMX BHYMCICHUAX AEHCTBHTENLHO ABNAeTcA kaTtactpOdon.
Bce 38BHCUT OT TOrO, K3K B JanbHeRileM HCNOML3YeTCA PE3YNLTAT.

3. OGycnopnesHOCT: BMYBCARTENLEONO anropirua. [lo awanormu ¢
NOHATHEM OOYCNOBNIEHHOCTH MATEMATHYECKON 38JlauH MOXHO BBECTH NMOHA-
THe OGYC/IOBNEHHOCTH BHIYMCIMTENLHOTO ANTOPUTMS, OTPAXAIOWEe YyBCT-
BHTSJILHOCTL Pe3y/bTaTa paGoTH aNrOpHTMA K MalbiM, HO HENMIGEKHHM
omru6KaM okpyraenus. BuunmcamrenbHo ycTOMUMBEIA anropuMTM HA3LIBAIOT
zopowo o6YcacasenNbM, €CIM MaNble OTHOCMTENbHEE AOTPEMIHOCTH OKPYT~
nenns (XapakrTepuayeMble MWCAOM E,) NPUBOAAT K Manoll OTHOCHTeNLHON
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BHIYMC/AUTENBHON morpeminocTH §(y*) peayasTata y*, M n4ozo obycaooscn-
NbiA, €CTIN BRIYMCANTENIbHAA TOCPELIHOCTh MOXKET GHTh REAOMYCTHMO 6GONb-
wof.

Ecan 5(y*)} n €, cBasaum nepasencrbom (v} < vaty, TO wmMeno vy
ceAyeT HA3LIBATD ¥ucA0A oﬁyc.ma.leﬂnocmu OHNUCAUMEADNOLO QALOPUM LD
Jna nnoxo o6ycnOBNEHHOO aJIroOpHuT™E V4 > 1.

IIpu oyeHep GONLIIOM 3HAYEHHMM 4YHCAIA OOYCAOBACHROCTH AJNCOPHTM
MOXHO CYMTATh NPAKTHYECKH HEYCTONYNBLIM!.

IipumMeHuM, HanpMMep, ANrOpHTM, MEPBOMAYA/NBLHO MPEANOKEHHHN B
npumepe 3.26, AnA BHYHCAEHHA KOREYHON cepuu ua N uuterpanos Iy, l,
.y In. Torma kodpPUUMEHT pocTa OWIMGKU V4 OKAMETCA KOMEHHMIM.
HueMy cnosamm, npH BRYMCICHUH KOHEYHON cepHM MHTETPAOB anropMTM
¢opuanbio oka3wBaeTcA ycroitunpbiM. TeM He memee yxe npu He OuvesHb
GonblIMxX 3nadeHnAX N OH HACTONBKO MJI0OXO OGYCNOBJIEH, YTO B MpakTHYe-
CKOM MJIaHe MOXET CYMTATbCA HEYCTONUMBLIM.

JAs pewleRua Xopoiuo obyc/IOB/ICHHON 38[a4H HET CMHCAA NPUMEHATDH
naoxo oGycioBneHHuRt anropnT. HuenHo TakuMM ABNAITCA anrOpUTMH,
MEepBOHAYAIBHO MpeAokenHne B npumepax 3.26 n 3.30.

Bephemca k npumepy 3.30. 3ansua BuuMcnenus ¢ynxumm e? xopouo
o6ycnosneua (cu. npumep 3.10). Moxuo nn 6wno mpemBuMAeTs KaTacTpo-
$HuUeCKYI0 NOTEpPI0 TOYHOCTH MPH BHYMCICHMM 3IHAYEHMA e8! mpAMBINM
cymmuposatiyen pasa (3.20)?

Pacemorpum 3agauy cyMMMpOBAHWA pAAA kS Qp CO CABTAEMHMH @} =
20

=

=4 Kaxpoe n3 31X c1araeMbix BHIYMCAACTCA ¢ OTHOCHTEABHOM OWIMG-
ko#t 8ag) > €y Mpn r < 0 ¢opuyna (3.10) ¢ yserom pasnoxenns (3.20)

-~ k -
RaeT 3uavenne v; = ’Eo :! / tkgo :,: [ = ezlzl. poer mMoayns z (AnA

< () NDpUBOAMT K PE3KOMY YXYAIIEHHIO OGYCNOBJIEHHOCTH BHIYMCJIEHMI.
Ans z = -8.1, kak B npuuepe 3.30, nmeenm yv; = el6.2 o 107. IoaroMy

HEYAMBMTE/bHA MONHAN MOTEPA TOYHOCTH MPH BHIUMCIEHMAX Ha 6-pa3pan-
Holt AecAarHunHo# DBM.

PaccMoTpuM Teneph 0GYCNOBNEHHOCTD BNIMOPHTMA NPAMOTO BHIYUCIEHNA
no gopmyne (3.21). Ecan seamumna z ne cammkon mana (232 > €y), 10

3Havenua ¢~ 1 - ;—2 M ¢y 81— 212 6YAYT cONEPHKATL OWIMGKH NOPARKA

I “HOP.II& TakMe oxo nﬁyc.nomnue ANTOPHTNE HA3LIBAWT YMCNEeHHO Heyc-
TORUMBRIMH.
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€. Mooromy A(y*) ~ 2, Yuutmsas, yto y 5 1572, nafineM OueMKy rpa-

HHObI OTHOCHTETBHON NMOTPCIIHOCTH 3(3;‘] ~ €. Yucao o6ycnopreHHOCTH
v ~ =2 pacter ¢ ymeustienuem |z|. B cayvae, korma 222 < ey, B pesynsTa-

Te BHIMMCTEHMR GyAYT NOMyHeHH 3navemna cf = 1, cy =1l u y* = ¢! -

~¢; = 0. 3nece §(y*) = |y - y°|/lyl = 1 n nponcxoant nonnas norepsa

TOYHOCTH.

Ecnin anropHTM, MpeAHa3HAYEHHEI ANA pelennsa XOopoluo o6ycnopien-
HOR 3afa4yM, OKA3ANCA MIOXO OGYCNOBNEHHBbIM, TO €r0 CAeAyeT MPU3IHATH
HEYAOMIETEOPHTENIBHHM H MOMBITATHCA MOCTPOMTh GONEe KAaYeCTBEHHMMA
anroputd. B mpuuepax 3.30 n 3.31 310 ymanoce caenats cpashMTeNsHO
JIeTKO.

OpHaKoO ANA RAOXO OOGYCNOBNEHHLIX 3afiay ACAO 0GCTOMT MuHave. Knou
K MOHMMAHMIO [igeT cleAylouiee Bhickadmsanme [67): "Ecnm 3apava nnoxo
06ycnoBlleHa, TO HMKAKHE YCILIMA, MOTPaYeHHBe Ha OPraHM3aUMI0 H3OMI-
PeHHBIX BHIYMCIEHHA, HE MOTYT QATb NPABUABHBIX OTBETOB, MHCKJIIOYAA
cnyyaitrocTi" 3peck TpeGyeTca cepbe3HOe NepeoCMBCIeHHe NOCTAHOBKM
BHIYMCAMTENLHOM 38034,

§ 3.6. Pasnmuume noaxoas K anannay omuGoK

1. [pamoit apanua ommGok. O6mun 3¢dext BIUAHRMA OWHEOK OGBIYHO
YYHTHIBAIOT cneAyiomms o6pazoM. Uayualor soasefcteme ommnGoOK BXOId-
HBIX JIBHHHX, METO3 M OKPYI/IEHMH Ha NONYYAEMbI pe3yJbTAT y‘ M NBHTA-
IOTCA OLUEHMTL HEKOTOPYIO Mepy GAu30CTH ¥° K HMCTHHHOMY PpeIIEHHMIO .
Takoit MeTo; MCCAeNOBAHHA HAIWBARIOT RPIuUNAL anaiuzon owubox B
GOonbIUIMHCTEE CTYYaes B JAHHOW KHUre Mbl 6yieM clefoBaTh ITOMY TPAdM-
puounomy nyth. Bo muorsx (MO Hanexo He BO BCEX) c/Iy4amRX OUEHKH
AOTpEeIIHOCTH YAACTCA NONYUHTH; OAHAKO NOBOABHO YaCTO OHH OKA3HWBAIOT-
€A CHABLHO 3ABHIIIEHHEIMM M MPHBONAT K HEOMPAaBHaHHOMY NecCHMM3MY B
OIleHKEe KAYeCcTBA MPHGAMAEHHOTO petenna. Peannuan pennuuna morpewd-
HOCTH ¥ = ¥* 4acTO 3MAYITENBHO MeMblle, YeM ee OlUEHKa, paccyMTaHHas
Ha caMbil HeGNaronpHMATHHIR cNY4Yall M BbIBEJEHHAA ¢ NMOMOUILIO MPAMOTO
ananuaa. OcoGeHHO TPYAHKM ABNACTCA NPAMON AHATU3 BRYMCIMTEILHON
MOrpeilHOCTH.

2. OGparamii ananu3 omuGok. B nocnesnee BpeMs nonyuun mmpokoe
pPAcOpOtTpaHeHHE APYTOR NOAXON K OUEHKe BAHAHUA oulnbok. Orasnipaer-
€, YTO NOBONBHO YacTO NPHOGJAUMEHHOEC pellelne y' MOKHO TPAKTOBATHL
KaK TOYHOE pellieHMe TOW ke 3afayu, HO OTBEYAlOLIee BO3MYIUEHHHIM UC-
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xoauuM ganusiM z°*. Olelka BeNMYNHE TAKOTO 3KBHBANGHTHOTO BOIMYINE-
HHMA H ABIAETCA UeAbI0 ofpamuoto axaiuaa omubox.

B ApPHEAAOHBIX Jajavyax BXOJHBHE AAHHBLIC, KAK NpaBua0, COACPXAT
norpewnoctd. OGpaTHLI aHANM3 NOKA3MBAST, YTO OWIMOKH, BHECEHHLIE B
peterne B IIPOLECCe €r0 BHIYMCTEHUA, OKA3bLIBAIOTCA PaBHOCHASHBLIMM
HEKOTOpbLIM AOUOMHHTENbLHLIM OLWKOKAM, BHECEHHBIN BO BXOAHMLIC MAHHKE.
Conocrannenne BeMMUMHLI IKBUBANICHTHOrO BO3MYLISHHA M YPOBHA OMNGOK
BXOAHLIX [BHHHIX MO3BOJIAET CYAMTE O KadyecTse Hankeuuoro pemenus. Ha
puc. 3.5 npeacrasieHs rpadHyeckas MAMOCTPALMA OOGPATHOTO aHANH3IE
omnbok. 3aece JaHuoe z° TAKOBO, YTO PpeWEHHEM  3aJBYM,
COOTBETCTBYIOWMN £°, ABNAETCA ¥ ' — PEe3YALTAT NPHOINKEHHOTO PeleHHs
3aaaYM ¢ BxONHuMM fanHed 2. Ha pucynke aawmrpuxosana obiacms
neonpedesennocnu BXOZHONO JAHHOTO; B Apesenax 3Toll obnacTh BXOAHLIE
JaHHREe JAA PpPeWRIoero 3aAavy HepaianyuMel. B npeacrasnennom
cnydae r°* OKa34N0Ch BHYTPH ITOR OGMACTH, NOITOMY Pe3yAsTAT y* cnepyer
NPU3HATH BMONHE NPHEMIEMBIM.

Odageens weanpedensnnocm, Odnracrms weenpedesennotmu
Srxodiese Jaiwoeo “ Dol eyua

Puc 3.5

Kamanit 3 YKAa3aMHBLIX ABYX MOAXONOB K OlieHKe MOrpelROCTH MMeer
CBOM JOCTOMHCTBA H MOME3HLIM ABMACTCA PadyMHOe UX codeTaHMe.

Mpssep 3.32. Mycrs Ha 6-paapsanton necatusHon OBM BHuMcasiercs Kopeb
YPaBHeHH A

£~ 1252 + 62.553 - 156.2522 + 195.3125r — 97.65625 = 0.

Mpu seone 8 IBM nocnentue npa KoadpduuMeHTa GYRYT OKpyT/eHBl DO WECTH
3HavawMx uudp M ypasHeHHe NpHMer BUQ

Pz) = 5 — 1250 + 6255 - 156.252 + 195.313r - 97.6563 = 0.  (3.22)

JlonycTrM, 4T0 HEKOTOPBIA ANMOPHMTM, NMPMMEHEHHBI K 3TOMY YPSBHEHHIO, pan
aHavenMe npubaHxenHoro peutenna r* = 2.6. Cneays norMke npsAMOTO 2HANH3A
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ollH6oK, WTOGLI OLUEHHTL KavecTBO MNOMY4eHHoro NpHODOKEHMA Hywio 6btno 6bi

33/aThCA BOMPOCOM: HACKONBKO OTIMYBETCA T° OT HCTHHHOMO PelleMA £ ypaBHe-
uua (3.22)? Mu nocryrmu unave. [loacramnas z* B neByro wacth ypaBuenna
(3.22), nonyuus amavennme P*(z*) = 0.00126. 3amerun Tteneps, uro r* = 2.6
ABNAETCA TOYHLIM pellleHiieN YpaBHeHuN

£ =125 + 62.52° - 156.2522 + 195.3125z7 - 97.65626 = 0,
N — 1254 + 62528 — 156.2522 + 195.312527 — 97.656312 = 0,

KoTopble NMocie OKPYMeHNA koddwpHUtMeHTOB coBnajalorT ¢ ypaBHeuneM (3.22) m
CTAHOBATCA MEOTIAMUHMLL OT HCXOAHOTO ypaBuenuA. Halfennoe pewrenMe cnepyer
NPU3HATE NPePOCXOOHLIM ¢ TOMKK 3peHns “¢dunocopun” o6paTHoro aMamuaa ouu-
60K, TAK KaK OHO ABAfAeTcA TOYHLIM pellleHMeM 3aNBYM, JeKaued B npemenax
obnacru HeonpenenenHoctk sanayu (3.22). PaccunteBare Ha To, 4To NoOCNe 3anucH
ypaexehua B Buae (3.22) ynacrca NOAYYHTH NyvilHIl OTBET, NPOCTO 6CCMBICNEHHO,
Koheuho, 210 HemMoro obuamo, 0CoGEHHO €C/IM yHecTb, 4TO MCXOAHOe YPaBHeHUe B
ReACTBHTENLHOCTH €CThb Pa3BEPHYTaA 3aNuch ypaskenust (z — 25) = 0 u ucrun-
HLDM aHAYeHHEM KopHA ABaserca r = 2.5.

Ilpencrapanerca, 9T0 3HAYEHME OGPATHOrC 8HANM3A OIIKMGOK HEROCTa-
TOYHO OCO3HAHHMO, B OCOGEHHOCTH cpeny HempodeccHMORANLHAX BhIYHCIHTe~
neit. JT0T MOAXOH MOKAIWBACT HA BO3MOHOCTH MHOTO B3rNIAKA HA OUERKY
KA4YecTBa NPHOJIHKEHHOrO pelieHHA, B, 3HRYMT, H HA KAUECTBO MHOTHX
BLIYMCAMTENBHREIX anropuTMoB. C/IOKMBWIHICA ¢TEDEOTHA 3acTABAAET
MCKATh NpUGAHXKEHNNHOe pellieHMe ¥ MABTEMATHYeCKOH 3aZavy, Mano OTAu-
yaiomeecs OT € MCTHHROrO pewenus y. Opnako Ana GONLUIMHCTBAE MPAK~
THYECKHX 38/1a4 B CHJAY HEONPeNe/MEeHHOCTH B MOCTAHOBKE M BXONHBIX JAH-
HBIX B AACTBUTENBHOCTH CYIIECTBYET M OGJNBCTL HOOMPERENEHAOCTH pelle-
Ana (em. puc. 3.5). Mockoabky 2Ta OGNACTL HEM3BECTHA, OLCHHTL CTENEHD
GAU30CTH BHIYHCIIEHHOrO pelleRHA ¥°* k Hell ouens TpyaHno. lopasno mpo-
we, 6HTL MOMET, OOMyYNTh OTBET HA AHANOMYHLIA BONPOC ANMA BXOAHOrO
AamHOrO £*, coorercTByOWwero pemwennio y*. [oaTomy mMomHO ¢PopMynn-
pOBaTh Leb BHYNCACAMA M Tak: "HaATH TOYHOe peeHMe J8IAYH, KOTO-
pad MaJ0 OTAMYAETCA OT NOCTABAEHHOR 3amayn" Maum Xe rTak: "uaftru
peluerne 3afAYH ¢ BXOAHLM JARHbIM Z*, HAXOAAMMMCEA B npeaenax o6aac-
TH HEONPOACNCHHOCTH 3aAAHHOTO BXOAHOIC RaHHOrO 1".

Mipsueep 3.33. Mycts ana sapaun Kowmum
v ~{v=a(z, y(1) =2 (3.m)

roe af{z) = 2.6 + 0.0le’*, HaAneHo npubmoxennoe peenne y = 272, Kak ouennts
€ro Kayecrso?
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Yenosue y (1) = 2, ovesuamo, sunonweto. fogcrasnaa y (1) B nepyro users
ypaBHeHMS, yGexpaeMcs, uro ¥ (r) yRosnersopser ypasHennio (3.23) ¢ koaddpuun-

eHToM a' = 4 — ﬁ ~ 2.586 puecro a. O6paThn BHMMaNMe Ha To, YTO "McTHMHOE"
3HaveHHe ag wodpdKlMeHTa O HAM B NEACTBHTENILHOCTH HeH3BecTHO M & (I) —
MU HexoTopoe ero npuGakxenwe. Yncnopoit napamerp 2.6 B nyvulem chlydae
NOMy4YeH OKpyT/ieHMeM "MCTHHHOIO" 3navenHs, H, CMefOBATEABHO, & MoXet OTIIM-
vatheAd of ag M Ha 0.05, Tak kak |a® — a| € 0.03, To B cuny ecrecrmenon
Heonpefle/IeHHOCTH B NOCTaHOBKe 3alauu GYHKUMA y = 222 ¢ noaMuMk obpaTHoro
aHANW33 OUIMGOK MONET CUMTATHLA TAKMM e PABHONPaBHED: pellleVMen NOCTaBReH-
HOM 3ajlavW, KAaK M HalleHHOe CKOJMb YTOMHO TOWHO peitteHWe 3ama4H (3.23). Bo
BCAKOM CyMae Tenepb QIS TOro, YTobbl OTKASATECH OT MAAAEHHOTO NPHOIUAKEHHOTO
peLreMH s, HYXHB NOBONBHO BECKHE apryMeHThi.

TlonuyepkReM, YTO B OCHOBE METOAOB pelIEHHA HEKOPPEKTHLIX M MJAOXO
OGYCcNIOBNIEHHEIX 3AM18Y TAKXE JNeXMT CYLIECTBEHHOE MEePeOCMbICIeRHe NoC-
TAHOBOK BHIYHCJIMTEJIBLHHX 3314Y.

3. CratecrameckER amanu3 ommGOK. Jlake ANA APOCTHIX anrOpHTMOB
CTPOrMil aHANM3 BAMAHHA OIWMGOK OKPYr/ieHHA odenb caoxken. Ilpn Gone-
UIOM YHce BLITONHAEMEX OnepalUil rapaRHTHPOBAHHLIE OLEHKH MOCPeWHO-
CTH, paccYMTAHHHE HA caMblil HeOAArONPHATHHI cayuyaifl, KaK MPABHAO,
GHBAIOT CUABAO IABKIUIEHHEIMM.

MOXHO HAfIeATBCA HA TO, 9TO MOABIAIOUIMECA B PEAIbHOM BHITHCIANM-
TeJIbHOM Mpouecce OUIMGKH OKPYCJICHHA ciyqailHn M MX BIAHMHOE BIMA-
HHe NPMBOAHMT K ONpefeNneHHOR KOMMEHCAUWH Pe3yAbTHPYIOMER owHGKH.
CraTHCTHYECKMIA aHANKM3 OWIMGOK, MCXOAAmMMIt M3 mpexnonoxeHns o6 ux
CAy4aHOCTH, HBAPABJIEH Ha HCCAER0BAHHE HE MAKCHMANBHO BO3MOXKHHX, 8
nanbonee pepoOATHHIX OLMOGOK.

JIna cpaBHeHMA MOKaKeM OTNIHUME B pe3YLTATAX HB MpPHMEpe 3aIadH

N
BRIYMCACHMA CYMME Sy = kZ @) GOMBUIOrO YMCIA MONOKHMTEAbHLIX CNAra-
=]

emuix. [apaRTHpPOBAHHAA OLEHKa MOT'PEIIHOCTY AaeT 3HAYEHHE OTHOCHTeNb-
go#t morpewnoctu §(Sy), pacrymee mponopumonansio N. B 10 xe Bpems

CTATHCTHYECKHII BHANU3 MOKAILIBAET, YTO OCAM OWMGKH OKPYrAeHHA ABNA-
I0TCA CAYYBAHBIMM € HYNEBHIM CpefHMM 3HauerMeM, TO §(Sy) pacrer mpo-

nopumonansuo | N, T.e. ropasno mennennee. K coxanenmio, va rex OBM,
rae OKpyrieHue NpOM3BOAMTCA YCOUEHMEM, NOCMEAHEee MPeANONOKEeHHe He
BHIMOJINEHO, TAK KaK OIMOKN OKpYrJieHMs CMeilleHh B OAHY C¢TOpOHY M
MO2TOMY MMEIOT HeHY/eBoe cpelHee 3HaueHne. 3xech §(Sy) pacrer onats

nponopuMonanbio N,
4. Hexoropnie MECTPOrme cHOCOGH aBanu3a. PacnpocTpaHEHHHM METO-
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[OM OUESHKH BIAMAHMA BRIYMCAHTENLHON MOrpeUIHOCTH ABIAETCA PACYET ¢
06HYMOll M YABOEHMOR TOYHOCTHIO. EcaM peaynpTaTh JBYX BHIYHCACHMA
NOAYYAIOTCA CYWECTBEHHO PA3AIHYHBIMM, 3T0 ABIAETCA CBHACTENILCTBOM
nAOXoR OGYCAOBNEHHOCTH anropuTMa. B TO e BpeMAa ecTh HAZEKIAA HA TO,
YTO COBNSAAIIMNE B OTBETAX UM(PH BEpPHH.

IIpnnepHO TAKHE Xe CYMOAEHHA O GYBCTBMTENLHOCTH PelleAns K omub-
KaM OKpYrfMeHMA MOXHO CHENATh, €CIH MPOBECTH BLHIUMCIEHMA Ha ABYX
PAVIMYHLIX BHYMCAMTEALHHX MAUIHHAX MM HEAOAL3OBATH padIHuHbe
KOMMMAATOpH. PazymeeTcd, TaKoe MccnefoBaHME HMEET CMBCA 0pPOBECTH
HA OZHOM-IBYX THOMYRHLX ApHMEpax A0 HaYajla MACCOBHX OOHOTHAHBIX
pac4eros.

Bauanane owMG0K BO BXOAHLIX MAQNIKX HA PO3YALTAT BLIMICTeHME
MOXHO YBMEThb, €C/IM peliNTh 38/Ia4y HECKOMABKO Ppal, H3MeRAA cryyaf-
HBIM 06p&3OM BXOOHLIC OAHHEIE B npeaenax owmbku ux 3aganua. Ipoae-
AP TaKOM 3JKCOEPUMEHT HECKOVIBKO pa3, MOXHO rpy00 OneHMTh moTrpell-
HOCTh pPElIeHHMA, BLI3BAHRAYIO AOTPEUIROCTAMM BXOAHLIX fAHHBIX.

§ 3.7. TpeSonanusn, UPEALARAACMELIO

K BHIHCANTOARAEIM ANTOPHETMAM

B § 3.4 u 3.5 601n chopMynnpoBaHn fiBa BAXKHEAUMX TPeGOBAHMA —
KOPPEKTHOCTL M Xopouas o6ycnoBneHsocTs. IIOMMMO HHX K SATrOpUTMAM
NpeNbLABIAETCA elle NeNblil PAM CYUeCTBEeNHLX TPeGOBaHM(.

1. TpeGosanaa K aScTpaxTEHM aaropmETMaM. K uncny atux tpeGopanuh
OTHOCATCA: 1) SHOHOMMYHOCTH, 2) HAjIeKAlAs TOYMOCTh; 3) IKOMOMMA
naMAaTya; 4) npocToTa.

IxonomuvNoOCMY BITOPUTMA M3MEPAETCA YMCIIOM NEMEHTAPHHKX Onepa-
UM, HeOOXOANMEIX ANA €r0 Peasin3aluM, H B KOHEUHOM HTOTE ¢BOBMTCA K
3aTpaTaM MAUIMHHOIO BpeMeHH. OJT0 TpeGopaHHe GOPMYAMPYIOT HMHOCAA
KAK TPEe6OBAHME MAKCHMANLHON GHCTPOTH MCAOAHERMA ANrOPHUTMB. JKO-
HOMMYMOCTB OCOGEHHO BaxHa NpPH MACCOBHX pacderaX. EcrecTsenno, uro
ApH CO3ABHUM BIANOPUTMOB GOALLIGE BHUMAHME YAENAIOT MMUHHMH3AUUM
yuesns onepsunn. JInA HEKOTOpHIX 3amay pa3paAGOTAHLI ANTOPHUTMH, TPely-
OImKHe MUHUMANbHO BO3MOXKHOrO uMcaa onepaumii. IlpuMep Takoro anro-
putMa — cxema Copuepa (cu. mpumep 3.19). OTveTnn, YTO pAR MATEMARTH-
YeCKHX SJTOPHTMOB, CO3JAHALX B AOMBIIMAHLIA NEpHOX, OKA3ancA yAHBH-
TenbHO HedxonommuumM. IlpuBepem wiaccHueckuil NpuMep TAaKoro anro-
PUMTMA.

Mpusep 334 (npasuno Kpawepal) Jlasa pewenus cucremu nuHeR-

I Fa6pyans Kpamep {1704 — 1752) — wpefinapckuil MaTeMaTHK.
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HBIX anrebpauyveckux ypaBHeHHA Az = b nopaaka m no npaeruny Kpasepa npenna-
raercs BLIMMC/ATE KOMNOHENTEI BEKTOPA T KaK OTHOWEHMA CNEMANBHBIM OGPAIOM
NOCTPOEHNHEIX onpenenutenedt: 7, = AJA, 1 = 1, 2, ..., m Ecax suiyncasts onpe-
RenutTelb HENOCPEACTBEMHO MO el onpeflefieHHIo, TO HYXHO BbMoAHMTE (m — 1)m !
yuHoxeHut ¥ m! cioxenuft. lyere ana BBMHCAEHHMA Henonssyercs IBM ¢
npouasoanTenbHocTeio 106 yMHOXEHMA B CeKYHAY M pellaeTcA CHCTEMA € YHEIOM
HEM3IBECTHBIX M = 15, BeCcbNa CKPOMHEIM InA npuaoxeduit. Torpa shIYMcieHHe
TONbXO OJHOrO ofpefenutens notpebyer 14:-15! & 1.8-1013 yuuoxenun, & peayne-
TaTe vel0 Ha BhiYMCMeHWe pellleMa yAfer oxono () ner HenpepuEHOR paboThi
OBM. Bumecre ¢ TeM AnA pelleHns Tofl xe cucTeMml Ma ToR xe OBM wmeronom
laycca (em. ra. 5) norpebyercs npumepno 0.002 ¢. EcrectBenno, ¥To kax BeiYMcnu-
TEABLHBIA ANropHTM Npasuno Kpaxepa cnenyer 2abpakoBathb.

Haxe AnNA caMBIX MPOCTHX 38fayY BHOGOP 3KOMOMMYHOIO ANMOPHTMA
MOXET AATH CYMIECTBEHHOE YMEHbIUEHHE YMCIa OnepauHi.

Nposep 3.35. Mycts tpefyercA BLIMHCANTL I, TAe R — HaTypadbhoe 4HTIO.
Boryucnenre 210t PNHYMHE NOCTEROBATEIBHLDd YMHOXEHMEM Ha I mpeirnonaraer
BhiNOAHeHHe n — | onepaumi ymHoxennA. Herpynuo ybemutbeAa B TOM, YTO 9TOT
cnocob He caMbit IKOHOMMYHEI. Hanpumep, 254 noxHO HalTH, BhLINOMHUB He 63, a
Beero G onepauMil YNHOMEHWA, €C/M NoCNefoBaTe/bHLIM BO3BeleHWeN B KBAApat
BEIMMCTMTL 22, 14, 18, A6, 82 s64

B ofiieM cnyvae NpelcTaBUM R B BuAe paanomeHnsa (2.25) no crenewsn npoit-
ki (MMeHHO Tak yMcno . xpanurca B namary IBM). Torns

m= (2L (LI, ()% . 2 (3.24)

3ameruM, 4to B npouzpeneHnn (3.24) crenyer YYMTHIBATE NPH BLIYHCTIEHHHM TONBLKO
Te COMHOXHTENM, AAA Kotophix a; # 0 (r.e. a; = 1). ANropuTM, OCHOBAHMBIA Ha
paanoxetnyu (3.24), HashiBaereA Guxapusa aatopumason OH Nospolisier Haith It
He 6anee yew 2a Zlogon onepalml yMHOKEHHA.

Tpe6obaune moxrocmu O03RAYALT, YTO BLIYHCAHTEN LHEL anropuT™
JOMKEH AAPATH pellieHMe 3afAYH ¢ 3aIAHHOA MAM NpHeMneMoit ANA 3ana-
YH TOUHOCTBIO E.

BaxhuM asnsercA TpeGopaHME xonouvu nausmu. XOTA B mocaeaHee
BpeMA ROCTynHAA naMATh IBM cymecTpenro pacuippunack, ans "6Gons-
mux" 3aaay TpeGopaHMe FKOMOMMH MAMATH MOXKET B PAfe cNy4aes cTaThb
ocnoBruiM. HuTepec K 3KOHOMHOMY pa3MelieHMi0 HuOpMAUMH B MaMATH
BO3PACTAET B CBA3M ¢ 6O/Mee WINPOKMM HCNOALIOBAHMEM MEPCOHANBABLIX
OBM ana pelieHnA HAYYHO-TEXHMYECKMX M HHKEHEPHHIX 3a1AY.

YumTuipad Heo6XoAuMOcTh JanecHefiiell nporpaMMHOH peanu3auuu
aNrOpUTMa, MNORYEPKHEM, YTO RPOCMOME GQA0PUMMGE TaKNKe ABAAETCA
BECHMA MEeJATeNILMLIM €r0 ¢BOACTBOM.
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2. Tpe6opaAuA K NpOIpAMMAEIM peanu3ammaM aaropaTuos. K Racto-
AweMy BpeMeH# BrIpaboTan pAx TpeGOBaHMiAl K NPOTPaMMAM, Peanuay-
IOIIHM BLIYHCTHTENbHbIE SJTMOPHTME H MpefHA3AaYeHRbIM ANA ANNTENbHO-
ro ¥ 1WMpoKora ucnoibv3losanud. [lepeunennn uexoropwe na umx: 1) Ha-
A&KHOCTD; 2) pacoTocnocoSROCT (POGRCTHOCTS); 3) MepeHOCHMOCTE (MOpTa-
fenbROcTs); 4) MOAMEPXMBAEMOCTb; 5) APOCTOTA B MCMONLIOBAHMM M Ap
PaccMoTpHu 3TH TpeGoBaHuA 6onee MOoApPoBHO.

Hadexnocms nporpaMubl O3HAYAET, YTO OHB HE CONEPKHMT OMIMGOK M
BHIYMCAACT MMEHHO TOT Pe3YNbTAT, ANA KOTOPOrO OHA MNpeIHA3HAYEHa.
Pabomocnocobrocme (pobacmuocms) BrAOYAET B ceOA HANEXROCTD ¥
ApeiNonaraeT, YT0 NPOrpaMMB CHOCOGHA BLIABIATL HEJOMYCTHUMEIE MCXOM-
Hble JAHHRLIE, OGHAPYXMBATh PA3NMYHLIE KPHTHUECKHe NANA JaflauH HIN
aNropuTMa cUTYaUMK. Po6acTHAA mporpaMMa pearHpyeT Ha TaKne CUTY-
UMM NPHEMNEMBIM AR noab30oBaTenA obpaszom. Ona cOCTaB/eRB TaK,
91068 MCKAKYHTL KAKHe-NNGO ABAPHANLIE OCTAHOBH, B TOM 4YHCAE MO
NEPENnOIHENNIO, H3-3a AENECHMA HA HYAb, HEYAAYHAON MOMBITKH MPHMEAHTH
OflepanMIo MIBRNCUYEHMA KBRAPATHOTO KOPHA WM BaATHA norapudgma or
OTPHNATENBHOTO YHCJIA.

AnroputM MoxeT "notepneTe Heynsuy" npM pellleRMH 381849Y, eC/H
3afaHHOE BXOHOE AAHHOE He ABAAETCA ANA Hero AonyctuMuniM. KoHeuno,
B MPOCTHX CHTYAIMAX MOJb3OBBTENb ADKEH C3M Pa3/iM4yaTe AOMYCTHMbIC
ANA a/firOpHTMa BXOOHEIE AaHHEe OT KejonyerumhwX. QnHAKO vaule BCero
COENATh 3TO [0 BHYWUCIECHMA O4YeHB TPYAHO MAH HEBO3MOXHO, M B ApO-
rpaMme Jo/XeH GuITh NPedyCMOTPEeH BHAJNU3 J3HHBIX W cOOGIIeRNe MONb3IO-
BaTeAI0 O HEJOMycTHMMbLIX MJH COMHMTENbHuX AauHuX. Heobxomammo nek-
JIIOYUTL CHTYALMIO, XBPAKTEPHYIO ANA HeKavecTBeHHLIX MPOTPaMM, KOTAA
peakuuefl HA 3afaHMEe AAHHHX, MPH KOTOPLIX AJITOPHTM HE MOXET nO
O6BeKTHBHLIM TPHYHHAM HalATH pelllenye 3aAa4H, ABNAETCA apapMitHbif
OCTAHOB MJIH € BHJAAYA BHEMIHEe BMOJINe MPABJOMOAOGHOrO, HO cOBEpllen-
HO GeccMbIC/IEHHOTO Pe3ynbTATA.

Mepenocumocms (nopmabeasxocms) O3IRAYAET, YTO MPOLPAMMA MOKET
pabotath Ha pasanuumx JBM Gesz mameneHMA HaM ¢ He3HAUMTENBHBIMM
niMeneENAMH. BeAkan xapakrepucruka OBM, ucnoasayenas B nporpamme
(RanpumMep, 3HaYeHWEe MAUIHRHOTO MCHAOH €,,), AO/KHA HAH BLIYHCAATLCA
caMOofl MpOrpaMMoll, HnKM 3a0aBATLCA NOALIOBATENEM.

lloddepxuaacuocms 03HAYRET MpexJe Beerod TpeGOBAHME JETKOCTH
mogndukaumn. Jlna Toro YTo6H Gbiia BO3MOXKHOCTL BHECEHHMA B MpOrpaM-
MYy H3MeHEeHM#l ¢ MHAMMANLKON BEPOATHOCTBIO NOABACHMA OmHGOK, OHA
BOMkHA GLITH COCTARNEHA MAKCHMANLHO sAcHO U noruyHo. Iloneano BROCHTL
B TEKCT NMpPOrpaMMul coAepXKaTe/ibHuie KoMueHTapuu. Pa3oGpatecA B nnoxo
COCTABJNICHAON NPOTpaMMe MOXKeT OKA3ATbCA TPYAHEe, YeM tO3[aTh HOBYIO.
llopnepkupaemMas nporpaMMa AO/MKHA OHTL XOPOWIO AOKYMEGRTMPOBAHA.
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Mnoxoe onMcaHMe NMpOrpaMMul B AyulleM clyyae cnocoSHO BHABATE K Hei
HefOBEpHE, 8 B XyALIEM — MOXET He MO3BOJNHTL MOJIbL3OBATE/I0 NMPaBHALHO
ee akcnnyaTHposaTs. K coxkanenHio, Hepeika ¢HTyaunsa, KOTAa NpeAHa3Ha-
4eHHaA [JIA UIMPOKOrO MCMONbIOBAHMSA MPOrPAMMA HACTONBKO MJAOXO JOKY-
MEHRTUPOBAHS, YTO MOJIb3OBATEN: MPeANOYHTAST MOTPATHTL BPENMA HA Hamk-
CaHHME AHANOCHYHOA NpOrpaMubl (BO3MOXHO, rOpa3fio XyALIEro KadyecTsa)
6o BoOOILE OTKA3ATLECA OT pellleRMA 3alayy.

IIpocmoma e ucnoassosanuu npoipausiti — BECbMA JKenaTellbHoe, HO
TPYAHO HOCTIOKHUMOE CBOMCTBO. 3a4acTyl0 NOGUTLCA APOCTOTH B MEMONBLIO-
BAHMM MOXHO TOJIBKO XEPTBY HANEKHOCTHIO MAM IKOHOMMYHOCTbIO. Cy-
IECTBYET PAA WMPOKO HCAONB3YEMHX MNpPOrpaMM, KOTOpHE, B MEPBYI0
ouepefib, NONYAAPHLI, GNAroAapPA MPOCTOTE B MCNOALIOBAHNH.

3. Mporuscpeuunocrs Tpebosamuil. MoxHO OpOROMKUTE MepeuMcneRne
Tpe6OBAHMA K BRIYMCIMTEABHLIM AIFOPHTMAaM, ROGABHB, HanpHUMep, Tpebo-
BAHMA YHMBEPCANBROCTH M rubkoctH. ONHAKO HETPYAHO MOHATH, YTO
chopMyNnHpORBHANE TPeGOBAHMA NPOTHBOpeuMBL. BOnpUMHACTBO M3 HMX
BCTYNAET B NPOTHBOPEYHE ¢ 3KOHOMUYHOCTHIO, BHPAXKEHHOR uepe3 3aTpATH
MALUIMRHOTO BpeMeHH. B pasAbIX cHTyauMaX Ra nepsHil NABR MOXET BHCTY-
NaTh TO HAM HHOe TpeGoBAHKE W, YAOBJIETBOPAA B GOMbllleR cTemeHH OBHHM
TpeGOBAHHAM, MPOrpPaMMa ¢ HEMIGERHOCTHIO B MeRbUlell cTenenyn yAOBJeT-
BOpAET APYHM. JTO YaCTHYHO COBACHAST RaNWuMe GONBILONO YHCAB MpO-
rpaMM, NpeAHA3HAYEHHKX AAA pelieRua ofHofl 1 TOH Xe 3agauH.

EcrecTReRHO, 4TO XOpowas NpOrpaMMA, KOTOPYI0 MOMHO OpeABLABHTL
LA WMPOKON0 MCAONB3OBAHMA, He MOkeT 6mTh mpoctoii. Cnefyer npuna-
HATb, YTO COCTARJIEHME TAKMX MPOrPAMM — 310 paboTa, TpeGYKOlad BhICO-
Koft kBanndHKauMyu M cneuHanbhux 3Hanni. Ee Bunoanaior cnenpanueTsl
no cO3NAHMIO MaTeMaTHHecKoro obecmevenna OBM. Paposofl nons3osa-
TeNb AOMKEH MO BO3IMOXKHOCTM CTPEMMTBCA MAKCHMANBRO HCNWIBIOBATL
CTAHAAPTHHIE NPOrPAMME, 8 HE CO3NABATH HOBLIE.

§ 3.8. JlonorEwTenbaLe 3aMEIANRA

1. Yuebnoe nocobue [79] mokHO paccMaTphBaTh KAk BBeleHMe B TeOpHIO MeTO-
OB PelleHNs HEKOPPeKTHEX 3anad. Ee ynauHo nononnawr creayoume ruura: (7],
[59], [80). Otmernn, uro [80] conepwHT He TOABLKO TEOPHIO ¥ BNFOPHTMBI, HO M
TEKCTHI COOTBETCTBYIOLMX TIPOTPAMM.

2. Becbun conepxarensHoe Manoxenue mpobyieMbl 0GycnOBNEHHOCTH BLMUCIK-
TeNLHLIX 33084 U OGPATHOTO aHATH3A ounbok conepxutca B [67). 3neck xe non-
pobHo o6cyAnalotcA NpobileMa CO3NANHA BEICOKOKRYECTBEHHOTO MBTEMATHYECKOoro
obecnedeHns n TpeboBanKsA, NpelbiBiAeMble K BEIYHCANTENbHEN AIMOPHTMAN.
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Taaoa 4

METObl OTHICKAHUA PEMEHUA
HETMHEAHHIX YPABHEHKHA

B a10#t rnase paccMaTpPMBaETCA 381a4a OTHICKAHUA KOpHOH HenpueRbX
YPOBHEHMA H H3NaraloTcA METOiN eé pelleRHA. JT0 AEIRETCA HEeCKOABKO
noapoGHee, Yem OOGHIYHO NPUHAATO B YyYeOHMKAX MO YWMCACHHHM METOLAM.
Jeno B TOM, 4T0 HenuneliHOe ypasHEHME TPEACTABAACT cOGON pegkmil
npuMep 3afayd, KOTOpasd MOXET OLTh CPaBHMTENLHO MONHO MCCAER0BaMA
31EMEHTAPHLEIMH CPEACTPAMM M JAONYCKAeT HRarAAAHME TeOMeTpHYEeCcKHe
unmoctpauuu. B 10 xe Bpens mHOrMe npo6ieMel, BOIHMKAKILME OPH
OTBICKBHMH KOpRell HelMACAHBIX YypaBREHMA, THNINYHBI, 3 HEKOTOPLIE MeTo-
BBl uX peuleHHs (B 0cOGEHHOCTH MeTOA mpoctoit Hrepaumu M Meron Heio-
TOHA) AOMYCKAIOT WHpOKKHe O6OOLIEHMA M HMIPalT B BHYMCAMTEALHOM
MaTeMaTHKe (PYHAAMEHTANBHYIO PONB.

§ 4.1. MocTanoBka 3agaTw.
OcHOPELIC 3TANN pemeRus

1. Hocrasoska 3amaan. 3ajaya OTHICKSHHA KOpHEl HeNMHEAHOro ypaB-
HEHNA ¢ OXHHUM HEM3BECTHDIM BHAA

f(®)=0 ) (4.1)

MMEET MHOTOBEKOBYIO MCTOPHMIO, HO HE MOTepPANa CBOIO SKTYAlbHOCTb M b
Hamy AHM. ORA YACTO BO3HMKAET KAK 3NEMEeHTapHuIfl WAl MpH peileHuu
PA3ANYHBIX HAYYHHX M TeXHH4YeCKHX npobnem. Hanomumm, uto xopue.w

(nnm pewenuew) ypasHennsn (4.1) HasmBaeTcA 3nANEHME I, MIPH KOTOPOM

f(x)=0.

JAna cnpaBepnneocTH GONLUWIMHCTEA paccYXIeHHRA AaHnON TnABK AOCTA-
TOYHO NPeANoNOKHTL, YTO B OKPECTHOCTH KaXOro M3 HCKOMBIX KOpHed
dynkumna f(z) apaxas wenpepubno auddepenumpyeMa.
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Kopent z ypaswewnn (4.1) masupaerca npocmua, ecnu f'(z) # 0. B
NpOTHBHOM cayyae (T. €. B cnyyae f'(z) = () KOpeRb T Ha3HBAETCA Xpam-
asa. llenoe umeno m masobeM xpamuocmsro xopxs z, ecam fik(z) = 0

g k=1,2 .., m—1wn fim(z) # 0. TeoMeTpUUECKH KOpeRb I COOTBET-
CTRYET TOYKe nepecedeHua rpadpmua Ppynknuu y = f (z) ¢ ocsio Or. Ko-

peMs 7 asiseTca MPOCTHIM, ecau rpaduk mepecexaer ock Or NoA Hemyne-
BEIM YI'/IOM, H KPATHbLIM, €cny nepecevyenne IIpOHtXOIlHT noX HYNEBbiM
yraoM. Oyukuma f (z), rpapux koropuift M3oGpaxeH Ha puc. 4.1, umeer

yersipe kopua. Kophn 1, u 73 — |
NpPOCTHE, T; B T, — KPATHHE. !
3anaua OTHICKAHMA MPOCTHIX
KOpPRER ABAAETCA CYWIECTBEMHO ¢ /
Gonee npoctoft (M wame Berpe- F3
YalowWeAca), YeM 3BNBYA OTbiC-
KaHMA KpaTHhIX Kopueit. B
neflcTeuTeNbROCTH GOABUIMHCTBO
NETONOB PpelleHMA YPaBHEHHA
(4.1) opHeHnTMpPOBaHO MMEHNHO Ha
BEIMMC/IEHME NPOCTHIX KOpHett.

2. YToumeAane DOCTAHOBKM 3aAa4yH. B KOHKpeTHOHl 3a7aue YACTO HHTe-
poCt NPeICTABIAIOT He BCe KOPHM YPABHEHHA, a NWlllk HOKOTOpHIE K3 HHX.
Toraa nocTaHOBKY 3aia4¥M YTOYHAIOT, YKaZhBaA HA TO, KaKHe U3 KopHel
noanie}aT ompefencHHI0 (MONOXKHTENLHBE KOPRM, KOPHH M3 3aOaHHOro
HHTepBania, MaKcHMANBHLIA N3 KOpREH M T.4.).

B nopasnaiomeM GOABUIMHCTBE C/YYaeB NPeICTABMTh pelieHHe ypaBHe-
uua (4.1) B Buge KoHeuHON (GOPMYAB OKa3LBAeTCA HEBOIMOXHBIM. [lawe
UM npocTefiwero anreGpanyveckoro ypaBHeHHA n-it CTeneHn

Mt an ™+ ozt a=0 (4.2)

ABHble GOPMYNIH, BHPAXBIOWME €ro KOpHM vepe3d koxdPuuMenTn ¢ noMo-
MBI KOHEYHOTO YMcAB BpHPMETHUECKHUX onepanuit W HM3pneYeRUA KOpHelt
cTeneHu Re Buitwe n, HafgeHn! numb npu n = 2, 3, 4. OgHako yxe AnA

2o
<

Jue
>

Puc. .1

I Anrefpanyeckue ypaBHeHMA TpeThell M YETBEPTOR CTeNeHH He MOAMNABAMUCH
yCUAUAM MAaTeMaTHKoB oxoso 2000 ner. 3ty sanavy pewwiM MTaRbAMCKUE MaTe-
MaTHKM onoxH Peneccawca: Cumnmon pems ®eppo (1456—1526), Huukono Tapra-
nest (1500—1557), Duponaso Kapnawo (1501—1576), Jlionosuko ®eppapy (1522—
1565).
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ypasHeHu# NATOR K Gonee pricokMX crenedell Takux poOpMys He cyHIeCTBY-
eT. Dot sanevaTenbuuit GakT, M3pecTHHIN Kak Teopema AGenA, Gua ycra-
nosnen B 30-e rogu XIX 8. H. A6eneu! n 3.Tanyal.

HeBoaMOXHOCTS HANTH TOYHOE pelleHM® HOAMHeAHOrO YpaBHEHMA Ka-
weTes oropuntTensuoft. OfHakO UYXHO NPU3HATH, 4TO Xenauue HalTH
TOYHO® YHCNOBOE 3HAYECHHE pellleMMA BPAL AH CNELYET CYHTATH PadyMHLIM.
Bo-niepBrIX, B peaNbHBIX HCCIEAOBARNAX 33BUCHUMOCTE y = f(z) ABASAeTcA
JHWD NPHGANKEHHBIM ONHCAHNEM, MOAEMUPYIOIIMM HCTHHHYIO CBA3H MeX-

Ay mapamerpamu y M z. IlosTomy Tounce pemenme z ypasuenus (4.1) Bce
paBHO ABRNAETCA AHIWL TNPHOIHKERHBIM 3HAYERNOM TOrO NApaMeTpa 7z,
KOTOPLIl B feficTBMTE/IbBHOCTH COOTBOTCTBYeT 3nadennio y = (. Bo-sropuix,
Aaxe ecny ypasuenue (4.1) AONYCKaeT BO3MOXHOCTL HAXOXACHUA pelleans
B BUfle KoHeuHOR GOpPMY/NH, TO Pe3yAbTaT BHYMCICHMil no 1oR ¢opumyne
MOYTH ¢ HEMIGEKHOCTLI0 COAEPIKMT BHIYMCHMTENIBHYIO MOTPElIHOCTL M
TI03TOMY ABAAETCA MPHOIMKEHHBIM.

[psneep 4.1. IMpeanonoxkn, YTO UCCTENOBAHME HEROTOPOTO ABNEHHA MPUBENO K
1neoSXONHMOCTH pelllHTL YpaBHeNUe

R_33z427=0. (4.3)

Bocnonsaosasunkce Gopuynant (3.2) nna kopHel KBAJpaTHOTO ypaBHeHMs, nony-

uMN 3Mavenus 7 = 1.5, 7 = 1.8. Haftflen! N Hamk TOUMble QHAYEHHA MAapaMerpa
2 OueBupno, wer. Cropee Bcero koodvbuiyenth ypassenus (4.3) MapectHnl
npubiKKENHO M B JIyvileM CTTyMae ONM MPEACTABJLSIOT OKPYT/IEHHBI® 3HAuEHUA
"werunnex" koadppuunentoB. B geficTBHTENbHOCTH MOXHO NMWIL YTBEPKOATB, “TO

nels5 npals.

Mpeanonoxnu Tenepb, 4To "MCTHHHBIA" BMA ypasheswA (4.3) mawoB: 2 —
— 33287z + 2.6631 = 0. Torns TouHble IHIHEHHS NAPAMETPa MOXKO BLMMCAMTL

no dopMyne n, = (3.3287 & J§.32873 — 4:26631)/2. Onnaxo oua awMwb
YKaoLBaAeT HA TO, KoKHe oflepallii M B KAKOM NOPARRe clefyer BuinomunTs. B
DAHHONM CyIyYae TOWHOe BbMMCIEHHE MO GOpPMyNe HeBO3IMONMMO, TAK Kak OHa
COREPXUT ONEPALMIC MARTEMEHHS KBAAPATHONG KOPHA. DBhIuMCAeHHMBE no  Hed

aHaveHU s ;1, ;2 HeHDeKHO OKAXYTCA MpUENMREHHBIMU.

1 Hunse Xenpux AbSens- (1802-~1829) — nopsexcxuf waremaruk. Tcopewa, o
KOTOpPOA WAET peub, 6buIa NOKA3IAHA MM B BO3pACTe axosio 22 ner.

2 Jpapuer Canya (1811—1832) — dpamuysckuit maTemMaTHk, OAMH M3 coafaTe-
neRt TeopuM Tpymn.
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B paneuefimwieM Mb OTKaXEMCA OT MOMHTOK HAHTH TOYHBIE 3HAYEHMA
Kopueli ypabueuua (4.1) M cocpefAOTOUMM BHUMAHME HA MCTONAX peulenHs
Gonee peaNMCTHYHOA 38AAYH APHOIMNKEHHOTC BHYHCICHMA KOpHefl ¢
3aaHHOA TOYHOCTHIO E.

B naunoft rnaBe nox 3amavell OTHICKAHMA pellleHMR ypabHenua (4.1)
6yneM MOHHMMATL 38/184Y BRIYHCJEHMA ¢ 3aNAHHOH TOYHOCTBIO € KOHEYHOro
YMeNa NOJIEKAIHX OnpefiefieHni0 KOPHell 3TOro ypasHeHus.

3. OcmosHbie ?ranm peilesEA. Pewenne 3a0a4H OTHICKAHHA KOpHeil
HENMHEAHOrO ypaBHeNHA OCYecTBAAIOT & Aba 2Tana. [lepeufl aTan Ha3m-
BAETCA 3Manomu A0KasuIayuy (HAN omdescnus) xopned, BTOPOA — smanos
UMEPAYUORNOIO YMOURENUS KOPHEL.

JJokaanmaauusa kopued Orpesok [a. b], coaepxamnt Toms-

KO OfMH KOpeHb z ypaBheuma (4.1), HBIMIBAIOT OMPeIXOA A0XAAUIGYUYU

kopas z. llenb 3T3na JIOKA/AM3AUMH CYHTAIOT AOCTHUCHYTOR, €C/lM AARA
KQKOTO M3 MOAJIEKAINX ONpefileNcHHIO KOPHEA YAaNoch YKadaTh OTPe3oK
noxanuaauuM (ero N/MHY CTAPAIOTeS N0 BO3MONHOCTH ¢AENaTh MMHMMANL-
noft).

Ilpexae ueM NepexoAUTh HENOCPENCTBERHO K OTHCKAHHIO OTPE3KOB
NOKA/IM3BOMH, MMEET cMbICA TPOBECTH NPEdBAPHTEALHOE HCC/ICNOBAHHE
387laYM ANA BHIACHEHMA TOrO, CYUICCTBYIOT AH BOOGHIE KODHM YpaBHeMMA
(4.1), cKONBKO MX M KAK OHM PACTIONIONEHE! HA YMCAOBOH OCM.

Cnocobsl noKanM3aumMy KOpHEN MHOTOOGPA3HE, M YKA3aTh YHMBEPCANb-
HH METON He MpefcTaBAAeTcA BO3MOxHbIM. Huoraa otpesok soxanusa-
UMM H3BecTEH AMGO OH onpepenfeTcA k3 (Hauyecknx cooGpaxenuf. B
NPOCTHX CHUTYAUHAX XOpOMIMI Pesy/lbTaT MOXET HaBaTb rpapHUECKHA
meton (em. npumep 4.2). llInpoko npUMEHAIOT NOCTPOEHME TAGIML, 3uave-
HuA Gynkumit fenpa v, = f(z), 1 = 1, 2, ..., n. [Ipn aTOM cnocoGe noka-
ANU3ALMM O HATMYMKM HA OTPe3Ke [z, 7, KOPHA CYAAT NO NepeMeNe 3HAKA
dyrkumn Ha KoRnax orpeaka (cM. mpumep 4.3). OcHoBaHMeM AnA mpuMe-
HEHMA YKA3aHHOTO COOCO6A CAYKMT cheAyiollad XOpolno H3BECTHad Teope-
Ma MATEMATHYECKOTO aHAanMdA.

Teopema 4.1. [lycms pynxyus [ nenpepsiona na ompeaxe [a, b u
RPUNUMAE NA €10 KONGAZ INaVeNus paanmr asexos, m. e. f(a)-f(B) < 0.
Totda ompesox [a, b] codepxum no xpained aepe odun xopexs ypaswexus
f(m) =0.

K coxanenmio, kopens 4eTHOHl KPaTHOCTH He YABerTcH JIOKATM3IOBAThH Ma
OCHOBAHMH MEPEMEHB! 3HAKA C MOMOILLIO JakKe 04€Hb NOApobHOR TaGnHubl.

Jleno B TOM, 9TO B MANOR OKPECTHOCTH TAKOFO KOPHSA (HAIpUMEP, KOPHA Z;
Ha puc. 4.1) dyuxkuna fMmeeT NOCTOAHHBIA 3HAK.
Baxuno NOAYEepKHYTE, 4TO AANIeKO He Bcerlia 418 ycnemruoro OTBICKAHH A
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KOpHA T ypasHenua (4.1) Heo6xoaMMO nonnoe peulerMe 3aia4M NOKANHIA~
uuH. YacTo BMECTO OTpe3Kka NOKANMAAUMM OOCTATOYHO HANTH XOpoulee

HAYanbHOe mpHGANKenHe (%) K KODHIO £.

Iipsdep 4.2. JlokanMayem KopHH YPaBHEHMSA
4l-2)-eT=0. (4.4)

Iina sroro mpeobpasyen ypaBHeHke K BHAY | — 22 = (.25 M nocrpoMs rpaduru

bynkuut y = 1 — 2 u gy = 0.25e%
¥ (puc. 4.2). A6cuucchl Touek Nepeceve-
HUA 3THX rpadHKoB FABAAOTCA KOpHS-
MU naHuoro ypasueims. Mo puc. 4.2
BHAHO, 4TO YpaBHeHMe HMeeT JBa

KOPHA 1| M Ty, PacnOZOXeHHbE HA

_ orpeakax [-1, 0] u [0, 1). Y6eammes,

% 1\ Y uro pymatna f(2) = 4L — 2) — o7

NPUHMMAET HA KOHUSX  YKASAMHBIX

OTPE3KOB 3IHAMEHHMS DASHBIX 3HAKOB.

Puc. 4.2 Decreutensuo, f(-1) = -1 < 0,

fO=13 >0 f(1) = - < o

CnepoBatenbio, B ¢y Tteopenti 4.1 Ka xaxaom u3 orpesxos (-1, 0] u [0, 1)
HAXOOAMTCA Mo KpaRHeil Mepe 0AMH KOpeHb.

fipsasep 4.3. Jloxanmayem KopHM YpaBHeHHs
£ =112=22z+18=0.

Ins aroro cocTaBuM TabAHLY 3HAYeHHA OyHkuMM f(7) = D — 112 — 2.2z + 1.8
ua otpeaxe [-2, 2] ¢ waron 0.4.

Tabnuua 4.1

T 2.0 -1.6 -1.2 0.8 -0.4 0.0

£(2) 5200 -1592 1128 2344 2440  1.800

Mpodoamenue maba. 4.1

T 0.4 0.8 | 4 1.6 20

(2 0.808  -0.152  -0.696 -0.440 1.000



Ha tabn. 4.1 Buano, uTo GYHKUKA f MeHser 3HAK HA KOHuax orpesxos [-1.6,
-1.2), [0.4, 0.8), [1.6, 2.0). Teopena 4.1 naer ocHoBaHHE YTBEPKAATH, WTO KAMABINA
H3 2THX OTPESKOB COMEPMMUT 0 KPaMHe MEpe OAMH KopeHb. YuMTLIBAS, 4TO B
CHATY OCHOBHOM TeopeMbl anrefpnl MHOTOWIEH TpeTbell CTeNeHM Me MOXET MMeTh
6onee Tpex Kopefl, 3aKJOYAEM, YTO NOJIYueHHbIe TPH OTPE3IKA COMEPMAT POBHO NO
ofnHoMy KkopHio. Takuu o6pasoM, KOpHH JOKANHIOBAHLL.

HrtepanunonHoe yrouneunume kopHeh Haotom stane
LAA BLIYMCIEHNA KAXIOrO M3 KOPHell ¢ TOUHOCTHIO € > {) MenoNB3ayIoT TOT
MAKX HHOA MTEPaUMOHHHLIA MerTofi, HO3BONAIONIMA MOCTPOUTE NOCAEROBA-

rensHOCTE (O, 1) (M mpuGnmnexnit K KOPHIO z.

OGuee mpeacrasienne 06 HTEPALMONKEX METOLAX M OCHOBHLE ompeae-
neHHA Gunn fanw B § 3.3. Beenem gononumTensHo wexoropue onpenene-
HHA.

HrepauMonHuit METOA HA3KIBAIOT ONOWALOaN .4, €CIIN ANA BHYNCIACHHA
ouepeanoro npubamkesna ™! pucNOAB3YETCA TOABKO OAHO MpednAaYyllee
ApHGAKXeune '™ U k-waroesia, ecny ANa BuYHCAeuMA z(7*D) peponbay-
torca k npeamaymmux npubauxennst z(m kY gincks) - p(n) | Zamerum,
YTO ANA MOCTPOCHMA MTEPANMOHHOR MOCIENOBATE/NBHOCTH ORHOLIAIOBBIM
MeTOAOM TpeGyeTcA 3alaHMe TONBKC OAROIO HAYANBHOIO MpPHMGANNXEHMA
z!0} B TO BpeMA KaK NpM MCAOALIOBAHMK k-AroBoro merofa — k Havanb-
HBIX HpHOAMXKeRnR (0}, (1) . kD,

CKOpOCTh CXOAHMOCTH — OfHA M3 BAXHENIIMX XAPAKTEPMCTHK HMTEpa-
unoHHEIX Meromoe. T'oBOpAT, 4TO memod czodumes co cxopocmato teomem-
puxecxot npoipeccuu, IHAMEHATENb ROTOPOR ¢ < 1, ec/iM anA Beex n cnpa-
BeIMBA CAS/IYIONIAN OLERKA:

() _ 7| < coq™. (4.5
g

Kak werpyzmuo smpers, ua onenku (4.5) mecTBMTeNBHO BHITEKAST CXOAN-
MOCTh METONIS.

[yers OaHOWArOBWMA MTEPAUMOHHWA MeTOn oO6nafaeT caeLyloUTMM

CBOMCTBOM: CYIUECTBYET 0-OKPECTHOCTh KOPHA T TAKa®, UTO ech¥ NpHGAM-
wenune (") OPUHAANEKMT ITON OKPECTHOCTM, TO CAPABEAJINBA OLEHKA

|zt - 2| € Clztm - 2|, (4.6)

rae C > 0 n p 21 — nocroaunne. B 210M cayvse umcno p uasuBalor
nopsdxon crodumocmu memoda. Ecanm p = 1 n C < 1, 10 roBopAT, 410
MeTon obnanaer Aunednod cxopocmsw crodumocmu B YKA3aHHOH O-OKpecT-
HoctH Kopuf. Ecau p > 1, TO npHHATO roBOPHTB O coeprauxeduot cxo-
pocmu credumocmu. llpn p = 2 CKOPOCTb CXOAMMOCTH HA3LIBAIOT xeadpa-
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muunod, 8 ApH p = 3 — xybuxecxoi. Mlpu nanuumn onenku (4.6) y b-maro-
poro merofa (opu & > 1) 4ncio p Takoke 6YJieM HA3LIBATL MOPAAKOM CXO-
AMMOCTH METOAA.

Jleumma 4.1. Tycme oduowarcast umepayuonnmd uemod obaadeem

AUNEUNOE CKOPOCTMIBIO CIOGUMOCTNU 8 NEXOMOPOU C-0XPECMNOCMY KOPNR .
Totda npu awbom oeubope navaasuoto npubauxenus z(% w3 o-

oKXpecmKOCMY  KOPRA z umepayuonnas nocaedosameasnocms 'n  ne
euzodum 3a npedeass smod oxpecmuocmu, wemod czodumMcs Co CXOPOCMIIO
teomempunecxot npotpeccuu co Inamenameses ¢ = C u umeem mecmo
cAedyMa] OYERXA NOLPLUNOCTIU:

|z2m -z| € 7|29 - 2|, n 20. 4.7)
0 3aMeTMM, 4TO MPUHALIEKHOCTL z(™ OKpecTHOCTH (r — 0, T + 0)
ABAAETCA caencrsneM hepapenctea (4.7). B caMom gmene, Tak kak ¢ < 1, 10

|ztm — 7| € |29 — 7| < 0. CxonmmocTs ™ K T TAKKO BHTEKAET H3
“4.7).

CnpasennueocTs HepasencTBa (4.7) ycTaHOBMM METOAOM MHAYKUMM.
Mpu » = 0 ono mepexomuT B ouesnauoe: |z( — | < 200 — z|.

Mlyere weparencrso (4.7) sunonueno npu n# = m — 1. Torga

| z¢m _;| < glztmn _;| £ g™zt _;l,
T. €. wepasencTO Bunonueno u npu n = m. [l

NMeumma 4.2. [lycms k-waroontt umepayuonnud suemod 8 vexomopos

o-0XpecmNOCMY KOpuS T usieem p-d nopsdox cTodumocmu. Bubepew & > 0,
max, ¥Mmobu gwnOANSAUCY Hepaaencmaa § £ ¢ u C6PV < 1, 1de C — noc-
mosxnas u3 Nepaoencmea (4.6). Toida npu swboa esbope *ANAAMNOLO

npubsuxenus (9 u3 S-oxpecmmocmu xopn3 I umepayuoNnas nocaedoaa-
measnocms (" ne emzodum aa npedeam smoit oxpecmuocmu, semod
czodumcs u cnpasediuca oyexxa

l#m -7 < Cd ) a>0, (4.8)

tde g= Cf |2® 2|, ¢ = CV i,

0 3aneTHM, YTO MpMHaLIEKHOCTL 2™ okpeeTHOoeTH (7 — 6, = + &)
ABNSeTcA cheAcTBMeM HepaseHcTBa (4.8). B camom aene, Tak kak ¢ < 1 m

1< p7, 10 na (4.8) siTekmer, ut0 |z(M — 2| € Cig = |29 — 2| < 6.

CxomuMocTs '™ K r Takke caefiyer u3 (4.8).
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Copasennusocts uepasenctsa (4.8) yCTAHOBAM METOZOM MHAYKLIMM.

lipu n = 0 ono mepexoamnT B odeBnamoe: |20 — z| < |2(® — z|. Myers
nepaseHcTBO (4.8) BunOHeno mpn n = m — 1. lokameM, YTO OHO BEPHO M
opu n = m. Henonsaya yenosne (4.6), nonyuaem

[z —Z{ < Clemd —2p< C(G P =G B

C noMOIIEI0 AOKAIAHHHX JIeMM MCC/ICJOBAHNE CXORMMOCTH HMTEPaUMON-
HEIX METOIOB CBOAIMTCA TONBKO K Mo/yuennio ouenkH (4.6).

§ 4.2. O6ycnonnesnocTs 3agaTH
BUTHCICERA KOPHA

Mycrs  — Kopens ypasuenua (4.1), noanexamu#t ompefenennio. By-

AeM CYMTATH, YTO BXOAHBIMI NAHMBIMM JJIA 387AYH BHIYMCIACHHS KOPHA z
seastorca snauenMa f (z) dyukumm f B manoit okpectHocTH kopma. Tax
KaK 3nadenna [ (z) Gynyr euuncaatscn ka IBM no wekoTopolt mporpam-
M€, TO B OEfCTBMTENBHOCTH 38[ABAEMDIC IHAYEHHA ABIAIOTCA NPHOIMKER-
HHIMM M MX caepyer oboamauats gepesd f*(z). Oumbkn B f*(z) moryr GuTs
CBA3AHN HE TONBKO ¢ HEMAGEKHHMM OMHNOKAMH OKPYT/IEHHMA, HO H ¢ MC-
DONbL30BAHMEN [JIA BHYMCAEHHA 3HaveHHA ¢ynkuvn f DpuGAHKEHHBIX
meronos. K coxanennio, Henbas 0XMAATh, YTO B OKPECTHOCTH KOPHA OTHO-
 cMTenbnaa norpeurrocts & f*) okakerca manoft. JocraTouno 06paTHTBCA kK
npuxepad 2.11 ¥ 3.11, 4TO6H YCTRHOBMTDL, YTO AJAA YPe3BHYANHO MPOCTHX

byRkuMA y = 1 — z ¥ y = sin z B OKPECTHOCTH KopueR z = l Mz = «
3HAYEHHA ITX PYHKUMHA He MOTYT OHTL HAANERH ¢ MANON OTHOCHTENbHON
NOrpeMRocThI0. PeaNbHO paccUMTHBATE MOXKHO JMUIBL HA TO, YTO Maof
OKAXeTCA aGCOMIOTHAR NOrPeNIHOCTh BEYMCACHHA 3Havenut PyrKumu.
Bynem npeanonaraTs, ¥TO B AOCTATOMHO MaNoft OKPECTHOCTH KOpHA

punONHAeTcA Hepapenctso |f(z) — f*(2)| < A, rae & = A(f*) — rpanuna
aGeoniorrofl morpemnoctH. Cama MOTPelIROCTh KOPHA BefeT cebsa KpalfiHe
REPery/iAPHO U B MEPBOM MPHGANNKEHMH MOXEeT BOCIPHAHMATLCA NMOALIOBA-
TeNeM KBK HEKOTOpaA cayuafHaa penuynua. Ha pue. 4.3, a npeacrarnena
HAeaNbHAA CHMTYAUUA, OTBEYAIOIAA HCXOMHON MATEMATHYECKON DOCTAHOBKE
3ane4M, B HB puc. 4.3, § — peabHAA CHTYalUusA, COOTBETCTBYIOLIAA BHYHMC-
neunsam 3mavenufl dynkuuu fus OBM.
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f =
0/ X X
—
a

Puc 4.3

Ecnn dywkuna f wenpepuiBHA, TO HAANETCA TAKAA MaNad OKPeCcTHOCThb

- —_ - L - —
(r — &,  + €) KopHA z, HMeloWAA pagHyc £ > (), B KOTOPOR BHNOTHAETCA
HEpAaBeHCTBO

1/(2)| < A. (4.9)

Jnn z € (zx — €, £ + €) 3uAK BHYMCAGHHOrO 3naueHna [*(z), BooGe
roBOpA, He 06A38H COBMANATb CO 3HAKOM f (z) M, CNEXOBATEILHO, CTAHOBUAT-
CA HEBO3MOXHLIM ONpEAeNMTh, KAKOE WMEHHO 3HAYEHME I M3 MHTepBaia

(z — €, z + €) o6pawmaer Pyukunio f B uyns (puc. 4.3, 6).
ByZeM HA3LIBATL 3TOT MATEPBAN UNMEPAAAOA NEONPESCACHROCTIY KOPNS

z. Hannen onenky sennunus €. Iyctb kopeas z — mpocTodt. Jlna 61u3Kkux
K r 3Ha4eHMIl r CNPABEA/INBO MPHOMHNKEUHOE PABEHCTBO
f@) s f(2)+ f(2)(z—12) = f(z)(z 7).

Tloaromy uepasencrso (4.9) npumer ena | f'(z)(z — 7)) < A, oTKyna mony-

qaeM
; — A_ g z s ; + A- .
| f (2)] f(2)}
CnenosaTtensHo,
esyy A (). (4.10)
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Puc 4.4

1
1F ()]

pone aGCOMIOTHOrO Ymcaa oGycnoBnennoctn. HeficTeuTensuo, ecn r* —

3necs v, = — YHCNO, KOTOpOe B PACCMATPMBAEMON 3afade MIPaeT

Kopens ypasuenna f*(z) = 0, 1o |f(z*)] < A u Torma BhNONHEHO Hepa-
BEHCTBO

|z-2°| <A(z") <em v A(S"). (4.11)

3aMeTHM, 9TO PaAMyc MHTEPBaIA HEONpefeNeHHOCTH MNpPAMO TNpomop-
LMOHANEH NOTPelIHOCTH A BhuMCHeHus 3uadenua f. Kpome Toro, € Boa-

pacraeT {06ycIOBNEHHOCTh 3aia4M yXyMmaeTca) ¢ ymeubmennem |f'(z)|,
T. €. C YMEHBUICHHEM MOAY/A TaHMeHCA YFJA HAKJOHA, MOA KOTOPWM Tpa-
duk Ppynrnnmn nepecexaer ocs Oz (puc. 4.4, g, 6).

Ecan xe f'(z) = 0 (T. e. kopeus z — kpathuift), 10 Gopuyna (4.10) yxe
ne pepua. Ilycre kparHoeTe kopua pasua m. Torma B cuny ¢opuyan
Teiinopa! cnpasefneo MpuGAMKEHHOE PABEHCTBO

1@ 5 1@+ @D+ DD e m e L+ LD e

I Bpyk Tentnop (1685—1731) — anrmmackuil mateMathx M dunocod. Llupoko
u3BecTHaA GopMyna paioxeHua GYHKUMK B cTenelHoll psa GbiNa NOMydeHa MM B
17112 r.
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B NpABOM YACTM KOTOPOro BCe CNArAeMbLie, KPOMe NOCAEHEro, PaBHN HYAIO.
Cnepoparenchno, nepabenctso (4.9) nueer sup,

A ﬂ:ré(;) (z — ;)H

Pemaa ero, nonyuaem amanornuro (4.10) omenky paamyca uurepBana
HEONPEENEHHOCTH:

l,ﬂt El/l_

m!

fi™ (7

Ora ouenka O3HAYBET, YTO ANA KOpHA KPATHOCTH m pajMyc HUTepbala

ER

1

HeonpeNeNneAHOCTH NponopuMonanen A / ™. YTO cBMAETENLCTBYET O MJAOXON
06ycNOBNEAROCTH 3884 BEIYMCIEHUA KPATHHX Kopueil. C aroit MenpuAT-
HOCTBIO MH YXKe CTANKMBANHCE NPM PACCMOTPEHMHM npuMepsa 3.9.

OrMmeTnM, 4TO € He MOXeET GbiTh Menblle Bennuuun |z|e, — norpew-

HOCTH mpeficTaBiiedns KophA 7 B DBM.

B peanbHOil cMTyauuM OLSHHTL BENMYMHY M naalce MOPAROK paaMyca
HMHTEpBaNa ReONpefeNeAHOCcTH AOBOABHO CAMKHO, OB,IIGRO 3HaTe 0 €ro
CYWEeCTBOBAHMM HYXHO no Kpaitnelt mepe no apym npuunuam. Bo-nepeux,

HE MMCET CMBICAIA CTABMTL 3418YY O BEIMMCICHMM KOPHA Z ¢ TOYHOCTHIO
€ < €. B ycnoBnAX HeONpeneneHROCTH, BLI3BAHHBIX ApUGAMKEHREIM 3808~

Huen Gyukumm, mo6oe navenne z° € (z — €, 7 + £) MONET GMTb ¢ OXHOA
M TO#l XK€ CTeneHbIO NOCTOBSPHOCTH MPHRATO 3a pelllenue ypaenwenuA. Bo-
BTOPHIX, Hejib3A TpeGOBaTh OT ANCOPHTMOB OTHICKRHHA KOPHA MOAYHeHHA
AOCTOBEPHBEIX pe3y/LTATOB NOCiAe TOr0, KAK ouYepeaHoe TNpHGAMXKEHHe
nonano B MHTEPBAJl HEOMPEeNeNeHHOCTH MM OKal3aloch O4eHb GAM3KO OT
HEro; B aTON cHUTYalUMM BLIYHCIIEHHR cilefiyeT OPEKPATHTb M cYMTATB, 4TO
NoJayyeH MaKeHMYM OeACTBMTENBRO BO3MOXHOrO.

JAna GonpUIMHCTBA HMTOPAUMOHHBIX METOIOB ONPEAE/IUTL 3TOT MOMEHT
MOXKHO, MOCKOABKY MAYMHAA ¢ HEro nosefeHne NpuGAMkennit z(™ cTaHO-
BATCA KpaliRe ReperynapHuM. Ecnm BRann or MHTepBana 1H90UpeaeneHHOC-
TH BE&JIMYMHA

g'm = |zlm —glnl) | [[gtml) _ g | (4.12)

0661480 GbiBaeT Menblue eaumuun (|z(™M — z(mD | < [2t7D — (R |)
TO MOAB/IEHHEe NPH HEKOTOPOM 7 3MaueHHMA ¢'™ > 1 cBUAETENLCTBYET,
cKOpee BCero, o Hagane "pa3boaTKH" — X80THMUECKOro MOBEACHNA MTOpPALH-
OHHOR Moc/efoBaTeNbROCTH. B 2700 CHTyaluM BHIYMCIERMA MMEST CMBICT

npepeaTh, YTOGH BHIACHATL TMPUYMRY SABJIEHMA M _NPUHATH NPABHABHOE
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pewenne. Jlyqmum M3 NONYYERMHX MPHGAMXEHHMR K pellleHMIO cnefyer
cuHTaTh, komeyno, z‘mD). Henmonsaosanme nnA KOBTPONA BHIYHCACHUA
BesnumnHb (4.12) Ha3LBAIOT YBcTO npaduson [apauxa.

§ 4.3. Merop Gacexnma
1. Onmcanme meropa. Ilycrs TpeGyercst ¢ 3anaHHON TOYHOCTHLIO € > 0
uafTH Kopens z ypashekns (4.1). Orpesok nokanmaauun [e, b] (1. e. orpe-

30K, conepKAUMit TOALKO OAMA KOpeHb 1) GylleM CUMTATE 3a/aHHbIM.
llpeanonoxnm, 410 QyHkuMA f menpepwBHA Ha oTpedke [a, b] M ua ero
KOHILLAX MPHHUNAET 3RAYEHHA PA3HHX 3HAKOB, T. €.

f(a) f(b) <. (4.13)

Ha pue. 4.5 naobpaxen cayqaft, korga f(e) < 0u f(8) > 0.
Ona panbuefimero 6Gyfer yNOGHO 0GO3HAYHTH

orpedok [a, 8] uepes [a(0}, §(®]. Mpumem 3a npn6-

NMXEHHOE 3HRYEHME KOPHA cepeanHy OTpedka —

Touky (9 = (a(® 4 $(9)/2 Tak kak monONeHne

KODHA z ua orpeske [a(®', b(?)] wemasectno, T0 2
MOXHO NMLIL yTRepPAKABTb, YTO MOTPEUIHOCTH ITOrO
NpUGAMKEHNA HE NpeBHUIAT MNOMOBMHN JJIMHLI
orpeaka (puc. 4.5):

[269 —Z| < (1O — al®)/2, Puc .5

——

VYMeubWINTE nOrpeliHOCTE APHOIMMKEHMA MOXKHO,

YTOYHAA OTPE3OK NOKANHIALUMM, T. 6. IBMEHAA HAYANbHbLIA oTpesok [a!?),
b(9] otpeakom [all}, 8'1'] uenswent Anuuum. CornacHo uemody Gucexyuu
(nosoounxoto deaenus) B Kawecrse [all), b(1'] Gepyr TOT M3 OTpeskos
[at®, zt®] u [£(®, B!D)], HA KOHKAX KOTOPOTO BHWIMONHAETCA YCJA0BHE
f(atV) f(b11) £ 0. DTOT OTPE3OK COAEPKHT MCKOMHH KopeHb. JeitcTen-
rensho, ecan f(att) f(bi1) < 0, TO HANMYME KOPHA CREYeT M3 TEOpeMbl
4.1; ecan ke f(a!V) f(B1) = 0, TO KOpHeM ABAAETCS OAMH N3 KOHLOB
orpeska. Cepenmua nonyyenroro orpeska ri!' = (a1 4+ bt1)/2 naer
Tenepb npuGaMxenne K KOPHIO, OLEHKA MOTPEUIHOCTH KOTOPOTO COCTABMA-
er

|zt — 2| € (b0 — al1)/2 = (b — a)/22

3a odepeniHoe yTOuUMenMe OTpe3ka JOKanmlauuu [al?', 6(2'] cnoBa GepyT
10T U3 oTpeakos (a!!), z1], [z}, b(1?], HA KOHNAX KOTOPOrO BHIMOMHAET-
ca yenopue f(a'?) f(412) < 0.
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Onuwem ogepenuyid (n + 1)40 nrepaumio merons. Ilyers orpesok
[atm, b'™] yxe nafifen W BHYMcAGHL 3uaueHna z(™, f(a(™), f(b(m).
Torna NpOM3IBOAAT cAeaylOmue AefCTBUA:

10, Buunenserca f(zt™).

20. Ecm f(a'™) f(z'™) € 0, 70 B KayecTBE OTPE3KA JOKAAHIAUMK
[aln'll. blﬂ*ll] OPMHHMAETCA OTPE30K [c“‘ll’ zl I'll]' B NPOTUBHOM c/ydae
f(z'™) f(dm) < 0 n 3a [anD, pinD] ppunumaerca orTpelok
[z¢m, btm).

30, Buancnserca z! ™MD = (g(n*h 4 ptneh ) f2,

HeorpaHuuennoe npononXenye MTePAUHOHHONO MpPOLEcca RAeT moclie-
RoBaTenbHOCTL OTpeakos [al®, O] [atD bD] . [atm), Bm]
coflepkalMx McKoMbift Kopens. Kaxami M3 umx (38 McKAOYeHMeM Ha-
qaNbHOrO) MOJY4eH ReJieHHEeM MONoJaM NPeAAYIIEro OTPe3Ks.

2. Cropocrs cxoammocers. Cepeflmna n-ro OTpeska — TOuka z(n) =

= (a(™ 4+ b(m)/2 naer npnGaNKenne K KOPRIO Z, MMEIOLIEE ONEHKY NOr-
petRocTH

[4m ~Z| < (b1 - atm)/2 = (b- a)/200, (414)

H3a 310fi ONEHKHM BHAHO, YTO MeTOA GMCEKIHM CXONMTCA €O CKOpOCTBHIO
reoMeTpHYecKON MporpeccHH, anaMenatens Koropoit ¢ = !/, Ilo cpaeue-
HMIO ¢ APYTHMM METOAAaMH METOJ GHCeKUMH ¢XORMTCA JOBOJIBHO MEAJIEHHO.
Onnako OH ouens MPOCT M BECHMB HEMPUTA3ATENEH; ANA €ro NnpHMeHeHUA
HOCTATOYHO, YTOGH BHIMOAHANAOCH HepaseHcTBo (4.13), dywkuma f 6uaa
HENPEpLIBHA W BEPHO OnMpeflenANicA ¢e 3Hak. B Tex cuTyaumMsx, rae ue
HYXHA CBEPXBHICOKAA CKOPOCTBE CXOLMMOCTH (8 3TO YACTO MMEET MecTO NMpH
MPOCTHX MHEKEHEPHKX pAcdeTax), STOT METOM, BeCchbMA MPUBJICKATENEH.

3aMeTnM, 4TO uyMciio MTepanuil, KoTOopoe TpebyeTcA NMPM NpPHMEHERNN
MeToa GMCeKLUHH ANA ROCTHMCHMA PS3YMHOHA TOYHOCTH €, HE MOXET GHITDb
ouens Gonbuimm. Hanpumep, fnA yMenbilleHMA NepBOHAYANLHOTO OTPE3Ka
noKanu3sauuu B 106 pa3 nyxno 19 urepaunuit.

3. Kpurepuit oxomwanmsa. MTtepanuu cnepyer pecTH O TeX nop, NOKa
He Gyfer BLINONHEHO HepaBeHcTBo bR — alMm < 2¢e. [IpH ero sunonge-
HHK B cuay ouenky (4.14) mMoxuo mpunATs (™ 3a npUGAMKEHHE K KOPHIO
€ TOYHOCTBIO €.

Mpseep 4.4. Hafinem metonom GMceKUMM ¢ TouHocrblo € = 1072 nanomutent-
MBIt KopeHb ypaBheAusa 4(1 — 12) — &% = 0.

B npusepe 4.2 210T KopeHb Obln NOKanMdoBaH Ha orpeake [0, 1], mpuyen
F(0) >0, f(1) < 0. Monoxun a'® = 0, b =1, £19 = (gl® 4 D)2 =
= 0.5.
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1 MTepauusa Buumersen f(2”) w» 13512 Tak kak
f(a'®) f(29) > 0, To 3a odyepenwoil OTPE3OK JIOKANMIAUMM NPHHUMAEM
[atl}, 4t11] = [0.5, 1]. Buuucnsem #'1) = (atl) + $(1))/2 = 0.75.

I mrepaumnsn Bumoutes f(z{') » —03670. Tak nak f(a'V)
F(z'V) <0, 10 [a!2?, b'D] = [0.5, 0.75] u ') = (a'2 + b(21)/2 = 0.625.

Peaynerathl chenyoliMx Mrepauhfl (c veTblpbMs UndpaMM nocie AecATHYHOA
TO4KM) NpubBefeHtl B Tabn. 4.2.

Tabnuua 42

Honep 3Hak  3Hak
urepa- al™ bm fatm) f(tm) tm f(z(mr)  btm _ gtm
unu k

0 0.0000 1.0000 + - 0.5000 1.3513 1.0000

1 0.5000 1.0000 + - 0.7500 —0.3670 0.5000

2 0.5000 0.7500 + - 0.6250 0.5693 0.2500

3 0.6250 0.7500 + - 0.6875 0.1206 0.1250

4 0.6875 0.7500 + - 0.7187 -0.1182 0.0625

5 0.6875 0.7187 + - 0.7031 0.0222 0.0312

6 0.7031 0.7187 + - 0.7109 0.0156

Mpr n = 6 umeew 6 — al8 wn 00156 < 2-10"2. CnenoBarensho, sanakHad

TOMHOCTb NOCTHTHYTA M MOXHO MPHHATL £ ¥ 2(6). OKOHYATENbHO MOAYMMM T =
= 0.71 & 0.01.

4. Bmasmme suMAcnRTenbBOft Bporpemmocte. [lpum ucnonb3opanmm
MeTofla GMceKUMN MPUHLUNONANLHO BEXKHLM ABNAETCH OpPABUNLHOE Onpene-
aeiMe 3naka ¢ynknmm f B caywae, xorpa (™ npomapaer B MHTEpBaN
HEONpefeNeHHOCTH KOpHA (cM. § 4.2), 3HBK BHYNCHAEHHOrO 3HAYECHUA
f*(z'™) He o6A3aH GWTL BepHHIM, M MOCIEAYIOLUIME HTEPAUHM HE MMEIOT
exuicna. Opmako 3TOT Meros cAeAyeT MPHIHATH .0Y€Hb HAAEKHLIM; OH
rapaHTHpYeT TOYHOCTb MPUGAMicEHMA, MPHMEPHO PaBHYIO pajHycy MHTep-

Bana neonpeenennoctu €. Kak GLIO OTMeWeHO B MpelblyllieM naparpa-
¢e, Gonsilero TpeGOBATL HENLIA.

§ 4.4. MeTox npocToll mTepanum

1. Omucamme werons. YToGu NpHMEHHTh METON MPOCTON MTepauuu ANA
peuienna HenMuefiroro ypashenna (4.1), neo6xoaumo mpeoGpa3oBarth 2TO
ypaBHenMe K clepyloulieMy suay:
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= ;p(z), (4.]5)

310 npeobpazoBaiue (npusedenue ypaanenus x gudy, ydoSuouy das umepa-
yuu) MOXHO BHIONHMTE PAATHUHBEIMM CcHOcO6aMM; HEKOTOpbie M3 HMX
6YRYT yKa3aHH Huwe, DyRKOMIO ¢ A8flee OyNeM Ha3bLBaTh UMEPAYUONNOT
dyuxyued.

Bri6epem KakuM-1160 06pa3oM MpHEAMKENHOe 3HARYEHHE KOPRA (9 u
NONCTAaBMM €r0 B NpaByl0 4acTh ypasHenMsa (4.15). Moayuum 3navenne
o) = p(z(0}), TMopcrapnaa reneph z¢(!) B NPaBYIO YACTL YPaBHEHMA
(4.15), nmeem (2 = p(z*). Mpongonkan 21OT mpouecc HEOrPBRMYEHHO,
NONIYYHUM MOCAEAOBATENBHOCTD NMPUGAMAKEHHUA K KOPHIO, BHIYMCTAACMHX NO
¢opumyne

zinth = og(m) a3 0. (4-16)

OueBnano, 4To MeTOn NPOCTOR MTEpaLMH — ouRowwaropuft (cn. § 4.1).

Ecin  cylwecTByer mpefien MOCTPOSHHOA NOCIENOBATENBHOCTH I =
= !n-l-g:l 'm0, mepexosAa K npeneny s pasenctee (4.16) m npegmonaran

byHKIMIO ¢ HenpepHBHOA, NOAYYHM PABEHCTBO

= ¢(2). (4.17)
370 3HAYMT, YTO T — KOpeHb ypaBueruA (4.15).

2. leomerpaEweckan mamioctpansa. Ma pue. 4.6 sugHo, ur0 KopeHs z
ypaBHeRMA (4.15) asnAerca aGeumcecolt Toukn nepecededna rpadprkos asyx
dyskumui: y = z 1 y = ¢(1). BoabmeM nekoTopoe HauanLHOE NpHGAKKEHNE
z(0) | KOTOpOMYy OTBEYAeT pacnonoXenHas ua Kpupolt ¥ = ¢(z) Touka M
¢ KoopauHaTamu (z(9), (1)) (RanoMHuM, 410 (1) = (2(9)). Coepunun
TOYKy M(®) orpeakom npamoft y = z(1' ¢ nexameft va apamoft y = =
TouKkoRt N(I' ¢ koopauraTamm (z!!), £(1)), IlpoBeneM Temepb Yepes TOUKY
N gpamyio z = z(1) no nepecedenmnsa ¢ kpusoh ¥ = ¢(z) B Touke Mil) ¢
koopauuatanu (z(' z(2'). Jlpogonxaa aTor mponece fanee, MOAydwaeM
AOMaHYl0 nHEMK MO N YD N2y M) ana  Koropoit aGcuuccesl
Touek MM ppexacTaBaAOT cO60H NOCKCNOBATE/ILHLIE NpUEAUKEHHA (™

K pelieHHio z.

3. Cxopumocrs Merona. Ha puc. 4.7, a—t npegcrapneHa reoMerpiiyec—
KaA MANIOCTPSNNA NOBEIeHNA HMTEPANMONHOrNO MpOUEcca B YETHpex npoc-
TEAINX cAYYadAX BIANMHOIO PpAacNofiokeHMA NpAMoR y = z M Kpnboh

vy = p(2).
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Puc. 4.6

Puc. 4.7

B cayyaax (a) u (6) meTon MPOCTOR UTEpPANMM CXOAMTCA, MpHYeM, KK
HEeTPYAHO 3aMETHTb,— OPH NPOM3BOJLHOM HAYAABROM NPHOIHKEHHM.
Hanporus, B cayganx (o) u (1) meron pacxoamtes npn mwbom BHGOpe

HBYAIBHOIO NpHOAMKeHNA. JamerTiM, 9TO B cayuadx (e) M (6) |p'(2)] < 1
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(kak BHAHO M3 PHCYHKA, MOAY/Ib TAHTGHCA YI/la HAKJIOHA KpuBol y = ¢(z)
K och aGcuucce MeHblie efMBMuUB), 8 B cay4aax (¢) m (1), maoSopor,
le'(z)] > 1. Takum 06pa3oM, MOKHO MNPEANOAOKUTL, UTO CXOAMMOCTDH
METOAA MPOCTON MTEpAUMM CBA3AHA ¢ BunosiHenMeM ycoeusa | '(z)| < 1.
JlecTBHTENBHO, MMEET MECTO CAEA YOI pe3ynbTaT.

Teopoama 42. Tycms ¢ nexomopod o-oxpecmuocmu xopus r Hynux-
yus ¢ dufdepenyupyema u ydoosemoopsem nepadencmaoy

le' (2} € g, (4.18)

tde 0 € ¢ < 1 — nocmosunas.

Toida uezaoucumo om esifopa xavassnoio npubauxenus z(® ua yxa-
JaNKOU O-OKPECTANOCTIU KOPHS UMEPALUONKRAS ROCAEIOaAMEAINOCTD NE
enzodum ua 3mott OXPECMNOCIAY, MEMOF CZOGUMCS CO CKOPOCTMBIO LEOMEM-
punecxol RPOIPECCUY U CNPAGESAUGE CACLIYOUAS OYENKA ROIPEWNOCTIY.

|ztm —Z| € g?|2t® - Z|. (4.19)

0 Buunras na pasencrsa (4.16) pasercrao (4.17) n ucnonbays ¢opuy-
ny KOHEeuHbIX npupaurenuit Jlarpauxa, nonyunm

rnl LT = 207 - o7) = WD) (z(m) - 7). (4.20)
3pecs al™D = '(£'M), rae £'M — pekoTOpPAA TOYKA, PACNOMOKEHHAA

mexay z™ n z. Ecmm zt™ € (1 — 0, 2 + 0), 10 |at™D| € ¢ B cuay
ycnoeus (4.18). Torna na ocHoBanum pasencTa (4.20) monyuyaem

|ztnetr — 7| € g|ztm — 7|,

310 o3mAuAeT, YTO MeTOn MPOCTON MTEpAUMM OGMAHAET JMHEHHON cKOpOC-
TBIO CXORMMOCTH M MOITOMY AOKA3ATE/NbCTEO TEOPEMbl 3aBEPUIASTCA MpHMe-
nenven nemmu: 4.1. [

Ouenka norpemmuocty (4.19) spnserca anpuoproli. OHa nokasmBaer,
4TO METO[, ApPOcTOd HTEpAlUH ¢XOAMTCA cO CKOPOCTBIO reoMeTpHuYeckolt
nporpecchM, 3HAMEHATEAb KOTOPOR paBeH ¢ Yem Menbwe ¢, TeM BHILeE
COKpOCTb cxopuMocTH. Bupana U poss npaBunbHOrO BHGOPA HAYANLHOMO
OpHGANKEHNA: YeM MEHbIUE MOTPelIHOCTh HAYATLHOTO APHOAMKeRHA, TeM
MeHBlIIe MTepaumit norpefyercA clenats NNA JOCTUNKEHUA 3afANHOW TOY-
HOCTH €, .

Hepasencreo (4.19), Kak npaBUnoO, He MeNONL3IYETCA ANA MPaKTHYSCKOA
onenku norpemtnoctH. OfHa M3 MPUYMH ITOTMO COCTOMT B TOM, 4YTO 3HAYE-

HMe 7, BXOAALEe B MpaByld uYacTh OLEHKM, HemasectHo. Kpome Toro,
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Henonb3opalne wepasencrsa (4.19) npHBOAMT K CymecTeHHO 3aBHIUIEHHOM
OlleHKe MOTPEIHOCTH.

4. Kpurepult owomsamma. Busenen anocrepuopnyio omenmky morpeiu-
HOCTH, IPHFOANYIO AJ1A APAKTHYECKOTO NPYUMEHERHS.

Teopema 43. Tycms erinosxenss ycaoaus meopeuss 4.2 u (0. ¢

€ (E -0, T+ 0). To10a eepna caedywouas anocmepuopnas oyenxa notpew-
Nocmu.

R R I LR L R L ' (4.21)

0 B cuny pasenctea (4.20) nueen

(R — 7= a(M (20D —7) = atM(gtnh — g(m) 4 am(g(m — 7).
Orciopa

m 7= nn g 4.22

z -r= T—_—W( - T ) ( . )

Basaes mMonyns or nepoit M NpaBofl wacTell ITOCO PABEHCTBA M BOCNIONB3IOBAB-
aln ¢

UINCh HEPABEHCTBOM |

wenne (4.21). 18

Ecan sennyuna ¢ uasectia, 70 uepasenctBo (4.21) naeT s¢pdextruni
MeTOJi KOHTPONA MOTPEemMOcTH M MOKHO ¢HOPMYANDPOBATL CAeAyIomMit
KPHTEPUA OKOHYAHWSA MWTEPALMOHRONO mponecca. Buuncnennsa caenyer

1 — af® < 1 - ¢ nNoAYYMM TpeGyemMoe cOOTHO-

BeCTH [0 BHWMO/INEHHA HepaBencTsa g p Jzt® — Al | < € uam
PaBHOCH/BHOIO €My HEpABEHCTBA
[zt - ztnen | -(l—;—qs. (4.23)

Ecan 310 ycnoeue BHINOAREGHO, TO MOXMO CYMTATH, 4T0 z(M gRnAeTca

NpUGAHXKEANeM K Z ¢ TOYHOCTBIO €.

Mpuuep 4.5. Ucnonbayem meton npocroit MTepauuM LS BLIYHCIEHMA NONOKU—
TenbHoTO KopHA z ypabrenua 4(1 — ) — &% = ( ¢ rounoctbio € = 1074, Peaynp-
TaT nphMepa 4.4 naet NAA KOpHA OTpedok Joxanuzaumk [e, 8 = (0.70, 0.72].

Mpeobpasyen ypasueuue x buzy (4.15), rne @(z) = 1 — e2/4. 3amernn, uro
@'(9) = —5/(8J1 — €%/4), ¢ (1) = —e%(1 — e7/8)/(8y1 — eZ/d)’. Tax xak
¢" < 0 na [a, B, To nponsBoaHan ¢’ MOHOTOHHO yGhiBaeT M g =[|2axq|go'(:)| =

= ¢'(b) » 0.37. CnenoBatenbHo, ycrosme cxonumocti (4.18) snimomHero. BosbMen
(0 = (.7 4 Gynew BecTH MTEPAUMM NO BRINONHeMUA KpUTepusn (4.23). B rabn. 4.3
COOTBETCTBYOUMe MPHOIMKEHHA NpHBefeHH ¢ 10 aHakaMu MawTHCChI.
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Tabnuua 4.3

n £t |z _gtmen |
1-¢

0 0.7000000000

1 0.7046714292 3-107
2 0.7029968319 1-10°3
3 0.7035984939 4-101
4 0.7033824994 2:104
5 0.7034600632 5-1073

Kpntepnit okonvaums swnoaunsierca npu 2 = 5. [ocste okpyrnenna anade-
Hna ¢S 10 yeTwpex anauammx undp nonyunu z = 0.7035 ¢ 0.0001.

3ameuanmne YacTo B NpaKTHKE BLIYHCACHHIA BMECTO KpPHTepHA
(4.23) ucnone3yercs npuBEKATENIbHLIA CBOGHl NMPOCTOTOR KpuTepuit

[ztm - ztrD | <. (4.24)

B cayuse 0 < ¢ € 1/2 ucnons3oBanne kpurepusa (4.24) onpasaano.
Hencteurensno, agecs (1 — ¢g)/¢ ? 1 1 no3TOMY BHINONHEHME HepapeH-
crea (4.24) pnever 3a coGoil BuMONHENHE HepaBencTsa (4.23).

B 10 xe ppema B chyuase 1/2<¢<1
HCcMoAb30BaHHe kpHTepHa (4.24)
MOXET MPHMBECTH K NpexaeBPEMEH—
HOMY MPpPEKpallieHMi0  HTepallfl.
Jeno B TOM, 4TO KOTAA BEJIMUHHA ¢
61M3aKka K eaNHHNE, NTepauHoHHLIR
npouece CXOAMTCA MEANEHHO H
PRCCTORHNE MEKAY ABYMA MOCAENO-
BATEIbHEIMH MPHOIHKEHHAMH (™
H z(%1) pe. xapakTepuayer paccrTo-

AuMA or '™ fo pewenns z (pHc.
Puc. 4.8 4.8).

Mipuep 4.6. [lycte MeTon NpPOCTOM WTEpALMM MCMONABb3IYetcA ANA perleHUA

ypasrenna = 0.9999z + 10°4/y2. 3nece p(z) = 0.9999z + M, ¢'(§) = 0.9999
V2

M, cnenoBateNbHo, ycnoBke (4.18) cxopumoct Merona BeinovHeHo. JLis BhiuMcnie-
HUA no dopmyne (4.16) ucionbayen G-paspsaaHyio Aecaruynyio 3BM. Boabmen
0 = (.715010. Torga £'!' = (.715009 M, ecnu noeepsaTh Kpurephio (4.24), T0
Cnenopano 66l CYHTATH, 4TO pellieHse NOdY4eHO ¢ ToyHocthio £ = 1078, Mpopomxan
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BRIYMcTenHs, nonydus 2} = (.715008, (3! = 0.715007, 9 = (.715006,
5 = (,715005, £'® = 0.715005. NlansHeAwne HTrepauuu Tepmor cubicn. Cromb-

KO e BepHHix 3HawoB HahfeHo? CpaBHeHMe € TOYHBIN 3HaYeHMeM pellieHUA

T= J - 0.707106... noxaasiBaer, 410 BepHbIMM B mpubimixennn (8 gpnsiores

TONBKO ABe 3HaYaue uMdphl. Henonpaobanue kputepus (4.24) B AaHHOM cyvae
KaTerOpHYeckM HefomycTHMO. B Hantheilulem Mbl eite BepHemcsa K obcyxpeHMio
3T0r0 NpMMepa.

HenonszoBanpe kpurepua (4.23) npeanonaraer 3HaHMe BEIMYHHH ¢,
pxogameit B ycnosne (4.18). Oamaxo nanexo He Breraa 3Ta BeNHYHHA
M3pecTHA, 1NG0 MOXKET GHTh JIErKO BHYMcIeHa. B Tex ke ciayuasax, Korgs
YORETCA OLEHNTD ¢, 3TA OLEHKA OKA3IKIBACTCA NOBONBLHO pYGOH.

HcrnouuM 13 KpUTEPHA OKOBYAHHMA WUTEpALUMA BeIMYMHY ¢. 3aMeTHM,
Y70 B MAJOR OKPECTHOCTH KOPHA BEIHYMHB NMPOM3BONHON ¢’ MpaKTHYecKH

noctostuua: ¢ '(z) 8 ¢'(z). Mostomy B pasenctse (4.22) pennumny a'™ =

= @ (€£("D) MmokHO NpUEANNEHRO 3aMeHMTh Ha ¢ '(z). llanee B cuny
paBeHcTBa

TN 2D = (p D) - D) = ,P'(E(m)(r( n . gtne2r)

rae 2"" — DpoMexyTouHasa Mexay z!™l) u z("°2) Toyka, MMeeM atm =
= (z( n _ gt ﬂ'll)‘{(:l n-ly __ ! l'l.‘?]) - p'(zlﬂl) £ p'(;)- Tm" oﬁpmu,

B papencrTee (4.22) MOXHO MONOXUTL a(™ &~ alm y mO2TOMY NpH onpene-
JMIEHHEIX YCJIOBHAX MOMHO MCMOAL3OBATH cneAyiomuil NpakKTHYeCKHA KpUTe-
pMAl OKOHYARHA HTEpPALHONHROIO MpPOmECCA:

~
[z(m — ztwh | < 1 -am

~
aln)

5. JononmprenbEne cpefeHEN O XapakTepe cxopuumocTd. B cayuse,
KOT/ia MPOM3BOAHAA (¢  3HAKOMOCTOAHHA HAa OTpe3Ke JIOKANM3aUMH, HTepa-
UMORHAA MOOCNAEA0BATENLHOCTE OG/MANAET HEKOTOPhIMHM MONAE3IHEIMH AOMOJ-

HMTeIBHEIMM CBOMCTBAMM. 3aMeTHM, 410 mpH ¢°(z) # 0 B AOCTATOuHO
Manoi OKPECTHOCTH KOPHA 3HAaK MpOM3BOAHOR ¢'(z) MelcTBMTENBHO NOC-
TOsAHEN.

Teopema 4.4. [Tycms [a, b] — ompesox aoxasusayuu xopxs ypaoxe-
nus (4.15). Mpednosoxum, xmo ua smou ompeaxe yNsxyus @ Nenpepuano
dufPepenyupyenia, a e npouzeodues ¢ (1) snaxonocmosxne u ydoasemeo~
psem xepasencmey (4.18) npu 0 < ¢ < 1. Iyems 2¢O € (a, b] — npous-
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0A3N0E NaNAASNOE Npubsuxexue u o cayuae ' < 0 gstnosneno donoanu-
measxoe ycaooue 21 = p(z10) € [a, b] (nepsoe npubaumenue ne oszodum
3a npedeas oMpPeIxNa AOXGAUICYUY).

Torda umepayuonnas nocaedosemesdnocms ue owzodum 3a npedesns
ompesxa [a, B, wemod npocmod umepayuu crodumes u sepnm oyenxu
noipewnocmu (4.19), (4.21).

Kpowe moto, cnpacedauon caedyrotyue coodcmeoa:

19, Ecau ¢’ > 0 xa [e, ], mo 2" czodumes x z, monomonno eoapac-
masg 6 cayvae a € 219 < z, u monoMoONNO yOneas a cayvae r < z(0 < b

2. Ecau ¢’ < 0 na [a, 8}, mo czodumoems 2" x T nocum xosebamess
nud zapaxumep, m. e. npu acez n ? () anavenus z{ ' u z{ ™) pecnosoxenw

ne PAINBE CMOPONYM Om I, Rpuven nocsedodgmesdsnocnu npubAuxenul ¢

NEMKRM.HU U NRELEMAWAMU NOLEPQAMU crodames x © monomonno. B smown
CAYNUAE GEPNA ANOCMEPUOPHAS OYENXA NOLPEWNOCTIY

|ztm -Z| € |ztm -zl | a3 (4.25)

¥ cnpaeedaus xpumepui (4.24) oxonvanus umepayuonnoio npoyecee.

Mul ne GyoeM npUBOANTL 3[iech MOAHOE AOKA3ATENbCTBO TeopeMul. Ouo
OCHOBAHO HA MCMOAB3OBAHMM paBeHcTpa (4.20), ycTanomiennoro npu goka-
satenberbe Teopewsl 4.2. JlokaxeM TOABKO cnpaBeRnanBocTh cBofieTe 19 M
20,

0 Ecan 0 < ¢’ < ¢, TO 3uakn BeMyHR 2! — zn z{m) — 7 copnama-
10T, B TO BpeMA Kak |z!M — z| < ¢|z{" 1) — z|. Cnenosatensko, nocneno-

BATE/ILHOCTD MOHOTOHHO MPHOANHKAETCA K Z € TOA CTOPOHBI, A€ ACKHT
(0, Eeam ke -¢ < ¢’ < 0, 7o u3 pasenctea (4.20) cnenyer, 4T0 aHaku

penmunn z(" — z 1 ("D — 7 paanuynn. DTO MOATBepXaeT KoneGa-
TeNbHBIRL XAPAKTED CXOAMMOCTH. [ ]

3ameunnne Moworonsun n xoneGareneubil Xapakrep ¢XOAMNMOC-
TH WTEPALMOHHON NOCACAOBATENILHOCTH, YKA3aHHBE B Teopeme 4.4,
HANIOCTPUPYIOT cOOTBeTeTBEHRO pice. 4.7, au 4.7, 6.

6. lpapeneane ypabHeERA k BAAY, yaoOHoumy mas wrepammd. Kmove-
BOA MOMEHT B NMPHMEHEHMH NETOfa NpOCTONl MTepald¥ — 3IKBHBaNEHTHOE
npeoGpalosanue ypasuenun (4.1) k supy (4.15). Koneuno, Taxoe npeo6pa-
30BAHME MMEET CMBIC TONLKO TOTAS, KOTMA OKAILIBAETCA BbIMONHEHRbLIM
ycnosue (4.18) npu 0 < ¢ < 1. YkaxeM OAMH ¥3 NPOCTHIX ¢NOCOGOB TAKOMO

npeabpa3oBannA.
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MpeanonoxuM, 4o nponssoauas [ Ha orpeske [a, b wenpepusHa M
nonoxurensua. Toraa cyllecTBYIOT NOAMKMTENLHEE NOCTOAHELIE m U M
rakue, 40 0 < m < f'(z) € M, z € [a, b). IIpuBenem ypabnenue (4.1) k
BMaYy

z=1r-af(x), (4.26)

rae a > 0. B arom cnyuae nrepauponunan Gymkuma ¢ umeer sun p(z) =
=z — af(z). Kax subpate a, 4T06H BrNOAHANOcs ycnosue (4.18), npu-
yeM ¢ 6b110 6 NO BO3MOXKHOCTH MHUHMMANLHEIM?

3amerum, uto 1 — aM < 9'(z) = 1 — af'(z) £ 1 — am u noITOMY
le'(9)| € ¢g(a) = max {|1 — aM], |1 — am|}. dna Toro yrobm Gumao
BLINOAHERO HepasencTo ¢(a) < 1, mocraTowMo BaaTh M06oe a € (0, 2/ M).
Konkperunft BpiGOp napameTrpa & 3I@BMCUT OT HalM4HA NHGPOPMAUMKM O
yucaax m u M. Ecam masectunl 06 3TH BEIMYMHLI, TO JAYYUIHM ABAAETCA
BLIGOP & = ag = 2/(M + m). B arom enyvae ¢(ag) = (M — m)/(M + m).
Eenn ke M3pecTHO TONBKO M, TO MOXHO NOAOKUTE & = & = J‘L{ B 3tom

m .

cnyyae ¢ (o) = 1 — 75 Kpoue Toro, npu a = a; nponssognan ¢’ (r) HeoT-

pPHUATENBHE, H B cuay Teopemur 4.3 cXoauMOCTL ABNAETCA MOHOTORHORN.

3amMevuanune Cayualt, xoraa npouaposinaf [ OTpHUATEALHA,

CBONMTCA K PRCCMOTPEHHOMY Bhlllleé YMHOXEHueM ypasHenua f(z) = 0
Ha -1.

Mpwuep 4.7. [Ona peltedna 3afauu, NocraBneHHMoM B nNpMMepe 4.5, MoXHo
BOCNONIBI0BATLCA NpeobpasoBanmen ypasHeHHn (4.4) x puny (4.26). Bynew cumrats
u3Becthbid, uto z € [0.70, 0.72]. Tak Kak Ka OTpe3Ke JIOKANM3AUMK BHINOTHEHO
yenosue (4(1 — P2} — e¥)’ = -8z — €% < 0, 10 nepenMiulen ypaBHehue B BMAe
M) = 0 v [(2) = e — 41 — ). Torpa fi(2) = e¢* + 8z n ana

€ [0.70, 0.7 . it ouerkn 0 < m = f(0.70) < f{(z) < f;(0.72) = M. Boibepen

B ypaBHenhu (4.26) a = ;—-:'.2—-—5? , Bo3bMen (0 = (.T H 6yneM BectH Mrepalkh
nl

no ¢opuyne rtn*r = gln) a[er( — 4(1 = 1M )2]. BuibpanHoMy G cooTBeT-

ctByer ¢ = H % 0.013 u nooTOMy cXOAMMOCTE AOMXKHa Ghith Gonee GICTpO,

yeM B npumepe 4.6. JleicTBuMTenbHo, yme mnepsad urepauua paer i) =

= (.7034025118, u Tak Kak g f q-l:“’— 10| » 5-10°5, To urepaunn cnenyer

NpekpatiTb M CYMTath = = 0.7034 1 0.0001.
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§ 4.5. O6ycnonneanocT: METORA TPOCTOll ErTEpAIER

B § 4.4 meron npocTofl MTepauuH 6nA paccMOTPEH NPH WUACANBHOM
OpeANOAOXKeHHH O BO3MOXKHOCTH TOYHONO BhHIYMCJIEHHA aHaveHHH GyRKouM
¢(z). B pefictBuTENBHOCTH e pEuHCAeHHA Ha IBM paror npubamxkennue
anavaHua ¢ *(z). TlooTomy BMecTO mociemosaTensHOCTH z!™, ynoBnerso-
pAlomeN paseHcTBY M1} = p(z(R)), mONYuRETCA MNOCNEROBATENBHOCTD

ztn , AnA KoTopoil
Fine = p*(;l n). (4.27)

HagsecTHO, 4TO METOA MPOCTOA HTEpPANMH H MHOTHe ApYrue MTepauMOH-
HHleé METOAH YCTONMYMBH K omflmie, AONYUWEHHOA HA OZHOA H3 HTepaumfi.
Takas omu6ka 3KBMBANEHTHA HEKOTOPOMY YXYAUICHHIO OuepeAHOro npub-
AMMKEHHA; eCIH OMa Me BbiBena MpHOMHNKENHe 3a npefenst oGNacTH ¢XOofMu-
MOCTH, TO HMTEPAUHOHHAA MNOCAEJOBATENIbROCTE HO-MpeXKHeMY OydeT cxo-

AMTECA K pellenHio ;, A BHeCeNHasA oluHO6Ka — 3aTyxaThk. [loaTOMYy O TakHX
WTEPAIIHOHHKX METOAAX FOBOPAT, YTO OHM OGAANAIOT Cooticmaos camoucn-
pasAseHocmy.

Onuako DOrpeniHOCTH AONYCKAIOTCA He HA ONHOM, a HAa BCEX HTepaNmMAxX
H COBOKYTTHO® MX BJIMAHHE HECKONBKO MHOE.

1. O6ycnosneanocrs 3apaqam. [Ipexnae yem cpoOpMyJAHpPOBATH PE3YALTAT
0 NOBeASHHM METOAA MPOCTOH MTepanuMH NPH HAAWYHMM MOrPellHOCTH B
BHYHCACHUN (YHKUMM ¢, OTMETHMM, 4YTO NpecSpa3’oBanue YPaBHEHHSA
f(2) = 0 k Ay z = p(r) NameHseT O6YCNOBRNCHHOCTD 3a/IaYH. JanMileM

370 ypabHenHe B Buze f (z) = 0, rpe }(::) = z — (1), 1 BOCAOAb3IyeMcA

peayastatamn § 4.2. Samerum, 91O 5(}") = A(p*), nockonbky B fefcTBH-
TENBHOCTH NPHUGAHXEHNO BHYMCAAETCA TONLKO, dyurxoma . [Moatomy
oileHKa (4.11) B AHHOM cnyd4ae BLICAARNT TAK:

A(z*) 5 vB(p"). (4.28)

3neck v = 1/|1 — ¢ '(z)| — abconoTHOE TMCAO OGYCTIOBNEHROCTH KOPHA I.
[py6o oueumpas mpu smnonnenMu ycnosHa (9’| € ¢ < 1 pemuuny v

- 1
YHCIIOM ¥ = l_q ; MPHXOAMM K OLEHKE

A(z)< A(p") (4.29)
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B cnyuae, korfia ¢ < 0 MAK ¢ ® 0, ee MOXHO YTOUnuTh. JleficTBUTENERO,
Kak HeTPy[HO yCTAHOBMTS, V < 1, ecnun ¢’ < 0; cnenosarensHo,

Az <A (pY) (4.30)
3amernum, uTo B onenkax (4.28)—(4.30) pennumnn A (z*) m A (¢9)

MOXHO 3aMeHuTb HA 6(z°*) u (¢ *). Utobu y6eauThcs B ITOM, AOCTATOYRO

PA3NeNMTL NIEBYIO M NPaByi0 MBCTH OneHOK Ha Benmunun |z| u |p(z)],
KOoTOpbie paBHn Mexay coboit. Hanpumep, onenka (4.28) npeoGpasyerca k
BHAY

¥z*) < vB(p") (4.31)

#, cnefoBaTeNIbHO, AGCONIOTHOE M OTHOCUTENbHOE 4Mcla 06yc/IOBAEHHOCTH
3pecs cOBONAJAIOT.

CrenaeM HEKOTODHIE BLIBOAL. 38/18YA BLHIYMCACHUA KOPHA Z ypaBHEHMsS
z = p(z) naoxo o6ycnosnena, ecnam '(z) 8 1. B atom cayuae cne-

AYeT OXHASTh, YTO KOAMYECTBO BEPHBIX UMD KOPHA Z NO CPABHOHMIO ¢
KONMYECTBOM BepHuIX NM@Pp B BHYMCARSMEX 3HaYeHNA ¢ *(1) NOMKHO GHITL
MeHsiie npuMepio Ha N = lg v uudp. [Ias paauyca MuTepeana neompene-

nennocty € & vA(p*) Kopua z B cayuae |p’| < ¢ < 1 cnpabeanmpa oneH-

Ka€ S E* = ‘%%—% B cayuse, koraa -1 < ¢’ < 0, yrounennas ouenka

TaKCBA: € < €* = A(p*); amech noTepH BepHbIX WHPP GbITh HE AOMKHO.

Mpumep 4.9. [ina ypabHenusa r = @(z) npu () = 0.999%z + 10-4/y2 mmeen
¢'(n) = 0.9999 u, cnenoparensho, ¥ = 104, [loaromy Npu peluwrenum aroro ypasHe-
HUS MeTofloM npocrof utepauuy wna IBM 6yner norepsmo npHMepHo ueThipe
sHayawux uudpel. Bolumcnenusa Ha 6-paspapHon mecatmuhon IBM (uan Ha
Gurakon ef no trouHocth IBM Tuna IBM PC) Moryr nath B TakoM ciyvae Beero
AMUL NBe BepHble 3Havaune UMGpH. 1o BNONHE COMaCyetrcA C PedyiALTATOM,
nonyv¥eHHBIM B npkMepe 4.6.

2. YyncTRBETLHOCTL METOAA MPOCTHYX WTEpAnuilt K NOrPeMiHOCTH Bbi-
qacnemuii. Chopuynnpyes 0cHOBHON peaynesTaT SAHHOrO naparpada.
Teopeuwa 4.5 Mycmw sunosnens ycaooug meopeass 4.2 u das acexr

r€(z— 0, T+ 0) uueem wecmo nepasencmao |(z) — p(z*)| < A(p*).
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- Alin® -
MTpednosoxun maxxe, wmo £* = ?(fl < o (m. e sesuvuna Ap")

docmamoxno maia).
Ecau ovivucaenus no gopuysan (4.16) x (4.27) xavunaromes ¢ odxoro

Na¥aAsNO10 npubauxenus 0 = z(0 € (2 — g, z + 0;) (e 07 =
g - ¢€°

= min {o, }, mo nocaedosamessnocms (™ ne gurodum aa npede-

AN O-OKPECMNOCIU KOPHS T & O04s ocezr n 2 1 cnpasedauasi caedyrouue
OYENKU M OIPEUWNOCMA:

l';lm -ztm | <E", (4.32)

|7t 7| € 7|20 -Z| + €°, (4.33)

|7(m -Z| < C|xtm -2t | 4 g%, (4.34)
3pecs C= —1—.
1 -9¢

3ameuanne 1 B caywse ¢’ < 0 B nepasencrpax (4.32)—(4.34)

MOXHO monoXuTs €° 8 Ap*), CHN 1.
3ameuaunne 2. llpn mocrarouno Gonsuinx n B onenkax (4.32)—

(4.34) BenMunHy €® MOXHO CYMTATL MPMEAMMEHHO paBHON pamMycy

- Alin®
METEpBaNa HEONPEAICHHOCTH £ = AP—)_—
1 —p'(2)
0 JlokaxeM no MHAYKUMH, 4TO AnA Beex n 3 0 cApABENMBH HEpaBeHCT-
Ba (4.32), (4.33) n PN (z—o0 z + ¢). Ouesnzano, 4o npu n = 0 210
BEPHO.
[IpennonoXun, YTO [OKAB3LIBAEMOE YTBEpKIEHMEe CMNpaBefNMBO IpH

nekoropoM n 2 0. Buuntan ua pasencrsa (4.27) pasencrso (4.16), monyua-
eM

T pnel) = p/(Fm ) (2= zim) 4 A(m (M € (2 — 0, 7+ 0),

rme Alm = v'(;‘"') - ;o(;‘"'), IE""I < A(y*). Kak caencrene nony-
YEHHOrO PABEHCTBA M CAENAHRHX NPEANOAOXEHNA, MMeeM

|;lmn — (| ﬂ;tm -zt | 4 |51m| < 45‘4.5(9,‘):;‘.
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Q6benmunn ary ouenky ¢ onenxodt (4.19), nonyuaem

|ZmeD — 7| < g7 —Z| 4+ E°.

IoaTomy
~ -— - — e -_—
[ztneh) — z| < g0y + e'(i(dq—e)-l- ' =a.

HyxHoe yTBepmaeHMe MOKA3aHO ANA HoMepa, paBHora n + 1, A cnemoBa-
TenbHO, M Ana Beex o B 0,

Buiunran ua pasenctsa (4.27) pasencrro (4.17), nonyuaem
TP T = gl (FM_F) 4 AW otm = H'(£im),
£m € (z—0, 1+ 0)

Taknum o6paaom,

(;tnl_;lmn) + .&
1 — a(m

aln!

inth— 7 = m
M3 nonyuennoro pasencTna BhTekaer onenka (4.34).10

HTaK, HTEpaUMOHHKA NpPONEce He YXyAUBeT 06YCI0BNEHROCTb KOPHA Z.
Kak OKa3niBaeTCs, rapaHTHPOBBHMAS TOUHOCTb METONA MPOCTOR MTepalui

OTpBHMYEHa CHW3Y BeHYMMON, MPHMEPHO COBMANAKIEA ¢ PaMycoM &
HuTeppana neonpefeneanocTH. Kpurepuit (4.23) oxomusnMA urepanuil

ApMMEHNM, ecni £ ° € E.

Bxozsmyio 8 coornomenua (4.29), (4.30) sennuuny A(p*) B 06mem
CIy4ae OLEHMTH CBepXy MAOCTATOYHO cA0KHO. OueHKa CHM3Y OUEBMAHA:

Ap*) > | Z|€x. B 61aronpuATHON CHTYAUMM, KOTAA BHYNCACHMA BEAYTCA

00 NpocTHM GOPMYNIAM, MOXKHO HANeATbCA HB TO, 4TO A(p®) okamerca

BenYnHON nopAanKa |z|&y.

§ 4.6. Merox Heworona

3uamennTtnit Meron HeloTona Apnderca onHuM M3 HauGonee addexTn-
HLHIX METON0B PpelllcHHA CcaMHX Pa3HHX HeJIHHeAHNX 38fay. PacueTnyio
dopuyny MeTOZa MOKHO MNOAYYNTB, WHCMOAL3YA PAVIMYHNE MNOAXOLH.
PaccMoTpnM ABa U3 HMX.
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1. Meron xacaresbmmx. Buibenem pacuernyio ¢popMyny Meroma AnA
pelIeHMs  HEeNUHKeHOro  ypasueRHs

y (4.1) B3 RNPOCTHX TEOMETPHYECKHX

coo6paxennil. CoorsercTByomas
MWAMIOCTPaUMS fIPUBEeHa HB pHcC.
4.9

Myere 2¢9 — 3apaHMOe HawanbROE

npuéankenne K KOpHIO z. B Touke
M©® ¢ koopaumaramm (!0},
f(2'9))) nposemem KacaTenbHyl0 K
rpaduky dyukumm y = f(z) n 38
yfld HOBOE nNpHGauxenne z(1' ppnuem
abcaoMecy TOYKH mepeceyenHa ITOM

Puc. 4.9 KacaTensHoil ¢ ocelo Or. Ananormu-

HO, 38 MpHGAMXenne r{2) npuMeM aGCUMCCY TOYKM NEPECeYeHHA € OCHIO
Oz wacaTensHo#l, npopefennoit kK rpapuky B Touke M(!) ¢ KoopauuaTaMu
(=, f(z1)). [Ipogonxkan 3TOT npoilecc Aanee, NOAYYHM TOCNEAOBATENb-

HOCT® 210V, z¢1) (D) p(R) nDUGAMIKERHHA K KOPHIO I.
HanoMuuM, 4TO ypasnenMe KacaTebHOA, npoBencHHON K rpadHKy
dynkumn y = f(r) B Touke (z(™, f(2(™)), mMeer BUA

y= I(:Inl) + f'(:(ﬂ))(:-zl ﬂ])_ (435]

Monaran B pabencrse (4.35) y = 0, 3aMeuseM, YTO npH BHIMONHEHUM YEnO-
pua f(x'™) # 0 abenmeca (™) TOYKM nepecéuerHs KBCATENLHOA ¢ OChIO
Oz yn0oRNETBOPSAET PaBeHCTBY

0= f(z(™) 4 f(z0)(ztm - ztm). (4.36)

Buipaxas ua Hero z("*'1) | monyuaeM pacuernyio ¢opMyny wuemoda Hriomo-
na:

£t
(b = g(m -% , n20. (4.37)
Bnaropapa takoft reoMeTpMYecKO MHTEpNpeTaUMM ITOT METON YacTo
HA3LIBAIOT MeModoA XZCAMEALNMT,

2. Merox mmmeaprsangm. C Gonee o6wmmx moanumnit meros HeioTona
MOXHO PAacCMATPDHBATL KBK MTEPALUHOHHBIA MeTOoad, HCNONLIYIOWMA cheuH-
anbHyl0 NUHEAPHAANMIO 3a/8YM M MO3BONAIONIMN CBECTH pellieHHe WCXOfi-
HOTO HEJIMHEHHOr0 YpPABHEHMA K PELISHHIO NMOCAENOBSTE/IBHOCTH JIMHEHHHX
ypaBHeHMR.
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Nycrs npubamxenue z(™ ywe nonyyeno. Ilpepcrasum dyrHknmio B
OKpecTHOCTM TOYkH z("! no ¢opuyne Teinopa:

f(2) = f(z™) + f(z™)z-zt™) + @ (z-ztm)2 (4.38)

3pech § — HEKOTOPAA TOYKA, PACMONOKEHHAA MekAY £ M (P, JaMeHaa B
ypaesieann f(z) = 0 pynxumio f(z) rnapHON AMHeNHON YacTHIO padioNe-
Huit (4.38), nonyunu nHHeNNOe ypaBHEeAMe

f(@™) + f(ztm N z-ztm) = 0. (4.39)

lpunnuan pewenane ypaphenua (4.39) 3a novoe npuGamxenme z(™*1),
npuxoaum k ¢popmyne (4.37).
3. OcmosBan Teopema o cxoamMocT® Merogs Heuoroma.

Teopewua 4.6. Mycms = — npocmos xopexs ypaonenus f(z) =0, o
xexomopot oxpecmunocmu Xomopoto fynsyus f doaxdu wenpepuono dug-

$epexyupyena. Toida xaGdemcs Mexds 4aAQ3 C-OKPECMINOCMY KOPHS I,
Mo npu npouzvossnon ewbope naxuasworo npubauxenusg z(0) w3 amod
OXpeCMNOCMU UMEPAYUONNGS nocaedosamesskocms memoda Hyromoua we
8MI0duM 3a npedesst OKPECMKOCTIY U CRPasedAues ouERXG

|ztrth _Z| < Clzt™ - 2[2, =30, (4.40)

tde C = ¢!, oanavaroryas, ymo memod crodumcs ¢ xeadpamuunotl cxopoc-
mu20.

Caedcmouen oyenxyu (4.40) seasemcs anpuopnas oyenxa
[ztm -Z| € 2", n 30, (4.41)

e xomopod ¢ = o} |2(0 ~T7Z|.

0 Tak kak f(z) # 0 (DO OnpeAeNeHMIO MPOCTOro KOPHA), TO B CHAY
HenpepuiBHOCTH Qynkumit ' n [ Hatinerca §-OKpPecTHOCTH KOpHA, B KOTO-
poll NpH HEKOTOPHX MOCTOAHAMX a H f Bunosanenn HepasencTea (0 < a €
NV ACGINTACIRY 2

Mycrs z(™ € (z — o, z + 0), rae ¢ = min {§, ?}. MopcTaBnan z = z

B {4.38), nonyanM paBeHcTBO

0= I(,;Inl) + f(:“n)(;—zlﬂ]) +r(£X§ — :(ﬂ’)zl

B KoTopoM £ € (T — @, z + 0). Buunran ua nero papenctpo {4.36), nueen
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f'(_]v_-( n) )(I( n+l) — E) - f({x;z.— r(nl )2'

Toraa, ApHPABHAB MOAYAH OOGHX YacTell ITOr0 PaBEeHCTBA M MCMOABL3YA
yenosus orparnuennoct | f(z)] u |f(z)|, npuxoann k wepamencTBy

ajztmh — 7| € g |z(m — Z|2, oTKyRa cnenyeT cnpaBefAHBOCTb OLEHKM

(4.40). JlokasaTenseTeo Teopemut 3apepmiaetc apumenennem aemmn: 4.2. M

Takum o6pa3om, npH BeIGOpe HAYANBHOrC NPHOAMKEHHMA H3 JOCTATOY-
HO MallOR okpecTHOcTH KOpHA Meron, HuroToma cxomuTea KsagpatnuHo.
9710 03HAYRET, rpy6o roBops, Y4T0 HA KaKAOR HMTepalMH UYHMC/IC BEPHBLIX
usdp npubINKEAUA NPUMEpPRO YABAHMBAETCA.

IlpuBencHAbie B Teopeme 4.6 OUEHKN NOTPEMIHOCTH ABNAIOTCA anpHOp-
My (oM. § 3.3) # MX McnOnb30BAHME B NPAKTHKE BHIYMCACHNR ANA KOIH-
YeCTBEHHON OUEHKH mOrpemHOcTH HeadEKTHBHO WM Yalle BCEro HEBO3-
MOXCHO.

4. Kpwrepuh oxomvanna. Ha npakTuke npeanoutuTeNbRee MEnoaL30BA-
HHE APOCTOH anoOcTEpHOPHON OLEHKH
[ztm -2 € |ztm -zt | (4.42)

cnpasesnHBOCTE KOTOpoH 0G0CHOBRIBAGTCA CNEAYIOWIMM YTBEPKICHHEM.
Teopeumn 4.7. [Tycme svinoanexs ycaoeus meopesst 4.6 u z(® €

€(z— %, T+ %) Totda das ecex n 3 | eepxa oyexnxa (4.42).

- -1
0 Ha oneukn (4.41) cnenyer, uro |z(m!r — 1| € cqzn ag= |29 —

~1| < %‘ Moaromy, mpumenas Hepaeenctso (4.40), monyuMM nenoYKky

uepaBeHeTs 2|2(™ — z| € 20°l|2tD — |2 K |zt — | € |ztnD —

—ztm | 4 [zt™ — Z|, u3 Koropo#t BuTekaer onenka (4.42).

Hanuuue onenxn (4.42) noasonser cHopMynupoBaTs ciaeayiomsit ApaK-
THYeckMil KpuTepUll OKOHYaHMA urepaumit Merofa Helorona. Ilpn aanan-
HOM TOYHOCTH £ > () BHIYMCACHNA HYXKHO BECTHM J0 TeX MOpP, MOKA He OKa-
AKeTcA BLINOTHEHHLIM HEPABERCTBO

jz(m - zinl| <. (4.43)

NMpwwep 4.8. Ucnonsaya ueton HetotoHa, Hallpen ¢ tounoctsio € = 10°¢ nono-
KUTeABHBIA Kopelb ypasHeHua 4(1 — ) — % = 0.
B npuuepe 4.2 KopeHb 6bin nokannaosaH Ha otpeske [0, 1] Oaa f(2) =
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= 4(1 — ) — eT nneen f'(z) = -8r — e%. Ouepuano, uro f(r) # 0, 1.e. 7 —
npocroit Kopesn. Boabmen HawancHoe npubauxenme 9 = 0.5 u BEynem
BHINONHATL uTepaunk Merona HetotoHa no dopuyne

1 — (m)2) - ezl™

8zin 4 exM

) = ptmy 4 4

Peayaerathl nepsex Mrepaumi ¢ 10 3HakaMM MaHTHCCH! NpuBenens! B Taba. 4.4,

Tabnuua 44

n ztm |2t - gin=D) |
0 0.5000000000

1 0.7392185177 24-107

2 0.7042444088 3.5-10?

3 0.7034399951 8.0-104

4 0.7034395712 4.3-107

Mpt n = 4 BbMNHCAEHHA Cleflyer NMPeKPaTHTE M nodle OKPYIVIEHMA NOMYYHM
T = 0.703440 & 0.000001.

CpaBHenHe pe3yNbTaTOB WTEPaUMA CO JHAYeHMeN I NOKAILIBAET, YTO MPUGIH-
wewna (1 (2 £(3) copepat 1, 3, 6 BepHBIX 3HaYawMx UKD COOTBETCTBEHHO.
MoxHo nokasark, 4To npubiMikenne 1) copepkur 10 pepHuix undp. Iro noar-
BEpKASET OTMeYeHHBIA panee oMM ¢aKT: NpH kamAoA MTepaumH Metona Heworo-
Ha YKCNO BepHbIX 3HAYAWMX UHPP NPUMEPHO YABaUBAETCA.

Mpeep 4.9. Henonesya weron HulotoHa, ykamkeM WTEpalUMOHHBIA npouece

P,
BLIYHCIIEHNS: Va, The a > 0, p — HATYpanbHOe YKCIO.

Mo onpenenenmio, ¢ = 95 — 3IT0 HEOTPMUATENLHAA  BEIMYKHA, YNORNETBOPAIO-
wan papeHcrey & = a. Taxum o6pasom, 3aAava CBOAMTCA K BEMHCAEHUIO MONOKH-
TeNBHOTO KopHa ypaBHeHna f(z) = 0, roe f(r) = o — a. Urepaunonnan dopuy-
na Merofa HelotToHa nprMer suA

oy — (ztm)P-qg _p-1 a
i = gtm — STy = ,tm.'.W, (444)

Iipu p = 2 ara dopMyna yxke 6bina notydyena B NpuMepe 3.17.

5. Caaab ¢ meronoM nmpocroit wrepaman. Meropn, Helomona moxno pae-
CMATPMBATE KAK OMH M3 BADMAHTOB MeTOAR MPOCTOH MTEpALMM, CBA3AH-
Hulil €O cmenManbALIM ApeoGpazosanuen ypasueuna f(z) = 0 k suay
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z=¢ (), (4.45)

roe wN(z) = z — f(2)/f(z). B camoM nene, nrepaunonnas popmyna mero-
A OpOcTOR HTepanmmu (") = :p&(z‘“') coenafiaer ¢ ¢opmynon (4.37).

Hexopa w3 aroro ¢ yuerom onenku (4.19), Moxuo 6buo 6w chenats
BHBOA 0 TOM, 4T0 Meron HeloTona cxommTca Tobko Janueitno. Qnuako
e [(2)
3aMeTHM, 4TO :pN(:) = f(1) For
penmanna a' ™D = p’(§(™)|, onpependioman B cuay pasexctsa (4.20)
ko3hdHnnenT cxaTHA OWMGKH, CTPEMHUTCA K HYMO mpH n -+ ». CKopoeTs
CXOAMMOCTH BO3PACTARET N0 Mepe MPHOGAMKEHHA K KOPHIO, OTCIONA M ee
CBEepXNMHEANNR XapaKTep.
B kauectse ananora Teopemun 4.4 ana meroza Hewrona npueepem
cnenyowui peayasTar.
Teopema 4.8. Hyems [a, b)) — ompesox soxasusayuu npocmoro

Tak kak f(z) =0,m:p’;(;) =0n

xopxs z ypaonenus (4.1). pednoroxun, ymo xe s3mou ompeaxe Pynxyus f
deaxdu uenpepmano Jufdepenyupyemue, a ee npoussoduse f'(zr) u f(z)
auaxonocmoswunw. Iycms z(0 € [a, b — npoussoasnoe xavassnoe npubau-
xenue, u ¢ cayuae f(z¢D) f(219) < 0 sstnoaneno donoaxumeasnoe ycao-
sue 1 € [a, b] (nepooe npubaumenue ne emzodum 3a npedessw ompesxa
AoxaAuIaYun).

Toida movumnas ¢ n = 1 umepayuonnas nocaedosamessnocms memoda

Hyiomona £ czodumcs x £ monomonno ¢ mou cmopows ompeaxa [a, b,
tde f(z) f(z) > 0.

UnmocTpauneft MONOTOHROTO XBpBKTEPA CXOZMMOCTH MOXKET CHAYXHTH
puc. 4.9,

Cnencrene. Ilyems ypaouenue f(z) uwmeem xopens z, $ynxyus
f(z) deaxdm nenpepmono Jufdepenyupyeme na oced vucaoeoh ocu, a ee
npouagodusie f u f° anaxonocmosxnu. Toida memod Hyromone czodumcs
npu Awbou uawassxomu npubiumenuu z(O (m. e. Resasemcs t1i06aaruo
czodswumcs), npuneu navunas ¢ n = 1 nocaedosamessnocms crodumes
AMONCTMONNG ¢ MOG Copoxs om xopxs, :de f(z) f(z) > 0.

6. Tpyasocrm Bcnoms3osamma. IlpocToTa, AOTrHYeckana cTpofiHOcTE M
BLICOKAA CKOPOCTh cXOAMMOCTH Aenalor Merof HeioTona vupesphiuafino
npHenexaTebHHM. OIHAKO IAA €ro NPAKTUYECKOrG NPHMEHEHNst HYXKHO
Npeofoners fipe cyllecTpeHHue TPYAHOCTH. OoHA M3 HMX COCTOMT B HEOG-
XOZMMOCTH BLIYMcNEHHA nponasogHol f'(z). YacTo O6LBaeT HEBOIMONKHO
HafiTH AHAIIMTUYECKOE BhIpaxenne ana f'(z), a onpenenuTs npuGAMMEHHOR
3HaYeHHEe ¢ BHICOKON TOYHOCTBIO OYeHs TpyaHo. Huoraa smumenenne
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f'(z) — pnONHe peanbnas, RO BecbMa AOPOrocTOAIAA onepauuA. B atmx
CIY4asAX NPHUXOZMTCA MOAM(MHUMPOBATE METOR, HM36eran HEmOCPeAcTBeHHO-
ro swuucaenns nponssogiol. Hexotopuie na Takux Moandnkanumi npuse-
neum B § 4.7,

Bosee cymecrsenno 10, 410 Meron Heiorona obnamaer, Boo6me roeops,
TO/IBKO £0XaAMNO% CTodu.e0cmyr0, ITO 03uadaeT, YTO 06JACTBIO €r0 CXOAN-

MOCTH SB/IAETCA HEKOTOpas MaNasd 0-OKPecTHOCT KOPHA £ W AAA TApaH-
THM CXOMMOCTH HEOGXORMMO BHIGMPATL XOpOILee HAuaJbHOe MPHOINXKe-
HHE, MONafalollee B 3Ty G-OKpecTHocTh. Heyaaunumit BniGOp HAYAIBHOTO
ApHGANIKENNs MOXKET [ATE PACXOAAUIYIOCA FMOC/AEOBATENLHOCTE (PHE.
4.10) m paxe mpHBeCTH K ABApHIAHOMY OCTAHOBY (ecnM Ha OuepenHoOHt
nrepannn f'(z¢™) & 0). JIna npeononeHna 310f TPYAHOCTH YACTO MCMOMb-
ayror Meroa, HuiOTOHA B cOYETAHMM ¢ KAKHMM-THGO MEIIeHRO, HO I'ApPAHTH-
POBANHO CXOASAMMMEA METOfoM Tuna Gucekumn. Taxue rMbpuIHMe anro-
PUTMH HAXOAAT B MOCNEHEE BPEMA LIMPOKOE NPAKTHYECKOe NMPHMEHEHHE.

[}
|
X F§ IxON
]e/ X
|
S

Puc. .10

7. Bansamme norpemmocts Bhamcienm@l. [lyeTs z — NpOCTOR KOpeHs.
Ecnn meron HbioToHa paccMATPMBATL KaK BAPMAHT METOJA MPOCTOR HMTepa-
LMH, CBA3AHHNNA c npeoGpasoBanveM ypaBReuHa f(z) = 0 k sumy (4.45),
TO MOXHO BOCMONL3OBATLCH pesynbraTanu § 4.4 n § 4.5

Mockoabky p);(;) = 0, cnpasexnnpo wepasemcteo (4.30) u pammyc
MHTEpPBAZA HEOMPENeCHHOCTH KOPHA £ paBeH MPUMEpHO E(P;)‘ B
ouenkax (4.32)—4.34) moxuno cumrarth £°* ¥ E(:p;) nm Cxs 1. Jaa 1oro

YT106b CAENATE OKOHUATETLHAE BLIBOL, OCTACTCA OUEHMUTE A(pp.
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Myers f* u (f')* — npubanxennsie 3anagenns dynkupi fn f', Buryunc-

nsemue B Manofl OKPECTHOCTH KOPRA z. ByJem caMTaTh, 4TO NMpOM3BOAHAN
J’ BeIuMcaneTca XoTa Obl ¢ TOYHOCTBIO A0 1—2 BepuuX 3navawmux undp. B
NPOTHBHOM cnyuae (OCOGEHHO, €CAM HEBEPHO ofnpegensercid 3Hak ') M3
reOMEeTPMYECKOr0 CMLICIIA METORA JIETKO MOHATH, 9YTO €r0 MPMMEeRATh He
cnenyer. B cuny npepnoxenns 2.5 B Manoil OKpecTHOCTH KOPHA MMeeM

8 gfye] =57 + A - 2L -

[ 72l
f2(z)

(77 ¥(z) T YWuTSBaR morpeuwocTs & VZ| €
BHOCHMYIO B qa:v BCNEACTEBME BHIMONIHEHHA Onepannd BHIYMTAHMA, MOAYIHM
B(g?) ¥+ [zlen

Taxkum o6pa3om, mpeoGpadopatine ypasaenna fz) = 0 k Buay (4.45)

NpPAKTHYECKN He MeHAeT 06YCNOBJIEHHOCTL H paamnyc € HHTEpBaZIa HeOoNpe-

Tak kak g;(x) =z

HeNeHHocTH KOpRA z. Mrepaumornumi mpouece HbioTosa maer Bo3MoX-
HOCTb BHIYMCIHTE pellieRne ¢ TOYHOCTLIO € > €. OTMeTHM, TeM He MeRee,

49T0 3TH [OOcTOHMcTBE Meroas HBIOTORR peannayores, Boo6uie roBOpA,
TO/IBKO B MOl OKPECTROCTH KOPHA.

§ 4.7. Moam¢mranym weroxa Heroroma

B mpeampymem maparpade B KavecTpe HemocTaTKa Merona Heiorona
6hIa OTMeYeHA HEOOXOAMMOCTb BHIUMCICANA 3RAYCHMA npoMasofHon f'(z)
Ha Kaxjol uTepauuu. PaccMOTPMM HEKOTOphie MOAMMMKAUMM MeTORA
HuioroHa, cBOGOANKE OT 3TON0 HENOCTATKA. 3AMOTHM, YTO, MO CYUISCTBY,
M3NAraeMue B 3TOM pasfiefieé UTEPAUMORHBIe METONBN pelIeRMA HeJHHEAHo-
ro ypaBHEHHA HA KaXAOH MTepauuy MCOONL3YIOT HEKOTOPYIO NPOHEAYPY
ero JINHeapH3alMH, T. €. HCXOHOE HeNMHeltHOe ypabBHeHMe 3aMeHAETCA
NpUOANKEAHRO 60168 NPOCTHIM AHHEAHEIM ypaBHEHMEM.

1. Yopomenuut meron Huworoma. Ecnu nponapoanas f'(r) uenpepms-

H8, TO ee 3HaYecHHe BOAN3M MPOCTOr0 KOPHA z MOYTH nocToaHHO. [loaTOMY
MOXHO NONLITATLCA BHIYMHCIAHTDL f' JHUIIL ONHANELI B TO4YKe z“-'", B 3aTeM
samenuTs B opMyne (4.37) auadeume f'(z(™) nocrosmnont f'(z'*'). B

pe3yabTaTe OONYYHMM pacueTHYI0 (GOpMyay ynpousennoto semoda Huro-
moxa:
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PESTREEIN (Calid R (4.46)
(oY : :

leomeTpnueckan ManOCTpauMa Merona npubefena na puc. 4.11. B
Touke (z(0), f(z(%)) k rpaduky
¢ynxwm y = f(z) nposomures Y
KacaTenbRan [y n 3a pmpuGnnxe-
Hue z'!) npuEnMaeTen abcuucea
TOYKM mnepecedeHUn ITON Kaca-
TensHOM ¢ ocbio Oz (Kak B Merofie
Hoiorona). Kaxpoe cnexyiouiee nﬂr
npubanxenne ' "*1) goayuaerca
afeck KaK aGcuMcca TOYKH Nepe-
cedeHHA ¢ ocnio Oz npaMoft,
npoxoasamel yepea Touky M(™ ¢
xoopaunaTamy (z(M  f(zin')) n
napannensHol KacaTensHOR .

Ynpouwenne puuncaeunit no cpaBHennio ¢ merogom Heuiorona moctura-
€TcA 3fech LEHON PE3KOr0 NafeHMA cKOpOCTH cxofumocTd. CxoaMmocTs
TOr0 METOMA ARNAECTCA YXe He KBaAPATHUHOM, a AuHefROA.

Meron (4.46) moxkHO paccMaTpMBATL KBK METON MPOCTON MTepamMH ¢

=
»

— 1

Puc. 4.11

nrepauHonnoit ysxuven p(z) = z — f,!ifm). Tax kark p'(z)=1—
(=

fr 2100y TO AAA 3HaMeHATela ¢ COOTBeTCTBYIowEHd reoMeTpHvecKon

MOCTH TeM Bhillle, YeM 6/MXke HaualbHOe NpHbanxerne (0 Kk pemennio zT.
2. Meroxt noxmoro moncmesma. B ocHope 2TOff M cneayiOmMX ABYX
mosndnkauuit merona HeioToHa nexuT npuGaMkeRHOe paBeHCTBO

flamyn L&) S(FT) (4.47)

zZin) (gl

OporpeccHd HMeeM ¢ & . CnepoBaTensno, CKOPOCTH cXOQM-

Ono sepro npn yenopuu z!™ w zi™ y coepyeT M3 ONpeleNieHHA NMPOHI-
pogroft: f'(z) = lim ACEFICN
2=r F Rl 3
Nyets ¢ — PHUKCHpPOBAHHAA TOYKA, PACNONONEHHAA B OKPECTHOCTH

NpOCTOro KOPRA Z. 3aMeHMM B pacueTHodl ¢opumyne meroma Heiorona
(4.37) nponapoznyo f'(z'™) npaBofl 4acTbi0 NPUGAMKEHHOIC PABEHCTBA
(4.47), nomaraa 2" = c. B pesynsrare npuaeMm Kk pacueTHOR ¢opmyne
AIEMOJa AOKROIO NOACKCHUR:
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c-zin
Tty ).

lFeomerpuyeckan nanocTpanus MeTofa npusefcHa Ha puc. 4.12. Oue-
peanoe npubnmukenme ' 1! nonyyaercs sfleck kKak abcuMcca TOMKM nepe-
ceyenya ¢ ocsio (z npsAMOit, npOBefileHHOR Yepe3 PpPacNOJIOKEHHHE Ha
rpaduke byuknmmn y = f(z) Touxkn M n M(™ ¢ koopauuatamm (¢, f(c)) n

(ztm, f(ztm)).

rintl) = p(n) o

n30. (4.48)

” N Y e
|
\
|
|
[
|
|

“ i 1¢
_‘EW ' 0 X M g gy
Puc. .12 Puc 418

Meron, (4.48) o6najaer TONBKO AuHellHOA cxoaMMmocTeio. Ero MoxnoO
PACcCMATPHBATh KaK METOJ NPOCTONl MTEepauMH ¢ HTepauHoHHOR dynkuneld

plz) = = —

ﬁ f(z). Tak Kak CKOPOCTb CXOAWMOCTH OMpeAeA-
G, WAC)

flo- f(7)
TeM BhIlle, YeM GIIMKE OKANETCA BHIGPAHHAA TOYKa € K Z.

3. Meroa, cexymux. 3amena B Gpopuyne meroga Heiorona mponasopgnoit
f(ztD) — f(ztm)

erca B6nu3u KOPHA BenMuMKOn ¢ & |p'(2)] = , TO OHa

J(z™) npuGanmennem NPUBOANT K PACcYETHOM

UL —
dopmyne uemoda cexyujuz:
Lol = g(m) . () - g f(ztn), a3l (4.49)
) = f(zim) L

3ameTus, UTO DTOT METOA ABYXILAFOBHIA, TaK KaK ANA HAXOKICHHA
ouepegnHoro npubnuwenua (™1 TpeSyercA 3HAHHE OBYX NpeAsAyulMx
npubanxernis '™ u ("D B yacTHocTH, AN TOrO 9TO6LI H&YATH Bbl-
YHCNeHHA, HEOGXOAHMO 3a]ATh ABa HawalbHbX NpubGMnkesna () n (11,
Bee paccmoTpenuble paHee MeToAn TpeGOBMIM ANA BHYMCIeHHR 1l
TOMBKO 3HaHKMe (™ T. e. GRINN OAHOLIArOBEIMM.
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Ha puc. 4.13 opusesiena reoMeTpHueckana ManocTpauma merofia. Que-
pesnoe mputmkenre r! ") ponyusercs 3feck kak aGeuMcca TOYEK mepe-
cevennn ¢ oceto Or cekyluedl, coefunALeN Toukn M(D y M(™ rpagmu-
ka Gymiunn f(7) ¢ koopannaramm (z(71, (™)) m (2, f(z™)).

Ilpuseuarensho 10, uTo 3ra MoaudHkauua Metoaa Helotona coxpanser
¢BONCTBO CBEPXJIHHENHON CXOAHMMOCTH, €CJiM BbIUMCHAETCA NpocTOl KopeHs

z. Tounee, BepHO crenyIOWEe YTBEPKACHMUE.

Teopema 4.9. [lycms T — npocmod xopens ypaaxenus f(z) = 0, o
xexomopoid oxpecmuocmu xomopoie dyuxyus f deaxdw nenpepweno dug-

Pepenyupyema, npuvew [(z) # 0. Towda cywecmoyem o-oxpecmuocms

XOpNS T Maxas, YMO NPy NPOUIGOASNOM aubOPe npubsuxenuid 'O u r(l
¥3 smod d-oxpecmrocmu aemod cexywuzr crodumes c nopadvom p =

B+ 1

7 1618, m. e. das n 2 1 cnpasedausa oyenxa

|ztnenr — 2| € ¢|ztm ~2|P, p= ‘ﬁ_;l.

Tak Kak OZHa HMTepalMA METoAa ceKyiuMxX TpeGyeT TOMBKO OJHOrO
HOBOTO BBIYMCACHMA 3nayeRuwn oyukuum f, a werop Heroroma — pasyx
BoiuMciennt 3naveHult pyukunit (f m f’), TO TpymOeMKOcTs ABYX MTepa-
UMt MeTofa CEeKyWMX MPHUGAMIMTENLHO JKBMBANICHTHA TPYAOEMKOCTH OA-
Hoit wrepann no Heorowy. JlBe Mrepanum MeToma cekyilMx XalOT nops-
aoK p? ¥ 2.618 > 2, noaTOMY €r0 MOXKHO pPacREeHMBATL KaK 601ee GhicTpHi
no cpaBHeHnIo ¢ Metoaos Heroroua.

K coxaneumio, Merom o6nanaer, BooGlle TOBOPA, TOALKO JOKanbHOR

cxopumoctsio. On TpeGyeT BLIGOpA ABYX GIM3KMX K z (B obwen cnyyae —
oYeHs GAN3KHX) Havanbrbix npubmmkeruit /9 n z'V, Ecan atd npuban-
MEHMA BLIGPAHLI HEYZAYHO, TO MeTof, pacxoauTes (puc. 4.14).

ﬂﬂl

Puc. 4.14

115



4. Merop Creddencena. Hrepaunornas ¢opuyna semoda Cmegdence-

NG MMeeT BU]

(n)
= Ty [ R0 D)

MOXHO €uMTATh, YTO OHA MOJMYYEHR B PE3Y/LTATE 3JaMEHB MNPOM3IBOMHON
f(z'™), pxopAweR B pacuernyio dopsyny merona Hsioroma, npuGmmie-
nuem (4.47), rae 21 = ztm 4 f(ginh),

Meroa Creddencenn nuTepeced TeM, 4TO OM ABIAETCA OAHOLIANOBHIM,
He TpeGyeT BHIYMCIERMA MpoM3Boinofl f° M B TO Xe BpeMs, KAK W METOR

HsloTOHR, CXOAMTER KBAAPATHYHO, €C/IM KOpeHb z — MpocTol, GyMKOMA f
OBAXAHN HenpepbiBuo AHddepeaumpyeMa B OKPECTHOCTH KOPRA, & MAYANb-~

Hoe npu6anxkenne z BLGPAHO 6H3KO K Z.
leomerprueckan manmocTpanua smeroga Creddencena npupenesa Ma
puc. 4.15. MpuGamxenne (") ponyveeres kak aGenMcca TOYKH mepece-
yerua ¢ ocsl0 Oz cekywen,
A" MpOXOnAMER 49epe3 TOYKM
Mtm g NU ¢ koopauMaTEMH
(ztm,  f(2t™m)) n (3(!11‘
f(zt™)). 3uavenne (7
orBeyaeT  abemMcce | TOYKH
nepeceyenua ¢ ocslo Oz npa-
Mot 3 = f(z®) — (z —
—z{™), npoxopAwel gepes
Touky M'™ u napannensroft
ApAMOA ¥ = -1
Hecmorpa Ma cBOHCTBO KBaJ-
Puc. 4.15 PaTHYHO CXOOMMOCTH, METOX
Credpdencena yerynaer merony
CEKYIINX, MOCKONbKY TpeGyer Goabwesl BHYMCAUTENBROA pabore pAas
JOCTHXEHHA TOM Xe TOUHOCTH E. DTO cBA3AHO € TEM, YTO HA Kamaof
HTEepalMH PacCMATPHBAEMOTO MeTOfia BHIHcIeHHe QYHKUMM NMPOU3BOAMTCA
ABaxcb, 8 B METOMie CEKYLMX AMLlL ONHH pa3.

5. Yrouneuwe werona Huoroma naa caywan kparsoro xopas. B npun-
LMne ANA BRIYHCAGHMA KOpHR ypasHewMs f(z) = 0 kparuoeTn m > 1
MOXHO MCAOMKAOBATE M cTAHABPTHHNA Meron Heuioroma. Opunako B 21OM
cJlyyae CKOPOCTb €ro CXOAMMOCTH SRBJIAETCA TOABKO JAMEeARoi. Moxno
NMOKA3aTh, 9TO JHANEHATENbL ¢ COOTBETCTBYIOWIEHA reoMeTrpH4YecKkolt mporpec-

2 X

¢uH npu6aunenno pased 1 — %‘
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Jdna TOro uTOGLI COXPAHUTL KBafIPATHUHYIO CKOPOCTH CXOAMMOCTH,
meron HeioTona HyxHO MOAMPHUMPOBaTL cenylomMM 0Gpa3oM:

) = f(zn)
x(n])_:(’“-mm, n30. (4‘51)

MoxHo nokasate (370 HOCTUraeTcA PACKPHITHEM HeompenencHHocTel ¢
noMomsio Gopmynnt Teftnopa), 4TO npHM TakoM BeIGOpe HTEPaUMOHHOM
dynrunn p(z) = z — m %% noayunm ’(z) = 0, u cxomumocTs chosa
OKAXETCA KBAJPaTHYHON.

Ha pue. 4.16, ¢, 6 npoMnAIOCTPHPOBAHO MOBEfEHME NOCNEZOBATENLHEIX
npubnnkenut crannaproro merona Helorona m ero Moandpmkanum (4.51)
ANIA ¢RYYAA OTHICKAHHS KOPHS KPATHOCTH m = 2.

'y g

B T

o
™

Puc. J.16

Jna merona (4.51) 3navenme z(7*D noayvaeTca cMeAyOUINM OGPA3OM.
B mouke M(™ ¢ koopamuaramm (z'™, f(2'™)) k rpaduky byurumun
npoBoAMTCA KacatensHasn. [lepeceuenne ee ¢ ocbio Or KaeT BCNOMOTATENb~

i~
HyI0 Touky z(™D_  [lna noayuenma Toukn z!™!) Hy}HO BOCNONL3OBATHCA
PABEHCTBOM zinth) _gln) — gy (;( nel) 3[!‘")_

Tpuiep 4.10. MprmeHrd MeTObl, PACCNOTPEHHBIE B JaHHON rnase, Af1A BbiMMC-
NeHKMS NONIONHUTENIBHOTO KOpHA ypaBHens 4(1 — 12) — e = (), cuNTan H3BECTHBIM,

410 1 € [0, 1) (cu. npuwmep 4.2).
Pesynsratsl BulUMCIeHMA npHBenenl B TaGn. 4.5—4.8. B Hux ana kaxnporo
NPUOMMKEHHA JAeTCA WYWCMO0 BepHBIX 3HaKOB W TpebyeMoe YHMCNO BEINHCeHMA
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aHavenut pynxumu f(1) = 41 — 2) — e (ana ynpoueHnoro Merofa Heloro-
Ha yuTexo BnrgHcienune f'(z(0))). BorvHconenns BbioNHexn ¢ 10 3HakaMW MaHTHC-
Cchl.

Otsernu, 4T0 BHIGOP HayanbHbix NpHOIHKeHMA OB NOBOTLHO ENYMaMHbDM
(xora u pasymubsm). Tem He MeHee MYMWIMI pesy/BLTAT NOKA3AJT METON CEKYLIMX.
Petiene ¢ 10 BepHbDdM 3MakaMH MaHTHcchl GbUlo MoyveHo Nocie 5 wWrepauuit M
Ans aroro notpebobanock nuwe 6 BuYucHenuit ywxumuu. Xora meron Huotoma
(cd. npuMep 4.8) nmpu ToM ke MAMansHoM npuBTMweuuu r!0) paer Tanoce e

aHAYeHHe T Beero nocnie 4 MTepauuit, Ana smoro tpebyerca 8 BbiuMcneHMRA GyHK-
uuu (4 Beiuncnenus fu 4 BuducneHun f°).
flpwep 4.11. MNpumenum weron Hetorona u ero moamdmkaumwe (4.51) ana

BHIMHCleHMA KopUS = = 0 KPaTHOCTM m = 2 ANA ypabHenua r2¢® = (. Bosbuen
510 = |, PesynbraThi BhMMCennA fakbt B Tabn. 4.9 u 4.10.

Kak BuaMo M3 Ttabn. 4.9, norpewHocts Merona HelotoHa yOuBaer AoBONBHO
MENTEHHO M COOTBETCTBYET NPHMEDHO NeoMerpPHYecKol MPOrPeccHH Co 3MaMeHaTeneM
¢= 1/2. B 10 xe Bpemst b urepaumin no dopuyne (4.51) npy m = 2 narwr aHave-
MHe pellleHHMA ¢ NorpewrHoctslo, Menbitell £ = 10710,

Ta6anuua 45 Ta6nnua 4.6
Ynpoutentnit metor Helotona; Meton OKHOMO NONOKEHUR;
o =05 c=1,10 =05
Yueno Yueno Ynueno Yneno
n rn BEPHBIX BbIMMC- n it BEpPHEIX BbIMMC-
3HaKOB JIeHWH 3HaKoB JleHMMN
dyHxuHA dyHruun
0 0.5000000000 0 0 0 0.5000000000 0 0
1 0.7392185177 1 2 1 0.6660226835 1 2
2 0.6896366262 1 3 2 0.6971284254 2 3
3 0.7081565866 2 4 3 0.7023912700 2 4
4 0.7017501401 2 5 4  0.7032658920 3 5
5  0.7040350503 3 6 5 0.7034108088 4 6
6 0.7032284740 3 7 6  0.7034348083 5 7
7  0.7035142540 4 8 7 0.7034387825 6 8
8 0.7034131306 4 9 8  0.7034394406 6 9
9 0.7034489297 4 10 9 0.7034395495 7 10
10 0.7034362584 5 11 10  0.7034395676 8 il
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Tabavus 4.7 Tabanuua 4.8

Meron cexyurux; Meron Creddencena;
0 =1 g =05 9 =05

Yucno “Yncno Yucno Yucno

n i BEpPHBIX BbIYHc- n zin BePMBIX BbIMHC-
3HaKoB neHMit 3HAKOB JNleMMA

dynxunn PyHKUHA

0 1.0000000000 0 0 0  0.5000000000 0 0

1 0.5000000000 0 0 1 0.6047702913 0 2

2 06660226835 1 2 2 0.6731754719 1 4

3 0.7092548653 2 3 3 0.6998880287 2 6

4 0.7032943284 3 4 4  0.7033854199 3 8

5 0.7034390197 6 ) 5  0.7034395584 7 10

6 0.7034395712 10 6 6  0.7034395712 10 12

Tabnnua 49

Meroa Huiotonua

Taénunua 410

Yrounetne nerona Holotona ana

cyvaa m= 2

n g n Toplm

0 1.0000000000 0 1.0000000000
1 0.6666666667 1 0.3333333333
2 0.4166666667 2 0.0476190476
3 0.2442528736 3 0.0011074197
4 0.1354180464 4 0.0000006128
5 0.0720028071 5 0.0000000000
6 0.0372524647

7 0.0189668249

8 0.0095725027

6. YyBCTSNTENLEOCTL K HOMPEMBOCTAM. PAcCMOTPERHbIE B 3TOM Napar-
pajde OQROWIBrOBLIE METONB MOXHO HMHATEPAPETHPOBATH KAK PpPa3IMIHbIe
BapHMAATH MeTOnA mpocToit wrepanus. IlosTOMy McecnenoBaHMe UX YYBCTBH-
Te/IBHOCTH K MOTPelIROCTAM CBOAMTCA (aHANOTHYHO TOMYy, KaK 310 6mO
caenaHo B mpeAnAymeM naparpage Anr meroaa Hplotons) k Mcnonssoea-
MHIO COOTBOTCTBYIOMMX peayabTaToB § 4.5. Tak, HanpuMmep, MOxHO yGe-
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AMTRCA B XOpolleft oGycaoBaeRROCTH MoauPHuUMposaREOre Merona Hioro-
H8 U METOM8 JIOKHOTO NOJIOKEHHA.

Buicokas cKOpOCTL CXOIMMOCTH METOJA CEKYIUX AeNaeT ero ApUBJIeka-
TensMuN AnA npuMeReRna. OpHAko Bu3mBaeT 6GecnokoficTBO TOT (haKT,

f(ztr 1) — f (gtn))

PO T

uyto B Qopmyay (4.49) BxoanT BeMYMHA , AMOPOK-

cHMMpYIOIIAA npoM3aBoAnyi0. B6auam kopua, korga z'n s zinh y
J(zm) & f(z(D) & 0, nOrpelIROCTs BRYNCTEHUA QYHKUMH HAYMHAET
CYILECTBEHHO CKA3BIBATHCA HA TOYHOCTH ITOM BENHYMHE, M METOZ CEKYIIMX
TepAieT YCTOWYMBOCTB. OTHM OH CYIIECTBEHMO OT/AMYAETCA OT MEeToAos
npoctoft urepauuu ¥ HeoTona, AAR KOTOpHIX mpHOGIMkeHna z(™ paBHO-
MEPHO YCTONAYMBL K MOrPEIIHOCTH HE3aBMCHMO OT YMcna MTepauuft a.

Tem ne Menee npu FPAMOTHOM MCAOML3OBAMHMH METOJ CEKYMIMX fAaer
BO3NOXHOCTb MOAYUHTB MOYTH CTONABKC XKe BEPHMX 3HAYANMX nMPP KOpHA

Z, CKONBKO BOOGWIE MO3BOAAET OGycnOBNEHROCTD 3axaun (cu. § 4.2). Boa-
MOXHasn (HO He O0A3ATe/ILHAA) MOTepPSA TOMHOCTH cOCTaBiser 1—2 BepHule
unppu. HeobxoxuMo nnmibs mpepsaTh WUTEpAUHORRHMA npouecc B TOT MO-
MEHT, KOTZA NPUOGIRAKEHUA OKLKYTCA B OMAaCHON GJIH3OCTH K HHTepsany
neonpepenennoc™. Oguu M3 cnoco50B IAMETHTH 3TOT MOMERT COCTOMT B
ucnonsaosanuy npauna Fapeuka (en. § 4.2). .

Or™eruM, YTO OpHM NONAfAAHMH OYEPERHOrO MPHOAMKEHHUA B Manyio
OKPeCTHOCTb PEIEHUA TEpAET ycroitunpocth u Meroq, Creddencena.

§ 4.8. lononanTensALic 3aMETaENA

1. Meron ofpariohi keapipanniof wHTepnosmuM. [lycte NpHGMkeHus
fAn ) pncld iR yiwe HafifleHEl, a COOTBETCTBYIOUIMe 3HaueHMA GYHKunu f
PaVIHYHH (MoclefHee MpelnoNoxeHHe 3apefioMo Gyner BLINONHEHO, ecMH QYHKUHA
f crporo mMowmotonHa). Torpa crpoar Tanoft keanpaTHyHbii MHOrowleH Py(y) or
NepeneHHon g, yto (N = Py(f(r'V)) ana i = n—= 2, n — 1, n 3a odepennoe
npuGamxeHHe x peuwreHuio NpuHnMaerca ! 1) = Py(0).

3ror TpexwaroBmifi MeTon oGNalaeT NOKANEHOA CXONWMOCTBIO C MIOPANKOM p &
# 1.839; ana Hayana ero paboThl Tpefyerca 3ajaHMe TpexX XOPOWIKX HAYaNBHBIX
npuGAKKeHw .

2. Merofml ¢ nOpARKOM CXOAMMOCTH Buimie Broporo. [IpruBenen npuMep ofHola-
.TOBOTO MeTONa, oGnajaolero KyGlyeckoll cXoAMMOCTEIO:

el = g(m _f@Emy fEtm) f(em)
FE) T ()
Cywectsylor 4 Apyrite Metoabl ¢ TOPAAKOM CXOQWMOCTH Bbilue BTOPOr®, TEOpeTH-

YecKM OdeHb GBICTPO exoasiumecs BOauan kopHA. OAHAKO OHM peAKO MENONb3ylOT-
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cA Ha HpaKTHKe, TAK KaK MX NPEHMYLIECTBO B CKOPOCTH CXONMMOCTH HaYMHaeT
NpoABAATLCA JHIIbL TOTAA, KOTAA MTEPAllMK yXe NOYTH COWNHCH M B AEACTBUTENb~
HOCTH oOCTanoch chenath 1—2 WUrepauuM nAubo Booblie TMopa NpexpaTHTL BhlYMCe-
HHA. YToSbl OWYTHTh NPeUMYWeECTEO TaKHX MetofoB HaA Metohamd Hewotona u
CeKywnx, HyxkHa IBM ¢ oveHb BHICOKON pa3pANHOCTBIC M KeNaHHe NONYMMTh
pewetHe ¢ 4Ype3BblMaAHO BHICOKOA TOYHOCTBIO.

3. BermicnielMe KopHefl Mporornestos. Borumucnenne Kopheft MHorounenos Pp(r)
cTeneHH n — cNelMaNbHaA 3afiaya, ANA pelleHwsT KoTopoR paspaborado 6onblloe
YHCNo 3PErTHBHBIX ANMOPUTMOB. YKaxed Ha OOWH U3 HHX — memod Mwarepa. B
HeM NO TpeM paHee HamNeMHEIM NpuGMkeHusaw z{ ™2, (R} (R} erpogr
MHTEPNOAAUMOHHEIA MHOTOUWNEH Bropoit crenenn (Qy(r), T. e Takol MHOrowieH ana
kotoporo Q=) = f('V) npu 1 = n — 2, n— I, n. 3a ovepepHoe nNpubiiKe-
Hue (™!} npuHMMaloT TOT M3 ABYX KopHell MHorowieHa (Q(z) (B obwew cnyuae
ABFOUMXCS KOMIUIEKCHBIMK), KOTOPBIl pacnonoxkeH &maxe k rin!,

Briots zo navana 60-x rofor safava BRIYMCAEHMA KOPHel NHOTOWIeHoB Gbina
BecbMa pacnipoctpaHeon. OAHa M3 OCHOBHRIX NPHYMH COCTOSUIa B TOM, 410 X
OTHICKAHHIO KopPHell XapaKTepHCTHYeCkOoro MHOMoWieHa CBOAWNACE OflHA H3 BaXHel-
UIMX 3a0ay anrefpbl — 3a0ava BWYUCAEHMS COOCTBeHHBDX uMcesn Matpuu. B Hac-
Toslllee BpeMA CYLLECTBYIOT APYTHe, Topasno OGonee opdeKTHBHBIE YMCIIEHHBIE
MeToflbl BEIMHCTIEMNA coBGCTBeHHbIX 3xavenuR (M. r. 8), M, no-BuaMMOMY, 3ajaua
BbIYMC/IEHHA KOpHeil MHOTOWeHa BO MHOTOM MOTepsAna CBOI0 AKTYaNbHOCTB.

Kax 6bu1o orumeveno pakee, K 3ajlade OTHICKAHMA KOpHeli MHOTOYJieHa BBICOKOR

crenedn ¢ npHOIHKEHHO 33NAHHBIMK KoodHUMEHTAMH clieflyeT OTHECTHMCh OMeHb
BHMMATENBHO: OHA MOXeT OKa3athesl Mioxo obycnoBneHHoR (cMd. B rA. 3 npHuep
Yunkuncona). BooGilte, MOXHO NoCoBeToBaTh Maberarh NPHMEHEHHA METOAOB pelue-
HUA BBIYHCAMTENBHBIX 33JaY, B KOTOPbIX MCMOAB3YIOTCA MHOTOUREHBI BHICOKOM
CTeneHu.
4. NuGpxaunie axropurml. B nocneanue rofibl NoAyvwan Npuaxaiue anroput-
Mbl, KOTOPble HA3bIBalOT wlpuduseay (WK petyaspusuposannswuu). OHM npencras-
nsmotr coboll KoMOWHalMM HaOeXHHIX, HO MelTeHHO CXOAMIIMXCHA METONOB TMIIA
GHCEKUMM C HENOCTATOMHO HAZGKHBIMM, HO GHICTPO CXOAMUIMMMCH METOfaMM THINA
cexymux ¥ HeworoHa, PeayabTupyiomue anroputuel o671a0aioT BHICOKON HAN&KHOC-
TbIO M TFAPAHTHPOBAHHOA CXOAHMMOCTbIO. B Tex Xe cayvasax, Koria B OKpPecTHOCTH
npoctoro KopHa ymkuMK f— rNafkas, cxOAMMOCTE CTAHOBMTCA CBePXJAKHeNHON.

Anroputi ZEROIN, manoxennsmt b [86), smnserca npuMepoM 3¢dpeKTHBHOrO
TMGPHIHOTO ANINOPUTMA, Ha KaWKJAON liare KOTOPOro NPMHMMBETcs pellieHHe o TOM,
KaKoW M3 TpeX MerTofion: GHCEKLHH, cexylux wau obpaTHoRm KBaJpPATHYHOM HHTep-
DOAUNM — ClleflyeT KCTONB30BaTh ANIA BBIYHC/IEHUA OvepefiHoro NprbimxkeHH.

5. Kpurepsuu oxomvamma. [IpoGaena BHGOpa NPaBWIBHOMG KPHTEpMS OKOHYAHHA
HTepalHOHHONO MPOLIECCA YACTO OKA3LIBALTCA AOCTaTOMHO ¢fokHoR, Cllefiyet MMerhb
B BMAY, YTO Hapsjy C oOCYXAABWHMCS B npelblAyliux naparpacax ycnoeHeM
jztm —t ) | € g, Hepenko Hcnonb3yerea clenyioluee yenoske: |f(z(M )| < €,
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lzcea 5

NPAMBIE METO/ILl PEIIEHUA
CHUCTEM NIMHEAHBIX
ANITEBPAMYECKHX YPABHEHHA

§ 5.1. Hocramoeka 3anaq8

B BuuncanTensbHOl AMAEAHON anreOpe BLIAEMAIOT YEThIPe OCHOBHBIE
3anauM: 1) pelllenNe cMeTeM nUHENHEIX anreGpaHueckHX ypaBHeHnlt; 2)
BHIYMCIERME onpefennTeneh; 3) Haxoxaenne o6paTHunx MaTpun; 4) ompe-
meneHHe cOOGCTBEHHLIX 3Wauenpfl M COGCTBEHHMX BEKTOpOB. 3axaum 2 u 3
o6cyxnawrca B § 5.6, mocnegHe no nopanky (HO He MO 3IHAYEHMIO) 3afAm-
ye 4 noceswena ra. 8.

B ocHoBHOM xe faHHAA rnaBa NOcBAlleHAa 3agave 1, a Gosee TOYHO —
APAMbHIM METONAM pelleHMA cMcTeM NuHelHblX anreSpaMuecknx ypabBHeHKWit
€ BEIECTBEHHRIMH KOdpdHIHeRTaMN:

apn + apn 4 i+ o+ I = by,
azn + azap; + axany + ...+ a2y = b,
agn + azgm + agarz + ... + agmIn = ba, (5.1)
amn + Gmem + 4m3Zy + .. + GmmIn = bn.

B maTpuunoit ¢opue 3amMCH 3Ta cHeTeMB MPHHMKACT BAL

Ar=b, (5.2)
rae
£ b
a; a2 &3 .. 4m A b,
@y a;; @3 .. azp 3 bs
A= @3] a3z @33 ... azm |, = ik b=
Umi Gm2 Gm3 . Opm Iy om
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Hrepaunonnne MeTofin pewmenMa cHcrems (5.1) 6yAyT paccMOTpeHE! B
ra. 6.

Yaenus OCHOBHOE BHHMAHHE 3R[1BYE BHYMCACHMA BEKTOpa 2, ABNAIOWE-
roca pellienmem cucremul (5.2), no exofHoMy AaHnOMY — Bektopy b. Bynem
npeanonaraTh, Y10 MaTpuia A 3ugaMa M ABNAETCA HeBHpOXAeHnoh. U3-
BECTHO, YTO B 3TOM CJIYYae pelleHHe CHMCTeMH CYIIECTBYET, ¢AMMCTBEHHO M
YCTONUYMBO MO BXOAHBIM OAHHEIM. 3TO O3HAYAET, YTO pACCMATPUBAEMAR
3871248 KOppeKTHa.

Xora 3apaua pemiennsa cucTeMu (5.1) cpaBHHTENBHO pefKO mpeAcTaB-
ARET CAMOCTOATENbHBLIA MHTEpeC AR NpMAGKEeHHR, or ymenua 3¢pdextns-
HO PeulaTh TAKWE CHCTeMBl YACTO IABHCHT CAMA BO3MOXKHROCTD MRTEeMATHYOC-
KOTO MOZEJIHPOBAHMA CAMEX Pa3HOOGDAIHBIX MPOLECCOB ¢ NPHMCHEBHEM
OBM. Kak 6ymer BHAHO M3 [aNbHEHUIEr0 HINOXKEHMA, 3IHAYMTENBHAA
YACTH YHC/IGHHHX METONOB PellleHHs Pa3NM4HRX (B OCOGEHHOCTH — HEIM-
HEMHHWX) 3a08Y BKIKOYEET B ce6A pewenne cucrem (5.1) kak anemenTap-
HBlfl WIar cOOTBETCTBYIOLLETO A/ICOPHTMA.

Myers =* = (2], 23, ..., ;)" — npuGanxennce pewmenne cucremn (5.1).

B sToR M cnepylomux raaBax Mbhl GyAeM ¢TPEMMTbtA K MOMAYYEHHUIO pelle-
HHA, ANA KOTOPOre MOTPEWHOCTh € = T — £* Mana (KONWIECTBENHLE Xa-
PaKTEPMCTHKH "“Be/IMuMHL" DOrpemiHOCTH GYAYT BBEACHH B CIIeNYIOLIEM
naparpage). Tem e Menee 3aMETHM, UTO KauECTRO MANYYEHHOTO pelieHMMA
NAMEKO He BCerfia XapakTepiuayeTcAd Tes, HACKONBLKO Majna NMOrpenmocTh
r— z*. Mnoraa snoaue yAoBJIETBOPHTENBHEM ABNACTCA KPUTEPHAl Maioc-
™ Meogaxu r = b — Az®. BekTOp r noka3mBaer, HACKONBKO OTANYAETCA
NpaBad YacTh CHMCTEMB OT 7IEBOM, ecaM MOACTABMTL B Hee NMpuGAMKEHHOe
pemtenne. 3aMetnuM, 410 r = Ar — Ar* = A(z — £*) 1 noaTomy norpeu-
HOCTH M HEBABKA CBA3AHLI PABEHCTBOM

e=z-z"= Alr, (5.3)

§ 5.2. Hopubt pexropa ¥ MATPHIIM

1. Hopua mexrtopa. PemleAneM cHCTeMH JAMHEAHBIX anrebpanvyeckHX
ypasHEHMIl ABAAETCA BEKTOP X = (I, I3, ..., Im)¥, KOTOPHIl GyZieM paccMaT-
pMBaTL KaK JIEMENT BEKTOpHOIV npocTpancTea R™. Ilpubankennoe peme-
une £° = (z;, z;, ..., 7,)T v norpewnocTs e= s — ' = (5 — 7/, ..., Tm —

— z)T Takxke ABNAIOTCA 3neMeHTaMu npoctpancTsa R®. Jlas Toro 4roGu

AHANM3HPOBATE METOJH PEIlieRHA CHcTeM, HEOGXOANMO YMETh KOTMYEeCTBeH-
HO OLeHMBaThL "BeMUMHL" BeKTOPOB £* M £ — r*, a Takxe BekTopoB b 1
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b— 8%, rne b° = (b, b}, ..., b3)7 — BeKTOp NpNEIMXKEHHO BATAHMBIX

npaswX uacTeft. YZOGHON AAA 2TOit MMM KONMYECTBOHHON XapaKTepHCTH-
KOl ABAETCA MIMPOKO, HCAOIBIYeMOe MOHATHE HOPMB BEKTOpA.

TosopAaT, uTo B R™ 3aiaHa HOpMa, ecH KaxAOMY BeKTOpY r n3 R™
conocTaBaeno pewecTsennoe uncao |z|, nasviBaemoe xopuod eexmopa T v
ofuapalomies caeaymHMy cBORCTBAMM:

10) 2] > 0, npuuex |z} = 0 Toraa v ToALko TOrmA, KOrOA = = O;

20) Jaz] = |a| |=] ana moboro sekropa x 1 mo6oro uKcaa a;

3% Iz + vl € lz]l + 1yl ona mobuix vekTOpoB T 1 ¥,
AocNiefiHee HEPABERCTBO MPHHATO HAILIBATL NEPAGENCMOOA MPEYLOALNUKA.

3aMeTHM, 4T0 TAKUMM Xe cBoflcTBaMM 06nafacT O6GLIYHAS reoMeTpuuec-
Kaf [JIMHA BEKTOPA B TpeXMepHoM npocTpaHerse. ChoiteTeo 3° B 3TOM
cayyae cJepyeT M3 MPABMJA CIOKEHMA BEKTOPOB M M3 TOTO M3BECTHOrO
dakTa, YTO cyMMa JJIHH [BYX CTOPOH TPeyro/IbHMKA Beerfa Gonblle AJIMHBI
TPeTbEN CTOPONH.

CyuiecTByeT MHOXECTBO PA3IJIMYHBIX CNOCO60B BBefeHMa HOpM. B Bhi-
YMCINTENBHLX METORAX HaM6O/ee YNOTPeGMTeNbHBIMM ABJAKTEA CACAYIO-
IIMe TPH HOPMH:

b =5 (al, 1= (E 120272 1ol = mox |xil. (5.4)
el al 1< i<m

Ilepebie ABe M3 HUX ABAKIOTCR YACTHRIMM cayuaamy 6onee oGuieit HOpMEL:
1
I,= (& 120977, p>1 (55)

(npu p = 1 u p =2), a nocneanAn, KAK MOXHO MOKA3ATH, MOJIYYAETCA U3
Hopmul (5.5) npefensubiM NepexofoM OpM p = .

3ameununne 1. Hopua |z]; saBnserca ecrecteennnm 0606uennem
Ha cy4afl M-MEpHOTO NMPOCTPAHCTBA NMOHATHA AAMHLI BEKTOPa B ABYX-

M TPEXMEpHLIX reomeTpuyeckMx mpocTpancreax. [loaTomy ee maamparor
eexaudoaot nopauoi.

3ameuanne 2. Copapennnen HepabeHcTea

Izl < lzl2 < L« < miol, (5.6)

YKa3bBAKIHE HA TO, YTO B ONPEeAC/IEHHOM CNMBICAIC BCe TPH BBeAEHHbIe
HOPMH 3KBMBAJICHTHBI: KaXAasd M3 HHMX OLeHMBAaeTcA moboit M3 ABYX
APYTHUX HOPM ¢ TOYHOCTHIO A0 MMOXWUTENA, JaBHCALETO OT m.

Mpusep 5.1. Hannew o), | ]2 12, ana sexropa z = (0.12, —0.15, 0.16)T.
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Mo dopuynau (5.4) onpenensien f=f; = 0.12 + 0.15 + 0.16 = 0.43, |+, =
|
= (0.122 + 0152 + 0.16%) /% = 0.25, |2, = max {0.12, 0.15, 0.16} = 0.16.

2. Cxanapaoce nponssczesme. Haiounnu, 410 cKanapuniM npouaseme-

HHEN BeKTOpOB £ = (I, I3, ..., Tw)" H ¥ = (¥, Y2, ..., Ym)T HASEIBACTCA
BeNUYMHE
m
(aﬂ=nm+nm+m+&h=§ﬁw (5.7

Herpyauo yeranosuts, uto |z], = (=, )1/ 2.
B cnydae, KOraa BEKTOPHI Z, §y HMMEIOT KOMIIEKCHBIE€ KOMMNOHEHTBI,
CKaNAPHOe NMPOM3BENECHNE MOHUMAIOT TaK:

(z, ) = :'-l;] + 12;2 + ...+ z,.;,,.

3. A6conioTnan M OTHOcHTEAbHAA NOrpemHOcTH pexTOpa. Jlanee Gynem
BCIOZlY CYWTATb, YTO B MPOCTPAHCTBE M-MEPHMX BekTOopoB R™ Bpepena M
¢dnkcuposana nexoropan nopma |r] (nanpumep, onua ua nopu |z, 1 <
< p< » B atou ciyuae B KauecTBe Mepn cTemeHM 6/IM30CTH BEKTOPOB £ M
£* ecTECTBEHHO WCMONL30BATh BenMuHuHy |2 — z°|, arnfiouyrocs ananorom
paccTOAHMA MexXAy TOukamn z u ='. Beenen aGconioTnyio M orHocHTeNB-
HYEO NOTPEUINOCTI BEKTOPA £* ¢ noMombio GOpMya

A(s*) = lz-5°], Kz*) = '—‘Iir‘—l . (5.8)

Bubop TOfi mMnm MHOR KOHKpeTHOH HOPMEI B MPAKTHYECKMX 3A0AYAX
AHKTYeTCA TeM, Kakne TpeGOBaHMA MpedbABAAIOTCA K TOYHOCTH pelleHHA.
Buibop uopum [z}, dakTHuerku oTBeuaeT caywalo, KOTAA Manoft MOMXKHA
6bITh CyMMapHaa aGCONIOTHAA OIUMGKAZ B KOMMNOHEHTaX pellleHMA; BH6Op
Iz]l, coorBercTByer xpHTEpMIO MaNOCTH cpeiHeKBanpATHYHON OWMGKY, 3
NPHUBATHC B KadecTse HOPME |z]_ o3Hauser, uTo Manoft JonkHa GbiTh

MAKCHMANBHAA M3 AGCONIOTHHX OUMGOK B KOMNOHeHTAX peluenun.

4. Cxopmmocrs mo mopme. Tlyers {£t™ )., — nociemosaTenbkocTs
BekTopoB £!™ = (z{™, M, .., :;’")T. lForopAT, uTO nNocnefoBATENL-

HOCTH BEKTOPOBR XM cIodumes x oexmopy = npu n = o (2™ s % npu
n- ), ecan A(z") = |20 — 2] + 0 npn 7~

3amevannme Cav PakT HANMYMA KIM OTCYTCTBMA CXOAMMOCTH
£'?) K T Npu n + o B KOHOVIIOMCPHHX NMPOCTPAHCTBAX HE 3ABMCHUT OT
BbiGopa HOpMul. HI3BecTHO, YTO M3 cXOAMMOCTH NOCAEAOBATEILHOCTH NO
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OfHOMR M3 HOPM CTElyeT CXOLMMOCTh 3TOR mocnemopatTensnocT B R® no
mioGont apyroft nopme. Hanpumep, ana uwopm |=l,, 12|, 2], 310 BriTE-

kaeT n3 nepasencte (5.6). Bonee 1oro, z(™ - z npu n + © TOrAB M
TONLKO TOTAS, KOTAA AnA Beex i = 1, 2, ..., m nuMeen z{™ - z, npn

n -+ ©, T. €. CXOAMMOCTb N0 HOPME B R™ 3xkBMBaneHTHA NOKOMMOHEHTHON
(MOKOOPAMHATHOM) CXOLMMOCTH.

5. Hopua matpumu. Be:tuunna

|41 = max }4d (5.9)
z#0

HA3LIBAETCA Ropaotl mampuys A, MOAYHHAEHRON HOpMe BEKTOpPOB, BBEfEH-
Roit B R™.

3aMeTHM, YTO MHOXECTBO BeeX KBAAPATHHX MaTPUIL Pa3Mepa m x m
ABJIAETCA BEKTOPHBIM NpocTparcTBoM. MOXHO MOKa38Ts, YTO BBEJEGHHAA B
3TOM npocTpaHcTee ¢opuyaon (5.9) Hopua o6nanseT cneAyIOWIMMM cBORCT-
BAMM, AHAJIOTHYAKMMH cBOoflcTBAM HOPMHE BEKTOpA:

19) | A] 3 0, npuuen | A] = 0 Toraa u Toaeko Toras, koraa A = 0.

20) JaAl = |a| - LAl ana moboft MaTpHuE A K NOGOTO YMCHA .

3% A + B] < | Al + |B| ana nio6uix Matpuu A u B.

JononBMUTEBHO K 3TOMy BEPHH CAREAYIOWME cBOHfCTBA:

40) | A- B] < | A]- | B] nns no6ux maTpun A u B,

5°) ana no6o#t MaTpHUb A M N11060T0 BEKTOPA £ CMIPABEANMBO lIepABEH-
CTBO

|Az] < |AL-Isl. (5.10)

Hokaxewu, Hanpumep, csoiicreo 59. Ecan |z] # 0, To nepasencrso (5.10)
skeusanenTno Hepasenctsy |Asz]/|z]l < | Al, cnpasepameocTs koroporo
cnenyer ua onpenenenus (5.9). Ecom xe |z] = 0, 1o uepasencreo (5.10)
NpespalLaeTc B BepHOe yncnosoe Hepaserctso 0 < 0.

Kak cnepyer u3 onpeneneuna (5.9), xawmoft ua sexktopusix Hopy |z]
COOTBETCTBYET ¢BOA NOAYMHENHAA HopMa Matpmum A. Wapecrno, B wact™
noctn, uro wopmam |zl;, lzl; n |zl_ nonummenu wopuum |A|,, |Al; n

1Al snuncasemme no ¢popmynan

m
lAli= max 2 [ay, (5.11)
1€ j€<m !
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[Al: = max VX(&A), (5.12)
1€ j&m

rae A ATA) — coberpennne yncnal matpunu ATA;

[Al_= max 3 |ayl. (5.13)
1€ :1&m7"!

Hopust |A], n |A]_ Bbiuncasworea npocro {eM. nMxe npumep 5.2).

JINA nonyueHMA 3MAUEHNA MEPBOM M3 MMX RYKHO HAUTH cyMMy MORynefl
INEMEHTOB KAKAOTO M3 CTON6LOB MATPHUL A, 8 3aTeM BHIGPATE MAKCH-
ManbHYIO M3 3THX cymM. JIaA nonydenns smavenus |A|_, myxwo swano-

CHMYBBLIM OGPA30OM MOCTYAUTBL CO CTPOKAMM MATPHLN A.

Kak npaeuno, emuncants 3navenne nopmu | A]; Gusaer Tpyzamo, Tek
KaK JUIA 3TOTO CAGAYeT HCKaThb coGcrpennble umcna A, JIas ouenku Benu-
unnsl | A], MOXHO, HaNpUMEP, HCNOALIOBATL HEPABCHCTBO

1Al < 1Ale. (5.14)

m
3necy |Alg = ] L |ay,|? — penmuuna, Ha3vipaeMman eoxsudosod wnopaot
5l

mampuys A.

Hopua (5.9) umeer mpoctyio reomerpuuecxyio Mutepnperanuio. Jins
TOro YTOGH €€ NPUBECTH, IBMETHN, YTO ONEPaLMIo YMHONKERHA MATPMOL A
Ha BEKTOP £ MONHO PRCCMATPMBATL Kak npeoGpazcpaHMe, KOTOpPOe mepeBo-
IMT BEKTOP £ B HOBHt BekTOp y = Az. Ecan anavenne |z nurepnpernpy-
eTes Kak [AauHa BeKTopa £, 170 Beanunua |Az]/|z] ecte koapduument

PACTAMEHNA BEKTOpa z noa Aedcreuem Narpunm A. Takum o6pasom,
BENMYHA

A
boa = 141 =max J25 (5.15)
z#0
NpefcTasnAeT COG0M MBKCHMANBHBIA KOMPEPHUHEHT PacTAKEHHA BEKTOPOB
nox aeicrereM uaTpuun A. Jloneano OTMETHTDB, YTO AAA HEBHIPOXKAEHHOMN
sarpull A MuRMMANbHbIA KO3hPUnMEHT pacTAKEHNA knin OTBEYA2T HOP-
Me 06paTHOM MATPHIIW M BhIYMcAAETCA no dopuyne

koin = | A =minEi—l. (5.16)

z#0

I HanomHuM, 4To YMcIo A HadbIBaeTcs coGCTBENHBIN UMTON MaTpHULi A, ecnu
det (A — AE) = 0. Kaxnan Matpuua Nopsnka m WMeeT POBHO m COGCTBEHHBIX
4kcen (Boobiue roBOps, KOMNJIEKCHEIX) C YHETOM KX KpaTHocTH.
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3amernm, 410 B caywae JA] < 1 npoMcxoAMT cKaTHE BEKTOPOB MON
AefcTBHeM MATPHMUE A.

Npwoeep 5.2. [Ina matpyup
0.1 04 0
A=]02 0 -03
0 01 03
watnen |Afy, Al v ouennu jA]..
B coorsercreun ¢ dopuynamm (5.11), (5.13) u nepabercrson (5.14) Hueen

[Al, = max {0.1 + 0.2+ 0,04 +0+0.1,0+ 0.3+ 0.3} =06,
[A].= max {0.1 + 0.4 + 0,02+ 0 + 03, 0 + 0.1 + 0.3} = 0.5,

1Al < |Ale = ['.i;',l "%j]lh = 0.4 % 0.63.

§ 5.3. T nemONBL3yeMuIX MaTPEN

OddeKTHBHOCTE BHIYHCTEnMt B AHHERANOR anrebpe CYMIeCTBERHO 3aBH-
CHT OT yMEHMA HCMONL3OBATH CMENHANBHYIO CTPYKTYPY M ¢BOACTBA MCAOML-
3yeMBIx B pacuerax maTpuu. HanomMHuM HEKOTOPHE BasKHbE THAL MATPHL.

KsazpatHan umaTpuua A HA3HBASTCA JuOIoNAAINOY, €CAH ee WIEeMEHTH
YBOBNETBOPAIOT YeNOBHIO a;; = 0 ana & # (Bce ornueHLe OT RyAa e~
MEHTHl PACAOMONEHH Ha FMABHON AMArOHAIM):

ay 0 0 .. 0
0 apn 0 ... 0
A=1]0 0 a3 ... 0

0 0 0 .. agm
JAHaroHanbAy10 MATpHUY, Y KOTOPOR Bce JMIEMEHTH @ P/ABRON amMaro-
HaJi pPABHH €AMHMIE, HA3KBAIOT eduNuynot M 0603HAYAKT GykBoi E:

i o o0 .90
0o 1 0 .0
E=|0 0 1 .. 0.

0O 0 o0 .1
Mpssep 5.3. Boriucanu HOpMY eaMuudHON MatpHub E

Mo onpenenenmo, | E| = max 'f’l = max H =1. CnenoBatensho, | E| =1.
T#0 z#0
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Baxnyio ponp 8 YWCAEHHOM AHANM3E KCPAIOT MPEYLOABNME AUGMPUYH.
KsanpaTHas MABTpHUA A HA3LIBAETCA wNuxned MpeyloAsNOll, €CNM BCE ee
3MEeMENTH, PRCOOIOKEHHKE BHILE [MABRON AHATORATH, PaBHBEI HYMIO (a5 =
=0 gaa 1 < 3). Ecan xe paBhm HYJIO BCe IeMEHTHl MATPMIM, pacnono-
MEHHBIC HHXe raaBHOR nuaronanu (a,; = 0 Ana i > j), TO OHA HaaniBAETCA
geprued mpeytoAsnou.

Huxuana ¥ sepXHAA TPeYTOoNbHAA MATPHULI MMEIOT COOTBETCTBEHHO
cneRyomni BHA;

an ¢ 0 .. 0 ar 42 Q3 ... Gim
ay a2 0 .0 0 op a6y .. am
azg; az; a3z ... 0 |, 0 0 a3 azm
oml Om2 Gmy . Gmm 0 0 0 .. owm

Tpeyronsusie MaTpHub 06MANAIOT PANOM JaMEYaTeNbHbLIX CBOMCTE.
HampuMep, ana TakMx MaTpPHL, ONpefenuTeNs NETKO BhIUHcNseTcA MO
dopuyne

det A = @) G2 433 --- Gmm- (517)

KeagpatnHan maTpuna A Ha3uBReTes Cumtempuundd, ecjiM OHa COBNA-
RBeT cO CBOGR TPAHCIIOHMPOBBHRON MaTpuued AT(MaM, YTO TO Xe, &; = @
DAA BCEX 1, j).

Bynem ua3biBATD CHMMETDHYHYIO MATPHLY A notoxumessno onpedesen-
®od M nucat> A > 0, ecam A scex sexTopos £ # 0 KpagpaTH4nan opua

(A=, x) = § 42T,
i, je1

NPHHNMAET NOIOKHTEALHBE 3HAYEHNUA.
OG603HAYMM 4eped Apin M Apay MMHMMANbHOE M MaKCHManbuoe coberTpel-
Mule aHaveHNA MaTpuun A. HaseeTHO, 9410 AAA cCHMMETPMYHOA MATPHLIB

Amin 1712 € (A=, 2) < Anax I3l

H MATPHL2 A MONOMHTEILHO ONpefiefieHa Torfa M TONLKO TOrfla, korAa Bce
€ COOCTBeHRbIE BHAYERHA NONOKHTENBHRDI.

Oznua n3 TpyaHOCcTeR MPAKTHYECKOrO pelieHHA cHcTeM GOAbuION pas-
MEePHOCTH CBA3aHA ¢ OrPaHMYEHHOCTHIO onmepaTisHOA namaTh IBM. Xora
06beM OMEpATMBHON NAMATH BHOBb CO3[ABASMBIX BHIYMCAMTENBHEIX MAINIMH
pacrer oyeHE OLICTPO, TeM He MeHee elte GhcTpee BO3pacTalT noTpeGHOCTA
NPakTHKK B peilleHiH 3aRay bce GONbIed paaMepHOCTH (HaNOMHMM, YTO
s-28 129



ANA XpaHeRMa B oneparnBHoit mamat OBM Matpunm nopaska m Tpeby-
ercA m? MAamMHHEBIX cnoB). B 3uaumTeNbHON cTemewu OrpaHHuYeNus Ha
pPa3sMEPHOCTb PEILAGMBIX CHCTEM MOXHO CHATb, €CAM HCNOAB3OBATH AAA
XPANEHMA MATPHIL BHELOHMEe 3ANOMMEAIOIIMe ycTpoicrea. ORHAKO B 3TOM
c/yYyae MHOPOKPATHO BO3PACTAIOT KAK 3ATPATH MALIMHHOTO BPDEMEHM, TAK H
CNOXKHOCTL COOTBETCTBYIOMIMX ANI'OPHUTNMOB.

MMosromy mpH cO3AAHMM BHYMCAMTENBHLIX ANTOPUTMOB ANHeHRON an-
rebpn 60ABUIOS BHMMARMNE YAENAIOT cNOCOGAM KOMNAKTHOTO PA3IMELIEHMA
aneMenToB MaTpul B maMATH IBM. 3amernu, uto AnA xpawenua gparo-
HANBHON MATPMIL SOCTATOMHO OTBECTHM MBCCHB JUIMHB M M PACIONOXKHMTL B
HeM JNIeMEeNTH ayy, 437, ..., Gpm. AR XPaHEHWS TPEYroNbROR MATPHUH
noctaTouo m (m + 1)/2 Aveex MAMATH, YTO NPHUMEPHO BABOE MEHbLUE
MeCTa, OTBOAMMOIO INA XPaHeHMA MBTpuub o6mero suza. Cronsko ke
AYeeK MCNOABIYETCA AAA XPBHEHHMA CHMMETPUYHOA MATpHIbI, DOCKOJIbKY
TaKaA MATPMUA MOJHOCTBIO ONpefenfaercA, RanpUMep, 3aJaHHeM cBoel
HHXHeHl TpeyroJibHOfl YacTH.

K cuacThio, NPHAOKENHA OUEHB YACTO NPHUBOAAT K MATPULAM, B KOTO-
PBIX YHCAO HEHYNEBLIX 3/1EMEHTOB MHOMO MeHbile 061LEro YHCNa INEMEeRTOB
MaTpynn. Takne MATPHUE NPHHATO HAIWBATH pajpexexnsiauu. Hamporus,
MATPHUN OGIIErC BHAA HA3LIBAIOT RAOMAMAU (MIM  IGROANEXNBAL).
PaapexennocTh MATPUILH ABJSAETCA OYEHb LEHHHM CBOMCTBOM, MOCKOMbKY
o6bem MubOpMAIMH, KOTOPHIN cliefyeT OOpaGaTHBATE M XPAHMTE B MaMATH
I9BM, ana TakHX MATPMI AaXe OYeHb GONBUIOrC pPa3Mepa MOXET OKA3RTb-
e He cAMWKOM Gonbwinm. INA XpaHeHMMA BreX HEHY/IEBBIX JMEMEHTOB M
undopMannn 06 HX PRCOOIOKEHHH OKA3KBASTCA NOCTATOMHHIM MCNONBL3O-
BATH TONBKO OnepaTHeHyio naMATs OBM. Huoras snementn wMaTpuust
H3BECTHBI JTHG0 BHYMCAAKTCA WO MPOCTHIM GOPMYNaM B HEOGXOAMMOCTh B
MX XPaHeHHH OTNANAeT.

OauyuM M3 OCHOBHLIX MCTOYHHMKOB PA3PEXKEHHHX MATPML, ABAAIOTCA
MATEMATHYECKHE MOMEIU TEXHHYECKHMX YCTPOHCTB, COCTOAMIMX M3 GONLINO-
FO YMcAa 3JIEMENTOB, cBA3M MexAy KOTOPbIMH noKansHmw. [IpocTefummue
NpMMEpH TAKKX YCTPONACTB — CJAOXKHBIE CTPOMTENLHBLIE KOHCTPYKUHM M
SonsuiMe aneKkTpHYeckre neny. JApyrof BaxHHR HCTOYHHK Pa3pemeHHOCTH
— METOJi KOHEYHLIX pA3HOocTeil ¥ MeTOf, KOHEYHBIX JINEMEHTOB, HUCMONb3ye-
Mule AnA pelneHNA ypaBHeHUA MATEMBTHYECKON PHMINKH.

HapecTn HpHMeEpHI peilieRHBIX B MOCNeiHMe TOAb 387a4, TAE YHCIO
HEM3BECTHHX MOCTHTANO cOTeH THicad. EcTecTBerHo, 310 6Lin0 GM HEBO3-
MOXHO, ecli Gh COOTBETCTBYIOIUME MATPHLLI HE ABIANMCH Pa3peKeRHBIMH
(uncno anementToB MATPHIL Npyn m = 10% pasHo m x m = 1019),

HpocToit npHuep pa3pexeHHOR MATPHLL A8€T mpezdudionBASNAR Aam-
pusa
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a a2 0 0 0 0 0
0
0 a2 a3 a3 .0 0 0 '

s
S
$
[~

=Y
(=]
e

¢ 0 0 0 ..omim2 Omi,ml Cm-1m
0 0 0 0 . 0 Gm,m- 1 tmm
BCE HEHYJeBhe 3MeMEHTH KOTOpOR pacmosiokensl HA [M&BHOA M ABYX cO-
celrnx c Heit auaronanax. Yncno arnx saemento pasHo Im — 2, yro mpu
GOJIBILIOM M MHOTO MeHblle O6IIEro yHena m? ane-
MCHTOB NATPUILH.
Muorne npuaokeHMa NOPHMBORAT K cHcTEMaM O
YPABHEHRA ¢ TaK HAILBAEMLIMM JIEHTOYHEIMH MAT-
puuamy. MaTtpuna A uaduBaeTCA aenmovnod ¢
nonymupuroft nenTe, papHod I, ecan ay = 0 ans ‘
|i — j| > I Bce nenyneBbie 3ieMeNTH TaKoi MATpH- O
us pacnonokens Ha s = 21 + 1 Gamkalimmx K
r/8BHOA JMATOHANAX MBTPMUM, YMCIO 5 HDPURATO
HA3WBATE twupunod teNmu. CXEMBTHUYSCKHM JeHTOU- Puc 5.1
HAA MATpMUG OpeAcTaBieHa Ha puc. 5.1. YacTEmIM
cyyaeM NCHTOYHOA MATPHMUW APH § = J ABAACTCA TPeXANATOHANIbHAA

matpuna. flcHo, 4TO B cayyae s < m JIGATOYHAA MATPHLA ABJIACTCA paape-
MESHHOR .

§ 5.4. OGycnowiesnocTe
3a89H DOMICHESA CHCTeME NMaHelHLY
anrebSpaHveckHX ypasuoaml

Oxa3niBaeTcq, YTO pemieHMA PAa3NIMUHLIX cHCTEM JMHEAHWX anreGpan-
9ecKMX YpaBHeHHil OGNaNalOT Pa3HON YYBCTBHTENBHOCTHIO K NOTpemBOC-
TAM BXORHMX AawHHX. Tak me kak M apyrue 3amauu (cu. § 3.2), 3agaua
BHYHCACHUA PelleHUA T cHcTeMH ypaBHEHHR

Az=1} (5.18)

MOXET GHITh Kak XOpOIlO, TAK M MJ0X0 06YCNOBIESHHON.

Ucecnepnopanne O6GYCNOBICHROCTH 3agauM HBYHEM CO CJIYYan, KOrJa
3JleMeHTH MATPHUM A CYMTRIOTCA 3aJaHHLIMM TOYHO, a BeKTOp-cronéen
npasoft yacTu — NpHUGIHKERHO.

NMeuma 5.1. Jas notpewnocmu npubrumennoto pewexus cucmemst
(5.18) cnpasedauea oyenxa
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A(sm) < 1A 1A, (5.19)

tde r = b — Az® — xeosaxa, omeexarowas z°,

Jina NOKA3ATENBCTEA NOCTATOYHO B3ATh HOPMY /ieBOit ¥ nNpaBoil yacTel
pasencTea (5.3) u BoCcnONB30BaTLCA cBOMcTBOM (5.10).

Teopewma 5.1. Oycms 2* — mounoe pewenue cucmenss Az* = 8°, o
somopotu npaeas vacms b testemcs npubauxenues x b. Torda eepum cae-
dyrowue ogensu abcoaromuotd U omuocumessnot notpewunocmein:

A(z*) vy A(PY), (5.20)
5(2*) < vy 8 (4", (5.21)

1de v, = |A], v = A1) 18] A2l

0 B paccmarpuBaemonm cnyyse r = & — Ar* = b — b* u mepameHcTBO
(5.19) npuaumaer sua (5.20). Pasnenus Temeps 06@ 4aCTH HEPABEHCTBA
(5.20) na | 2§ u sanncas ero B Buge

<M S

npaxonuu k onenke (5.21).
3ameuanne 1l Bewmuuna v, = |A'| ana 3anaun (5.18) urpaer

pob a6COMOTHOrO YKena obycnosneanoctTd (oM. § 3.2).
Bameuanne 2. Benmuuna vy = yys) = |A]-|8]/]=] nasusaer-

CA ¢CMECMOENNBA KUCAOR odyc..toueuuocmu. Ona 3aBucHT OT KOHKpeT-

HOTO pelleHMA T M XapakKTepuayeT Ko3(dp¢PMIMEHT BO3MONHOrO BO3PAC-
TAHNUA OTHOCMTENLHONR MOTPEIUIHOCTH 3TOTO pelleHMA, BL3BAHHONQ DOr-

POUIHOCTHIO 3MAHMA MPABOi YACTH. ITO O3HAYAET, YTO V(X) AAR 3ana-

YM BHYMCICHUA pellleHnA £ cucTemu (5.18) MIPEET POJIb OTHOCHTENLHO-

ro unena obycnornennocry (oM. § 3.2).

3amevanune 3 Monyyennnie p Teopeme 5.1 OLEHKHM TOYHH B TOM

CMBICTIE, YTO AN cHCTeMH Ar = § ¢ MpOM3BONBHONR HEBLIPOXAECHRON
" mMatpuuedt A M n06oA 3anaHMOR npaBoll yacThio b # 0 nalifiercA ckoAb

yroano 6aM3kuit K & npuGAMKEMHO 3anaHMbRt BekTop b* # b, mas

KoToporo nepasenctsa (5.20) n (5.21) npespawiaiTca B papeHCTBa.

BHYMCAHM MAKCHMAIbHOE 3HAYEHHEe EeCTECTBEHHOTO YHCIIa oﬁycaloaneu-
HOCTH, MCAONL3YA onpenenenune (5.4) HOPMB MATPHLL:

max v(s) = max liil;ilﬁl = (A 1Al (5.22)
240" 220
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Ieayuennylo BennunHY NPHHATC HA3HIBATH cmendapmutia wucaom obyc-
A0daeuxocmu (MAN OPOCTO wucA04 06ycacesexnocmu) MATPHIN A M 0603-
HauaTh ueped 1 A) uau cond(A). Takum o6pa3om,

v (A) = cond(A) = |A]-14]. (5.23)

Chopuyanpyen BakROe CICACTBHE M3 TeopeMul 5.1.
Cnepnctbue B ycaoouss meopeun 5.1 cnpaoedanca oyexxa

§x*) € cond( A)- 8(d"). (5.24)

Jina ee poka3aTeAnCTBA NOCTATOYHO BOCOMIL30BATBCA ouenkoht (5.21) u
3aMeTHTh, YTO B cuny onpeneneuns (5.22) sepuo nepasencteo v&cond(A).

3ameuanue Onedka (5.24) TOYRA B TOM CMHIC/IE, 4TO AJIA CHCTe-
Mn (5.18) ¢ mMpoM3aBOIbHON HEBHPOXICHHOA MATPMUER A HalRyTca
npasaa uacTh & # 0 (M oTBevalomee 31O NpaBOi uacTH peulenHe T) M
cKONb YropHo 6amakuit k b npuGamkenno aanaHnuiit sekTop b* #
TaKHe, 4TO HepaBeHcTBO (5.24) mpeBpauseTca B PABGHCTBO.

Besmuuna cond(A) ABAferca WMPOKO MCHONb3YeMOR KOJHYECTBEHHOMN
mepoft a6ycaoBneHHocTH cueTeMil Az = 8. B uacTHOCTH, cMcTeMy M MATPM-
0y A ODPHHATO HAIWBATL RA0To obfycacesennmnu, ecau cond(A) > 1. B
cuny ouenky (5.24) m nocnennero 3amevaHHA AAA TAKOR CHCTEMB CYeCT-
BYIOT peulenMa, oGagaomme Ype3pnvaiiHo BHICOKOH 4YBCTBHTE/ILHOCTBIO
K ManbhiM NOrpeliHOCTAM 3aQaHHA BXxoaHoro aanuoro 8 Tem He menee
3aMETHM, YTO He /1A BCAKOro pewlenus £ Kodppuusment vy (s) pocta oTHO-

CHTEALHOA OUMIMGKM ROCTHTAET 3HAMEHMIt, GIMAKMX K MaKCHMANbHO BO3-
MOXHOMY 3Ha4eHMI0 cond(A).

OrMmeTuM clepyolwMe cBOCTBA YHCAa 06YCAOBICHHOCTH.

10, flas edunuvxoir xampuyw cond(E) = 1.

0 Moawsysace Tem, uro E' = En |E] = 1 {(cm. npumep 5.3), nonyuum
cond(E) = |E1]-1El = LW

20, Cnpaecdauseo nepasencmao cond(A) » 1.

0 U3 pasesictea E = A A", cpoitetsa 4 mopM MATpHU M paBeMcTBa
I5] = 1 cneayer, 4ro 1 = | E] < |A"1]-|A] = cond(4). W

30, Yucao obycaosaennocmu mampuysi A ue ueNKemcs npu yunoxexuu
AaMmpuys NE npouseosmmoe xucso a # 0.

0 3amerum, uto (aAd)!= a'A’l. losrouy cond(aA) = |ad|:|(ad)?]=
= |af- 14} |a|t|A] = cond(4).0

3ameqanue MNonsayacs npuesemennoir B § 5.2 reomerpuueckoft
HaTepnperauuel HopM MaTpHI A 1 Al (em. dpopuyan (5.15) u (5.16)),
9HCN0 OGYCNOBNEHHOCTH MOXHO MHTEPNPEeTHPOBaTh Kak OTHOWeHHne
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MAKCHMaNbnoro koahduunenTa PACTAXKEANA BOKTOpPOB NOX AeficTBHEM
maTpusl A K MuANManbROMY Koadduumenty: cond(A) = knax/knin-

Beanuuna cond(A) sasucur, BooSiie rosops, oT BHGOpa HOPME BEeK-
TOpoB B npocTpaHcTpe R™. (DAaKTMIECKM ITO €CTh 3aBMCHMMOCTD MAKCM-
MaABHOrC KO3PPHOHENTa pOCTa OWMOKH OT cnocoba M3IMEPeHUA BeTH-
YMAK BXONHHKX J8HRWX M pemesHA. B wactHOocTH, BuGOpy HopMu |z],
(1 < p < ) orBeqaer condy(A) = | A - | Al

Npsmep 5.4. Boratomu cond _(A) ana watpyusr

_ (103 0.99
A_[D.le 0.943}' (8-25)

CHayana HafneM oGPaTHYI0 MATPULY

-874 918
91.8 -954 |

Torna cond_(A)= JA)_- | A1), » 2.021-187.2 » 378. Ecau Bxomkble maHusie ans

CHCTeMh! ypaBHeHM ¢ Mmarpimtent (5.25) comepmarT OTHOCMTENLHYI0 MNOrPelHOCTh
nopAaka 0.1—1%, 7o cHCTeMy MOXHO PACUEHMTE KAk TUIOX0 06YCIIOBIEHHYO.

A"w[

Mpumep 5.5. Paccuorpuu cuctemy ypasheHHN

1.033 + 0.9910; = 251, _
0.9912 + 0.943s, = 2.41 (5.26)

¢ swarpuueh (5.25). Ee pewessiem smnsierca n & 1981, 1 ® 0.4735. Ilpaas wacrs
cMCTeMB! M3BECTHA B JiydlleM cnydae ¢ toudoctbio Ao 0.005, ecm cumrats, uyro
uyncna 251 u 241 nonyyens owpyrnemmeM "McrMHHBIX" 3HaueHuA npu BBOsE B
nauATh tpexaHauHoil Necsaruutof OBM. Kak smMsier norpewnocts BO BXOAHBIX
DAHHEIX TAKONO YPOBHA HAa mOrpeliHocts pelieHMA? BoomyTHm kaxayio U3 Kouno-
HeHT Bextopa mpaboRt Yacrh & = (251, 2.41)T ua pemuunny 0.005, saas b* =
= (2.505, 2.415)". Pewenmen cncremni, otsevarownn b°, smaserca renepb r ¥

8 2.877, z; # —0.4629. Taruu 06padon, peleHne 0KA3ANOCH NOJNHOCTBIO MCkakeH-

Hod. OTHOCHTEIBHAAL NOTpeWHOCTL  3ajakusl  npasoft wacrw  H(B%) =
= 15— 8] /18], = 0.005/2.51 & 0.2% npusena k OTHOCHTENBHOA NOTpelIHOCTH

pewenns §z*) = |z — =*| /lsl., ¥ 0.9364/1.981 = 47.3%. Cnenoarennno,

NOTPEIIHOCTE BOAPOC/B NpHMepHo B 237 pas.

Moxso nM BBecTH B MpaBylo uacts cucteMu (5.26) Takylo norpeunocts, wrobbi
NONYYMTL cyllecTBeHHO Gonbliee, Yew 237, aHaueHue kooddHUMeHT2 pocTa oMMG-
ku? BbIMMCIUM ecTecTBeHHOE YHCIO OGYC/IOBNEHHOCTH, ABIAOWEECH MAKCHMANb-
HbIM aHaYeHMeM PpACcCMATPUBAcNOre kooddMiUHeHTa, OTBeYalolMM pellleHmio T N
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% (1.981, 0.4735)F n nomysm v(a) = | AT 8]/ D=l » 187.2-2.51/1.981 & 237.

Taxum ob6pasoM, HA NOCTaBNeHHBLIA BONPOC CNEfyeT OTBETHTH OTPHLATENLHO.

MoxHo faTh CREAYIOILYI0 PeOMETPHUYECKYI0 HHTEPIPETAUMIO PACCMOTPEHHOIO
npuueps. Kamnomy ypasnernio cucresn: (5.26)
COOTBETCTBYET MpsMad wa riockoctd Onm. Io I
xoadpduUMenTad NPpH 7 H I; B ITUX ypaBre-
HHAX BMAHO, YTO MPAMBIE NOYTH MAPALIEILHLL.
Tak kak BOUHaN TOMKM MepeceyeHMA MpsAMble
MAOMTH CIHBAKOTCRA, TO AANEe HEIHAMMTEbHARA
NOTPEUHOCTE B 33fIaHMK  NONOKEHHA ITHX
NPAMBIX  CYWECTBEHHO MeHAeT  noNoMeHHe
TOMKH Nepecevenns (puc. 5.2).

NMpiosep 5.6. TpanMumoHHBIN npPHMEPOM
OYeHb TUIOXO OBYCNOBNEHHON MATpHIUL ABNser-
cA watpuuas DuneGepra! — watpuua H ¢ Puc 5.2
anemetiramu hy; = 1/(i + j—1).

Ha ra6n. 5.1, saumcrsosamwon w3 [87), suano, wro ana matpuuni H naxe
CPAaBHMTENBHO HEBLICOKOTO MOPAAKZ MMcAO OGYCNOBNEHMOCTH  OKAAHIBAETCA
ypesphivafine GOMbIIKM.

Ta6auna 5.1

Mopanok
MATPHLBI 2 3 4 5 6 7 8 9 10
Nunsbepra

NMpu6mxentoe .
aHavenue wicna  2-101 5-102 2-10¢ 5-10% 2:107 5-10% 2-1010 5.101 2- 1013
06y CNOBIEHHOCTH

Jlo cux mop Mu DpeAnosarany, 4To MaTpHua A 3anaHa To9HO. OORaKO
Ha NpakTHKe 310 4acTO He Tak. Kak BHACRAeTcA, pBeACHAAA BLule PEJIM-
auna cond(A) xapakTepuayeT Takke M UYBCTBUTENBHOCTH PElIeHHH cueTe-
MH K MajbiM AOTPEMIHOCTAM 3aJaHNA 1eMEeHTOB MaTpuun A. B noareepx-
MeHHe CKa3aHHOrO NpHBefeM CIeAyIOmuil pe3yasTar.

Teopema 52. Mycms x* — mounoe pewenue cucmensi A,z° = b¢

Apubauxenno sadaxxot mampuyed A,. Torda eepua caedyrowyas oOyenxa

OMKOCUTREADNOU NOLPEUNOCTIUS

! Nasua DuasBepr (1862—1943) — HemeuKMA MaTeMaTHK, HCCIENOBAHKA KOTO-
Poro oxasaiH GoMbiioe BAMANME Ha DAIBMTHE COBDEMEHMON MaTEMaTHKH.
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§*(z*) < cond(A)- &A,), (5.27)

e 8%(z*) = |r— *1/1=°1, KA.) = |4 — AAAL

D B naunoM cnyyae HenAaKa T MMeeT BHA r = b — Azx® = A .x"— Az’=

=(A, — A)z*. [Ilpumenas wuepasencreo (5.19), noayumm npemouky

HEepaBEHCTB

§%(2%) = |z = =*|/1=°] < |AM]-[(A, — A)=*] /)27 <
<A 1AL — Al 15°1/15°] = cond(4)-54.). B

Cnencriue B ycaoousz meopeun 5.2 cnpasedauso npubauxennoe

HePaaeNemao
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6 (") < cond(A)-64 ). (5.28)

3amevuanune |l. B cnyyae, Korma ¢ NOrpeltHOCTBIO 3aflaHH KAK
npaBas YAcTh CMCTEMHl, Tak W MATPMLA (T. €. £° ABNAACTCA pelIeHHeM
cuctenbl A,z* = 8*), npnuem cond(A)-§(A,) € 1, MoxHO AOKA3ATB

CNpaBeAAHBOCTh HEPABEHCTRA
6 (=°) < cond(A) (&6 (b°) + &6 (A,))

3ameunune 2. PacnpocTpaneHHuM ABIAETCA MpefcTaBIEANe o
TOM, YTO MO BeAHYMHE ONpefieINTeN MATPHLUK A MOXHO CYOMTH O
cTenen GIM3OCTH CMCTeMB YpaBHeHMIl K BHpoxaexHoit nau o6 obyc-
NOBNEHHOCTH cMcTeMbl. JAA Toro urob6ni yGemmrbes B OMIMGOYHOCTH
ITOr0 MHENMA, YMHOXKMM Kaujoe M3 ypaBHeRMA cHeremmr (5.1) ma moc-
T0aHHYI0 a # (. Heno, uTO TaKOoe Npeo6palnBAHME HMKAK He MEeHAeT
pelIeHHe CHCTEMB H €0 YYBCTBHTENBROCTD K MaNbIM OTHOCUTENbHBIM
own6kaM B AaHHKX. ONHAKO OMPENENTENb YMHOKAETCS HA YUCIO a™,
M MOIYTOMY ¢ NOMOIBI0 BHOOpa a MOXKeT OHTH caenad Kak YrogHo
Gonsmnm WM wmanuiM. [loguepwuem, 4TO unucio OGYC/NOBREHHOCTH
cond(A) npM TakoM npPEOGPAZOBAHMM CHCTEMB HE MEHAETCA B CHAY
caoltctea 30.

3amevwanne 3 Buuucnenne uncen obycnosnenHocTH Vg =

= A 18l/1z] n cond(A) = |A1]-| A] nenocpencteento No ykasau-
HuM GOpMYAaM NpeAno/araeT NpefBapHTENbHOE BHYMCAeHHe OGPATHON
maTpunn Al. Benexcrsme Gonbuioit TpysoemkocTy 31oft onepauny (Kak
nokazano B § 5.6, anA ee BmnonAmewua B ob6meM cayvae Tpebyercs
npumepo 2m® apudMerHueckux onepauMil) Ha MpaKkTHKe wnaberalor
TAKOro cnocoba BuuucnenHA. [lpu 3ToM BaxkHO OTMETHTBH, YTO B 6OMB-
WMHCTBE CTy4aeB IOCTATOYHO /MWL rpy6oft OneHKH uucaa oGycnoReH-



HOCTH € TOYHOCTLIO 10 Mopafika. C adpdekTHBHRMH METORAMH, DAIOMM~
MU OLEHKMN Bennuun vz M cond(A), MOxHO no3RaKoMuTbeA B [67], [86).

IlpoBepUTh YYBCTBUTENLHOCTDL pellleNna cucTeMh Az = b K morpewnoc-
TAM MOXHO M 3KcnepUMeHTaneno. JIaa 3T0re KOCTATOYHO peiMTh JaJauy
HOCKOABKO pA3 ¢ HecKOMbKHMM OGAHM3akuMu K b npaBumy qactamm b1

~ zl
22, .., $M. MokHO OXMAATB, YTO BEAMYMHA Vg = 3(—,—) HacT
l( Kk

OueHKy 3unaveuna v, Bo BcakoM cayyae 3Ta Pe/MuUMHA [@eT OLEHKY CHH3Y,

TaK KaK ;6 < v € cond(A).

§ 5.5 Meron Faycea

PaccMoTp¥M OMH H3 caMbiX DPacHpOCTPBHEHHHIX METONOB PpelleHHA
CHCTEM JAMREAHHX anreGpaMuecKMX ypasHeHMi — wemod [ayccel. Dtor
MeTOA (KOTOPHI HAJLIBAIOT TAKKE AeModol ROCRACIOGRMELINOLIO UCKAIONE-
NYL NEUIGECMNGT) M3BECTEH B PRATMYHLIX BAPHAHTAX Yxe Ganee 2000 ner.

BuuMcnenna ¢ nomompio Merofia T'aycca COCTOAT M3 ABYX OCHOBHBIX
ITANOB, HA3LIBAGMBIX RpLuN.L Todoau K ofpamuwus Todou (obpamuod nod-
cmanoexoi). lIpamoit xon merona laycea 3aKII04BETCA B MOCAEAOBATENb-
HOM MCKJIIOUCHMM HEM3BECTHHIX M3 cucremu (5.1) Ans npeo6pa3osaBun ee
K 3KBMBAJICHTHON CHcTeMe ¢ BepxHEN TpeyronkHod Marpuneft. Buuncnennn
3HAYEHMA HEeH3BECTHHX MPOH3BOAAT HA 3Tane oGpaTHOro Xofia.

1. Cxema enmmcTReEROro pencmEA. PaccMoTpuM cnawana mpocTeitmit
BapnaHT Metofa laycea, HaanBaeMHl czeuott eduncmaennoto deaenus.

MpamMoit xop cocToMT U3 m — 1 WArOB HCKAIOYCHHUA.

1-f w ar. Hensio 31010 mara ABAAeTcA UCKJIKYERHe HEHM3BECTHOTO I)
M3 ypasreHHMit ¢ nomepamy t = 2, 3, ..., m. lIpeanonoxum, 410 Koadprum-
enT ap; # 0. Bynem nasnipatTh ero 14aousia (HIN oedywua) sscsexmon 1-10
wata.

Hattpem pennunnn

Pa = “ﬂ/all (i =23 .., m)! (5'29)

HA3LIBREMHIE A4XOXUMEARUY 1-10 wata. BriuTeM MOcnenoBATEBHO M3 BTO-
poro, Tpersero, ..., m-ro ypabHewuit cucremnt (5.1) mepsoe ypaBHenMe,
YMBOXEHHOe COOTBETCTBEHHO HA M3y, M3y, ..., fml- ITO MOIBOINT OOPATHTL B

I Kapn ®puapux Fayec (1777—1855) — Hemeukun MatemaTHk u bu3mk, pabo-
TH KOTOpOTro OKA3AAM 60MBLIOE BTMAMMe HAa NalibHefllliee panBUTHe BhiCUied anrTeb-
Pbl, PROMeTDHM, TEOPHM HMCEN, TeOpPHH ATEKTPUMYEcTBA M MarHetHaMa.
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Hyns koappUOMENTH Opn z; BO BCEX YPABHEHWAX, Kpoue nepporo. B pe-
3Y/ILTATE MOMYYHM FKBUBATICHTHYIO CMCTEMY

a1 + a;25; a3z t ..t Ginim =b
alflm+ aliin + ..+ all) zg = Y0, (5.30)
aln+al’n+ .. +af) ze= b,
all)n+allln + ...+ all)ze= b,
B KOTOpOil nl'.}l u bl (4, j=2,3, .., m) Buuncasorca no popuynam

a%}] = aij'“ﬂclfr M'.n - ﬁi"‘ﬂbl- (531]

2-# w ar. leasio 2T0ro wWara ABJIAETCA MCKIKOYEHHEe HEM3BECTHOIO I
U3 ypasuenmit ¢ momepamu i = 3, 4, ..., m. lyere af}' # 0, rae a}}) —

K03)PHUMEAT, HAIHBAGMBIA t4doNMA (MAM oedytyus) Isemenmon 2-t0
wata. Buraucaum MuEOKHTENM 2-rO wWara

po = al} /all) (i=3,4, .., m)

M BbLIYTEM MOCNE[OBATE/NBHO H3 TPETbEro, YeTBepTOro, ..., M-r0 ypaBHERHM
cucreMmt (5.30) pTOpoe ypaBHEEME, YMHONKEHHOE COOTBETCTBEHHO HA fgz,
W42, ---» Pma. B peayabTaTe Donyuum cucremy

an + appr; taiary t..t aymIm =0
al);+afllo+ ..+ alllzn = B0,

B+ ..+ 0|2 2y = B2,

(5.32)
e+ ..+ el x, = B,
3aecs koadpPuuHeRTH a}}’ n 553' (s, =3, 4, ..., m) BRYKCAAIOTCA WO

dopuynam _
,(l;l = “l:fi' _mgsgr , B2 = B — bl

AHANOTHYIHO TPOBOAATCA ocTadbHMe warn. Onnuuwem ouepennoft A4
Iar.

k-t w ar. B npeanonoxesun, 4To tsaenwt (oedywut) ssecmexm kro
wara cu‘“ OT/INYER OT HYAA, BEIYUCITUM MNoxumedu k-to wata

pik = oV /el fY (= k+ 1, .., m)
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M BHYTEM nocliefioarensho M3 (k + 1)-r0, ..., m+0 ypaBHeRMA moOAy4eH-
HOIl HA MpefHAYlleM WAre cHcTeMu: k-2 ypaBHeHHe, YMHOXEHHOE cOOTBETC-
TBEHHO HB fike by fho2 ks -1 Hmk-

Mocne (m — 1)-ro wAara MCKJIIOUEHUA MONYYNM CHCTEMY YPBBHERMIl

apn + @137 + apary + ..+ apre =0 ,
) =
Pt afa s ol = B, 639

aPn+ .+ a2 5= b2,
(m-1) g = p(m-1)
O em Im= b(ﬂ .

maTpuua A!™1 koropoit ABnAerca sepxmell TpeyronsHoit. Ha sTom BeIYMe-
NEHMA NPAMOTO XOJB 3aKaHYMBAIOTCA.

O6paTtawmf#t xopn Ha nocneawero ypasnenmsa cucremu (5.33)
HaxXooMM zn. [lofcTaBnas HafizeRHOE 3HAYEHHE Iy B MPEXNOCHEHES YPAB-
RéHNE, NONYYNM Znp. OcywecTsnfaa 06paTRYIO NOACTAROBKY, fajnee Noc/ie-
JOBATENIbHO HAXOAMM ZImy-2, %m-3, ---, Z]- DHYMCIERMA HENABECTHLIX 3nech
npoBoAATcA no GopMmynaM

Zm = biD [olmrl)

(5.34)
zp = (bgkD - at"k!} Tper = .. - af kD ) faffV, (k=m-1,..,1).

) TpynoemrkoctTs mMetTona OuenMM uMcno apUdMETHHECKHX
onepauMit, HeOGXOAMMEIX RSl PeaNKIAUNH cXeMbl €AHHCTBEHROMO [eNeH A.
Buuncnenma 1-ro wara uckawuenna no ¢opmynam (5.29), (5.31)
Tpe6YIOT BHNOAREANA m — 1 neneAns, (m — 1)m ymroxennit u (m — 1)m
BHIYMTAHMA, T. €. obmee uncno apudmMeTHYECKHUX omepauuit cocTaBnser
@ = 2(m — 1)2 + 3(m — 1). Amanoruunro, ua 2-M uiare Tpebyerca Q; =
=2(m — 2)? + 3(m — 2) onepannin, a Ka km ware — Qx = 2(m — k)2 +
+ 3(m — k) onepauni.
Moncunrtaem Temeps mpHOAMXeRHO ofuiee uncao @ apudmernueckux
onepalufl MPAMOrO XOAA, CYMTAA Pa3MEPHOCTL CMCTEMB m ROCTATOYHO
6onabLon:

m-1 m-1 m-1 m-1 m-1
- = — k)2 -— = =
Q= k{:I Qk 2k§l (m— by + 3k§1 (m — k) 21:% £+ 3k§l k

_Ym — 1) m 2m — l)+3(m— )m 2
- 6 2
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Kak werpyano sMpets, AnA peann3auuy o6parioro xopa no ¢opuynam
(5.34) nyxmno Bcero m? omepaumil, YTO mMpH GOJBUWINX M mpeHeGPEKHMO
MAJIO M0 CPABHEHMIO ¢ YHMCIOM Onepanuil mpAMOro Xopa.

Taxnm obpaaoMm, ana peannasuun merofa laycea tpebyercsa mpumepuo
(2/3)m? apudmerruecknx omepauuil, Npu4eM ROZABNAIOUIEE YMCAO ITHUX
AeficTBM copeplUaEeTCA HA 3TaNe NPAMOro Xoaa.

lipsuep 5.7. Meronon laycca pelttiu cHeremy

105 + 6 + 213 =25,
S5y + .;p — 21 + 45y = 14,
In+dmp+ nn— =10,
6y — 229 + 25y = 8.
MpawoR xoa 1-t mar. Boyncams MHOKHTENIM uy = aynfe =

= 5/10 = 0.5, g3y = ay/ay = 3/10 = 0.3, pg = agfay = 0/10 = 0. Beruran

M3 BTOpOrO, TPeThbelo M ueTBeproro ypasMenuit cucrembl (5.35) nepeoe ypabheHwue,
YMUOXKERHOE HA fia], M3l H j4) COOTBETCTBEHHO NONYYHM

(5.35)

100 + 65+ 213 =25,
—2m; — 3+ 4z3=1.5,
320+ 04y — z4=12.5,

6 — 233+ 254 = 8.

(5.36)

24w a r. Buuneanw wnoxurenn pgz = afl’ fail) = 3.2/(-2) = -1.6, py2 =

= §/(-2) = -3. BeluuTan ua TPeTLErO X WETBEPTOro ypasHeHHn cucrembr (5.36)
BTOpOe ypaBHeHHE, YMHOMEHHOe Ha Hg; M jiy2 COOTBETCTBEHHO, MPMXOAMM K CHCTeMe

10 + 65y + 21 =25,
— 25— 3+ 4z =1.5,
—4.453 + 5.474 = 4.9,
— 1l + 147, = 12.5.

(5.37)

34 war Bouncnaa muoxurens pqy = (-11)/(4.4) = 2.5 1 BuuMTaA U3
YeTBeproro ypaspenwuA cucTembl (5.37) Tperbe ypaBHeHMe, yMHOXEHNOE Ha g3,
NPHBOLKM CHCTEMY K TPeyTONBHOMY BHAY:

10n + 60+ 213 =12,
—2np— I+ 45=1.5,

— 44 + 54, =4.9,
0.5z =0.25.

(5.38)

O6parnun xop MWz nocrentero ypaBHeHHMA CUCTEMBI HaXOAMM
z; = 0.5. [loacrapmAn aHaueHMe I; B TpeThe YpaBHeHMe, HaXofUM I3 =
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= (4.9 — 5.4x,)/(—4.4) = -0.5. Mpononman Aanee o6PATHYIO NOACTAHOBKY, NONY4A-
an=(15+3p—45)/(-2) =1, 5 = (25 — 6 — 203)/10 = 2. Urax, n =
=3 5=15=-5 =05

PeaynbraTil BRIMMCTIEHHA MOXNO CBeCTH B CleAYOIIYI0 TalmiLy.

Ta6nuua 52

& og a3 ey & Bij %
Hexonnas cucrena 10 6 2 0 25

5 1 =2 4 14

3 5 1 -1 10

0 6 -2 2 8
1-f war npaAMoro xona 10 [ 2 0 25

0 -2 -3 4 1.5 0.5

0 32 04 -1 25 0.3

0, ¢ -2 2 8 0
24 war npANore xona 10 [ 2 0 2%

0 -2 3 4 15

0 ¢ 44 54 49 ~1.6

0 ¢ -1 14 75 =3
39 war npamoro xona u obpar- 10 8 2 0 % 2

HBIA Xon 0 -2 =3 4 1.5 |
(1] 0 44 54 49 0.5
0 0 0 05 025 0.5

Heo6xoaumMocTh BHGOpPA TFrNaBHHX 3IJNEeMEeH-
T 0 B. 3aMETHM, 9T0 BHIYHCICHHE MHOXHTENEH, & Talke OGPATHAA MOACTA-
HOBKA TPeSYIOT HENCHUA Ua IMIABHLIO VIeMeATH a“’“ . HoaTomy ecam opum

M3 [NABHLX VIEMEHTOB CKALIBAETCA PABHEIM HYNIO, TO CXEMA GAHHCTBEH-
AOro Ne/IeHUA HBe MOXeT GhTh peanu30BAHA. 3APABLIA CMBICT MOACKA3LIBA-
€T, 9T0 M B CHUTYSOMM, KOrZIa BCE rJIABHEIE 31eMEHTH OTAMYME OT HYAR, HO
cpenM HHX ecTh GJAM3KMe K HY/IO, BO3MOXEH HEKOHTPONMpYeMuf poOcT
DOTPeILMOCTH.

Tpssep 5.8. Ucnoneaya meron laycca, pelumm cucreMy ypabueHKR
2n - 0& + 5:3 = _4p
1.27 -5.2990 + &8z = 0.6001, (5.39)
n- n—T15e3=-8.5

Ha 8~pazpagnof aecatuunoit IBM.
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MpauoR xon 1-A war Bermcnsen MHowMrenw py; = 0.6 M ug =
= 0.5 1 npeobpadyed CHCTEMY K BHAY

2g - Int+ Snn=-4,
0.0001r; + 3z = 3.0001, (5.40)
3.5 — 1023 =-6.5.

Boe BLIMMC/IEHHA HA B3TOM lIare BHINOMAOTCA 6e3 OKPYIeHMit.
2-4 w ar. [locne pbiYMCAeHUA MHORMTENR 3o = 3.5/0.0001 = 35 000 noc-
NefilHee ypaBreHWe CHCTeMbI ROMkHO Guith MpeoGpasosano k Buay af?)zm = 82,

rae a{3) = -10 — 3-pgz = -105010, &> = ~6.5 — 3.0001- u3; = -105010. Onna-
Ko Ma Menonbayemot DBM Gyner nomyyeno ypaBHenue

~105010z5 = 10501 1. | (5.41)
Nehtcteutensmo, koadduutuénr a‘ag‘ onpenensiercA ToYHO, TaK Kak NpH ero BhIMKC-

neHHMH Me BOAHMKAET YMcell, NaHTHcChl KOTOPBIX uMeloT Gonee 6 paapapoe. B 1o xe
BpeMsi NpH BhMHCIEHUM 652‘ ymHoxenne koaxpduumnenta 3.0001 na pgo paer 7-

paspaaHoe wicno 105003.5, nocne okpyrnehua koroporo fo 6 paspsanoe nonyunrea
105004. Bermicnenme bf‘?' 3apepluaercA BbUIOJHeHHeN oONepalH BLMMTAHHA:

b‘,‘-” 8 6.5 — 105004 = -105010.5. MMocne oKpyrfeHust Nocnennero uucna o 6

PA3PAAOE MAHTMCCH NPUXOAMM K ypasHenuio (5.41).

O6patrusnn xona WUsypasiennsa (5.41) Haxoaun z3 & 1.00001. CpapHe-
HME C MCTHHMBIM 2HayeHMeM 3 = | nNokasbIBaer, 4To 9Ta BefMYMHA NoNyveHa ¢
o04eHb BbICOKOM ANA Mcnonbayemon DBM rmouHocTo.

Jampueiuine BolMMCTEHHA NaloT

7 = (3.0001 — 3123)/0.0001 = (3.0001 — 3.00003)/0.0001 = 0.7,
n = (4 + 95 — 525)/2 = (4 + 6.3 — 5.00005)/2 = -1.350025.

Mocne oxpyrnenus umeen n = -1.35003.

Kak Herpyavo Buierb, MalineHHble 3MaYeHUsA HEMIBECTHBIX MMEOT Malo o6LiEro
€ MCTHMHHBIMM 3HAvEUUAMY peweHuA ny = 0, n =1, = 1.

B 4em me NpUMMHA NOABNEHHA TaKol aHaYMTeNbHOM norpewroct? [oBoputh ©
HaKOTUIEeHUH olIMGOK OKpYTNIEHMA Me NPHXOAMTCA, TaK Kak Beero Gbino BhINOMHEHO
28 apHpMETHYECKHX onepalMi U JHUWE B 4 cny4aax notpebopanock OKpyTieHMe.
Ilpeanonoxenne o naoxoft oGycNOBNEHHOCTH CHCTEME! Me NOATBEPKAALTCA; BHIMMC-
nenne cond (A) naer anaveune ¥ 100.

B neficTBMTENLHOCTU NPHYMHA COCTOMT B WCTIONLIOBAHMM HA 2-M 1Ware Nanoro
BEAYLENG SMEMEHTA ag) = 0.0001. Cnencruen 3roro crano NosAgneHde HaNbUIOTO
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MHOXMKTENA figz M CYWeCTBEHHOe BospactaHWe ko3P PHLKEHTa B NOCKENHEM YpaBHe-
HMM CHCTEMDL

Taxknu o6pa3om, H3NOkeHHWA puime papnaAT Mmeroza Faycca (cxema
€IMHCTBEHHOTO [leNleHNA) OKA3AICA HKEKOPPEKTHHM M, CJIeJOBATENBHO,
HEDPUrOAHLIM ANA BHuHcAeHMA Ha DBM. Dror Meron Moxer npHBecTH k
apapuiiiomy octaHosy (ecnin aff!' = 0 npu mexoropom k), n BHuMcrenus

N0 HEMY MOTYT OKA3ATLCA HEYCTONYMBHIMY.

2. Meron Taycca ¢ BuGOpOM rASBEOIO 3AEGMERTA DO cTORGnY (cxema
wacTeIROrO puiGopa). Onncanue meTo na Ha k-m ware npamoro
xona Ko3hDHUDNEATH YPSBHERMA cHCTeME ¢ HoMepamu i = k + 1, ..., m
npeoGpa3ylorea no ¢opmyaan

n}’}‘ = a%‘"-pmaﬁ‘“, bR = bR b)) = k4 1, ..., m. (5.42)

Hatyn™eno AcHO, 970 BC H30exaWMe CHALAOrO pocra KoadpduuwenTon
CMCTEMB! M CBAJAHHHX ¢ 3ITHM OWIMGOK HeNAb3A MAONYCKATb NOABJICHMSA
GONBUINX MAOKUTENEH ik

B merope aycca c BLIGOPOM r/IABHOMO 3neMeHTa MO CTONGHY TFADAHTH-
pyercst, 910 |puikl € 1 s peex k=1,2, ... m=1ui=k+1, .. m
Oranume armoro sapHakta merona laycca OT cxemul eAWHCTBOHHOIO aene-
"HMHA 38KMIOYBETCA B TOM, YTO Ha kM wiare MCKAIOMEHHMA B KAYECTRE raB-
HOIO 3NEMEHTA BLIGHPAIOT MAKCHUMANbHHA mo Moayale kodddHuHeRT ci&"

NpH HEHM3BECTHOMR Zx B YDABHEHHAX ¢ HoMepamu § = k, k + 1, ..., m. 3aren
COOTRETCTBY OIS BLIOpaHAOMY KO3pIHUMENTY ypaBHeHMe ¢ HOMEpOM ik
MEHAIOT MecTaMM ¢ k-M ypaBHeAMeM cHcTeMbl /ISl TOrO, YTOGH C/IaBHLIMN
INeMeUT 3aHAN MecTo Koadduunenta affl .

Mocne 210#f NepecTAHOBKH MCHIIOYEHME HEH3BECTHOTO zk NMPOM3BOAAT,
KaK B cXeMe eJMHCTBEHHOrO AeNeHMA.

Mpwmep 5.9. Pewnm cucrenmy ypasuernn (5.39) meropou [aycca ¢ suiSopom
FAABHOTO A7IEMeHTa Mo cTonbiy Ha 8-paspanuoll pecarmrmoit SBM.

Mpawoh xon l-i war. MakeunanswbiR B NEpBoM cTOIGLE NIeMEHT
MATPULb] HAXOAHTCA B NepBoft CTPOKe, MoaTOMY llepecraHoBKa ypasHenwfi ue wym-
Ma. 3nech 1-fl WAr NPOBOAMTCA TOMHO TAK Xe, Kax M B npuMepe 5.8.

29 w ar. Cpenu anewenros a}l! = 0.0001 u a}}!) = 3.5 marpuum cucrewns

(5.40) MaKcHMATHMBIA NPHHALNEXNT TpeTheMy ypaBheHmno. Menss Mectamy Bropoe
M TpeThe ypaBHeHHA, NOTYUUN CHCTEMY

25 - 9 + .5 = A,
3.52 — 1023 = 6.5,
0.00012; + 323 = 3.0001.
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Mlocne bblMMcnenua pgy = 0.0001/3.5 = 2.85714-10°5 nocsiefnee ypaBhMenne
cHcreMb] Npeobpasyerca K Bway 3.00029m = 3.00029,

O6patTHu@ xoa M3 nocnenHero ypaBmenns Haxonun 3 = 1. Jlanee,
uueeM 7 = (6.5 + 105)/35 =1, 5 =(4 + 95, = 5y)/2 = (A + 9 = 5)/2 =
= 0. B pannoM cyuae oTBET NONYMWIICHA TOMHBIM.

3aMeTHN, YTO JIONOAHHTENEHAA paGOTA MO BHIGOPY TIABHEIX NTEMEHTOB
B CXeMe YACTHYHROro BniGOpa TpebGyer mopaaka m? feflcTBuil, YTO MPaKTH-
YecKH He BHMACT Ha O6ULYIO TPYAOEMKOCTb METOMA.

Buuyucnaurensnasa YCTORAYHBOCTEL ¢CXE€MHM YacC-
THYHOro Bul 600p a Jeransuoe uccnenosanne merona l'aycca moka-
apBaeT, 4TC fefterenTesibHON npHYMHONR HEVCTONYHMBOCTH cXeMbl €JUHCT-
BEHHOTO AENEeHNs ABIACTCA BO3IMOKHOCTL HEOFPAHMYEHHOIO POCTA 3/EMEH-
TOB MpOMEXYTOYHHX MaTpuu A1, A2, . A(™1} p ppouecce npamoro
xoaa. Tak xak na k-M urare cxembl wacTHYHOro Bubopa |pgk| € 1, To Ana

BLUMCNEHHLIX M0 ¢dopuynaM (5.42) snementoB c‘l-_f' CApABEAINBA OLEHKA

|¢E‘}‘| < |¢‘.-§””| + | a1 |. Cnenosatenrno, MakcumManbHoe no MOLyMIO

3HAYEAME IMeNEHTOB MATPHIN BO3pAacTaeT HA& OJHOM [are He 6onee yeM B
2 pa3a M B caMOM HeGMaTOMpPHUATHOM cnywae m — 1 war apaAMoro xoja
nscT xosdPuyuexm pocma p(m) = 2™1,

I'apaRTHA OFpAaHMYEHHOCTH POCTR JAEMEHTOB MATDHUL JENaeT cXeMmy
YACTHYHOrO BHIGOPA BHYMCAWNTEABHO ycTohumpoit. Bonee Ttoro, nna muee
OKa3blBAETCA CNPABeANMBONA CNEAYIOIAR OUEHKA NOTPElIROCTH:

5(2*) < f(m) condg(A)-en. (5.43)

3aecs £* — pBouncaennoe na IBM  pewenne cuctemn; ') =
= lz—z'L/lsl, — ero omocuTensnas norpewmocts; condg(A) =
= |AlglA'lg — umcno o6ycnoBieHnOcTH MABTPHIL A; €y — MAUWMHHOE
ancunon; makoneu, f(m) = C(m) p(m), npuuem C (m) — uexoropas
MEANEHHO PACTYmIAas (YRKUMA, 3aBMCALIAN OT MOPAKKAR M cHcTeMbl (THRA
crenennoft dbyHkuMu ¢ nwebonswmM nokalarenes), p(m) — kodabdumment
pocra.

Hannune B onenke (5.43) wnoxurena ¢(m) = 2™! ykaswmsaer wa TO,
4YTO NpH GONMBIIOM M cXEeMA YACTMYHOTO BHIGOPE MOMKET OKA3ATHCA ILIOXO
OGYCIOBAEHHON M BO3MOXIA cYWECTBEHHAA moTepsa TouyHocTH. Opnako
NPaKTHKE MATPUUYHHX BLIYHCAEHNMA NOKA3LIBAET, YTO CYIIECTBEHHBNA poOCT
INEMEHTOB MATPHOH NMPOMcXOAMT Kpailne peako. B nopepnaomem Gons-
UWIMHCTBE CcNyyaeB AEHCTBHTENBHOe 3HaueHMe KOdpdHuUMeRTa pocTa He
npebsuaer 8—10. Ecan cucrema xopoto o6ycloBlieHa, TO MOTpeLIHOCT
BLIYHMCIEHHOND pellieRMA OKA3LIBAETCA, KAK NPaBHIO, Manon.

Huorza ana nposepkn KavecTBa NMPHOGIHKEGRHOTO pelieHns T° BHUHC-
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AMOT ReBAIKY 7= b — Az* 1 0 cTenenn GAM30cTH MPHOINKERROTO petue-
HMA K TOYHOMY MBHTRIOTCA CYAMTb MO TOMY, HACKONBKO MANA HEBA3KA.
OToT MeTOA HeHaleXeR MO OTHOIWIEHMHMIO K CXEME€ YBCTHYHONO BHGOpA, TAK
KBK W3BECTHO, YTO OHA CAPAHTHPOBAHHO [T Majlbie HeBAMKkM. Bosee
TOYHO 3TO YTPEpPXKOEHHe MOXHO ¢POPMYJTHPOBAThL TAK: CNpaBef/IMBa ONEH-
Ka

Irl2 < f(m) LAle l2l2 en, (5.44)

rae f(m) 10 me, uto M B onenke (5.43). 3ameTuM, 4TO B HEpaBEHCTBO
(5.44) ne BxoauT uKcn0 06yCIOBIEHHOCTH.

3. Merop layeca ¢ pu6GOpOM FTAABHOTO JIEMEHTa DO Beefl MaTpEne
(cxewa nommoro BuiGopa). B artoft cxeMe nomyckaeTcsa HApyIIeHMe ecTeeT-
BEHHOrO MOPAKKAE HCKITIOYEHNA HEMIBECTHBIX.

Ha 1-u ware MeToAa cpefin 3NEeMEHTOR a;; ONPEASNAIOT MAKCHMATBHLIA
MO MOXYMIO JMCMENT 4y, . lleppoe ypaBHEGHME cMcTEMH M ypaBHenue ¢

HOMEpOM §; MeRAloT MecTamMM. [lanee ¢TaHZAPTHHM 06pasoM MPOM3IBOAAT

HCKIIIOYEHHE HEM3BECTHOTO £, M3 BeeX YPaBHEHMH, Kpowe mepBoro.
|

Ha k-m mare meronia cpenu koagpdUnHenTOB ah’f‘“ ApPH HEHU3BECTHHIX B

YpaBHEeHMAX CHeTeMul ¢ HOMEpAMM 1 = k, ..., m pLIGMpAIOT MAKCUMANLHEIR
no Mopyawo koapduupent c}b"-i'. 3areM ke ypaBueHHe M ypaBueHue,

cofepatiiee HARACHHRA KO3QPHUMERT, MEHAIOT MECTAMM H MCHIIIOUBIOT

HeNasecTHoe ::jk u3 ypaBHenuH ¢ HomepaMu 1 = k + 1, ..., m.

Ha oarane OOGpPATHOTG XOAR HEH3IBOCTHHE BHIYMCIAIOT B CASAYIOLIEM

nopagke: z. , IR
m ml 1

Mposep 5.10. Pemnn crcremy (5.39), ucnoabsys cxeMy nontoro sxibopa Ha 6-
paspanHoR aecaTHyHoA IBM.

Mpasvon xon l-i war. MakcHManeMbifi N0 NOAYIIIO QNEMEMT @) = =0
CONIEPIKMTCS B NeEpBOM YPABHEHHM, MOSTONY NEPECTAHOBKA YPaBHEMMA HE HyXHA.
Hoxmoyaen HeM3pecTHO®R 2, M3 BTOPOTO H TPEThero ypaBHeHMA, M McNonbays
MHOXKTENN pip; = -5.3990/(-9) » 0.590989 n uy = -1/(-9) # 0.111111. B peayns-
TaTe MONMY$HM CHCTeNY

25 — 9 + 5 = 4,

2.2:10°57 + 3.00006z3 = 3.00006,

0.777778q — 8.055562; = -8.05556.

24 w ar. Cpennt xoapduUMEHTOB NpH MeNIBECTHHDX BO BTOPOM H TPeThbed
YPABHEHHAX MAKCHMANEHLDM siBasercs koopduument all) = -8.05556. Mepecran-
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NS NeCTAMM ETOpoe M TPeThe YPaBHeHUs M UCKIIOYAs HeH3BectHoe zy (cootBeTcr-
BYIOIHA MHOKHTEb B3z = 3.00006/(-8.05556) & —0.372421), npuxoamu K cucreme

2n — 9 + bz = 4,
0.7177778x — B.055562; = —8.05556,
0.289683 1 = 2.89240-1077.

O6parthHsR xoa MHa noctennero ypaBHenus uaxomun 1 =
= 2.89240-10°7/0.289683 » 9.98470-10"7. [lanee, umeew =n = (-8.05556 —
— 0.7777782)/(-8.05556) ~ 1.00000, 2 = (-4 — 25 — 5x3)/(-9) = 1.00000.

OKpyrnaa HaAfneHHble 3HAYEHMA A0 NMATH UKD Noche NECATHYHON TOUKM,
namyuus otser: n = 0.00000, » = 1.00000, 3 = 1.00000. 3amervss, 4To B HAKHOM
cnyyse NOMY4YeHO pellieHHe, COBNAJAIGHLEE ¢ TOWHBIM-

Cxema nonHoro suGOpa MO cpaBHEHMIO €O cXeMOH YACTHYHOrO BuiGOpa
RaeT CYLISCTBOHHOE 3aMEANICHME pOCTa NEMEHTOB MBTPHIM. JloKkasaHO, 4TO
Ans nee koddpHuUUEHT pocTa @(m), sxoaammit B onenky (5.43), ne npesn-

maer zenusMEm m”? (21_3'/2,4% mll""“)l/"' < 1.8mo-2Inm (yro
3HAYMTENLMO MEHbllle COOTBETCTBYIOWIEro 3HaueRMA @(m) = 21 nag cxe-
MK vacTHuHOro pmbopa). [lopyepkheM, 4TO A0 cux nop eme He HafAeRo
MATPHUbB, JJIA KOTOPOR MNOARWA BWGOp fan 6w 3HAYeHMe @(m) > m.
Takuu o6pa3oM, ANA XOpOWO OGYCNOBNEHHLIX CHCTEM TOT BAPHAMT METO-
Ia Taycca Arnserca xopowo 06ycAOBAEHHRIM,

QOnnako rapaRTHA XopouleR 06ycN0B/IEHHOCTH HOCTHIBETCA 30eCh LEHON
3HBYMTEAbHMBIX 3ATPAT Ha BHGOP raaBHLIX 3neMenros. [Ias aroro monomnn-
TenbHO K (2/3)m3 apudmerTHueckux aeiicTBMit TpeGyeTcas MPOM3BECcTH NpH-
MepHO m?/3 onmepaumil cpaBHEMMA, YTO MOXET OMYTHMO 3aMEMIHTh Npo-
nece pewenna 3afayn Ha DBM. Ilostomy B GonbminHCTBE cny4aes Ha
NpaKTHKe MPEANOYTEHHE OTAACTCA BCE XEe cXEMe WacTMYHOro eubGopa. Kak
YyXe OTMEYEHO, CHTYAUMH, KOLZIB OPHM MCMONBL3IOBAHMH 3TOMO BapMaHTa
werozna ['ayccA MpOMCXOOMT CYIIECTBEHHHMA POCT 5/1EMEATOB, BCTPEYAlOTeA
Ype3sHYaiiHO pefiko. Bamee Toro, aTM cuTyauMu Moryr GHITL NErko BHAB-
NEHkl ¢ MOMOLIBLIO 3aNOKEeHHLX B COBPEMEHHEX mporpaMmax 3pdeKTHBHEIX
METOJIOB CAEXKEHHA 338 POCTOM 3/IEMEHTOB MaTpHn.

4. Cnyqan, worga eHGOp raapumIx anescuTos He mymen. Hasectno, uro
AAA HEKOTOPHIX KAACCOB MAaTPHMI, MPH MCMOIL3OBAHMH cXeMb €QMHCTBEeHHO-
ro [JeMIeHMHA TAABHEIE N1eMEHTH BRPARTHPOBAHHO PACHOJIATAIOTCA HA [aB-
HORt fMArCHANH M NOTOMY UPDHMEHATh YACTHURHA BEHGOp HeT HeobGxomnMoOcC-
Th. Tak, HanpuMmep, OOCTOMT OEN0 AAA CHCTEM ¢ MOJAMKHTENBHO Onpene-
NCHHEIMM MATPMUAMM, 8 TAKXE ¢ MATPHLAMH, OGAANAIOIMMH CIeAYIONHM
¢BOACTBOM IHArOHANBHOrO NpeoGnanaHHA: '
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m

L eyl <lagl, i=1,2,..,m. (5.45)

1

J#s
Marprus, yaornersopsionme yenopuio (5.45), TAKOBR, UTO B Kk OOl M3
CTPOK MOAYAb 2JMEMEHTA Gy, PACOQIOKEHHON0 Ha TJIABHON RHArOHaNM,
Gonbie CyMMbl MOAY/E BCceX OCTANBHLIX 3/IEMEHTOB CTPOKM.

5. Macorratupopasme. [lepen navanom petlienus ues1ecooSpa3no Mmac-
mMTA6MPOBATD CHCTEMY TAK, 4TOOH ee KoxpdHunHeRTH OhAH BeNHYHHAMH
NopAAKS eAHANLLN.

CymecTeyiloT fiBa €CTECTBEHHWX €MOCOGAR MACUITAGHPOBAHMA CHCTEML
Az = b. Tleppuil 3akyIfOYaeTcA B YMHOKEHMM KAXAONO M3 YpaBREHMI Ha
HEKOTOPHR MAcIITAGHpPYIOmMH MEOXHTENb . Bropofl cocTOMT B ymMEOMe-
HHH HAB MACIITAGHPYIOLIMA MHOXKHTE/Nb Gj KAXZOIO 10 cTONGLA MBTPUUM,

YTO COOTBETCTBYET 3aMeRe MepeMeRHLX :j' = u}'xj (bakTHYeckn — 310

3aMeHA eIHAML, M3MepeHNnA). B peanbHBIX cHTyanmAx wame Bcero MaculTa-
GHpOBAHNE MOXET ObITh BLIMOMHEHO 663 cYIecTBeHRHX TpyaunocTelt. Oana-
KO MoAYepKHeM, 4TO B oblleM ¢/y4Yae yAOB/AETBOPUTENbROINO cnocoba Mac-
wTabHpoBAHHA NOKA Re RafxesHo.

Ha npaktHke wMaciiTaGuposanne OGHYHO MNPOM3BOAAT ¢ NOMOMBIY
OeNeHMA KAaXIO0ro ypaBHEHMA Ha €ro HauGoaswnit no Moayno koadpdunn-
eHT. 370 BNONHE YAOBACTBOPHTEABHLIRL cnoco6 ANA GONbIIMHCTES PeasbHO
BCTPEYRIOIMXCA 38/aY.

§ 5.6. Meron Faycca u pemenme cucreu ypasaemuil
€ BOCRONBKAME UPABLIMA YACTAMA, OGPAIlCHRE MATPHN,
BLMECACHNE ompeacnaTencit

Paccmorpum npumenenme merofia [aycea K PpelleHMIO  CleAYIONIMX
3aa4 AMHMeHOR anreGpu: 1) BuuMceHMe pelleRMit cHCTeMB YpaBHeHnuil ¢
HECKONABKNMHN MPaBEIMH YACTAMM; 2) BhuMclenMe oGpaTHON MATpMUM; 3)
Bbl9MC/ICHAE ONPeACNUTeNA.

1. Buanenenme pemresmil CHCTeME YPABROHNE ¢ BOCKOJBKHME HPABLIME
qactaum. JIOBONBLHO 4YACTO MA MPBKTHKE BCTPEYAEeTCA CHTYALWA, KOTHEB
MY)XHO PeUIHTL HecKONBKO cHCTEM YpaBHEeHHMA

Az =4y, Ax=d(z), .., Az=d;p (5.46)

¢ onHON MatpMueit A M paAMIMYHNIMM npaBuMM vacTAMu dipy, di2, ...,

dp.
Koneuno, npumenaa meron laycea k kaxpont n3 cuctem (5.46) nesasu-
CHMO OT ApYrMX, MOXHRO HAATH COOTBETCTBYIOUIME PELICHUA L)), T(2), -
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Z(py, 3aTpaTup npumepno (2/3)pm’ apudmernueckux omepaumit. Ozmaxo
NpH ORHOBPEMEHHOM pemieHHM cHcTeM (5.46) umcno onepauuft MoxHO
cymecrBenHo cokpatnTh. Kak 6uino ormedeno s § 5.5, ocnosune Buunenu-
Tenbume 3aTparhl B Merofie [aycca cBA3ann ¢ npeoGpasoBaHMeM MaTPHU
K TpeyronsHomy BuAy. [IpeoGpasoBaHMe ke MpaBOA 9acTH APOM3BORHTCA
napannensHo M TpeGyer npmuepHo m? apudmermueckux onepaumit. Ecau
napanienbHo ¢ npHUBefeHMeNM MATPHUE A K TpeyronsHomy BuAY npeobpa-
30BaTh MO ONHOTHNHEM ¢OpMYNaM BCe p MPaBMX 4acTeil, TO na OpAMOi
xon merTona Gymer 3aTPayYeno TOABKO npuMepHo (2/3)m? + pm? onepammil.
C yueroM OGpaATHOro Xofa OOIME BLIYMMCAMTEAbLHHE 3IATPATH COCTABAT
npumepHo (2/3)m® + 2pm?2 apndmernueckux onepauul.

Tlpeo6Gpa3opanie NpaBbiX 4YacTell He OGA3ATENBHO MPOM3BOANTL Mapa-
nensuo. Kaxayio ua npassx sacred d()), &2, ..., dp Moxmo o6paGo-
T&Tb NOCTEN0BATEAbHO, €CAN Noce NpPABSAcHHA MBTPHIL A K Tpeyroibho-
My supy A(™1l coxpanuts B mawsatu IBM wmokmMTenM gy M METPHLY
Almn

2. Buancneame o6parnofl matpami. Ilpexkne ueM nepexoHTs K H3/10-
AKEHHIO MeTOZa BHUYMcHeHMA obpaTHORM Matpnus Al nnAa keanpaTHON
HEBLIPOXKAEGRAAON MATPHUB A, OTMETHM, YTO B aefcTBHTENBROCTH npobiieMa
BHYMcAEHHA OGpATHOH MATPHMIUE BOIHMKAET Hé TAK 4acTO, KAK 3TO MOXHO
npeAnonarars.

K coxanenuio, 3avacTyi0 obpallichne MATPALN A NDPOH3IBOAHTCA ¢
€AMHCTBEHHON LEeNBbIO BRIYMCAHTL MO M3BECTHOMY BEKTOpy & BekTOp £ BMOA
r = A'b Yuuowenne maTpuum Al Ha BekTOp TpeGyer mpMmepao 2m?
apndmeruveckux onepaumit. Opuaxo BuamcieHme A’ obxoaurcs (Kax
6ymeT NOKa3aHO HHke) mpuMepHO B 2m? onepammil. DT0 03HAYAET, YTO Ha
BLIYHcAeHMe pelreHnA cucTenbl Ax = b no dopuyne £ = A'ld 6yper antpa-
4eHo npuMepHo 2m? onepaunfi. B naAHOM cayvae £ moxHO BafiTH B 3 paza
Guetpee merofom Taycea u Buunenenme Al e nywno. Boanee 1oro, MoxHO
OMMEATB, YTO BHIYMcIeHHOe MeroioM ['aycca pelleHMe oKaxeTcd TOUNHee,
TAK KAK NOTPe6YyeTcA BRIMOJIHEHHE MEHBUIEr0 YMCJIa Onepamuil.

MoxeT nokasaTecA 0COOERHO BHIMOAHLIM NPEABAPHTENBHOE BblUMCACHHE
umarpHlsl Al ecnn panee norpebyerca HafiTH GONbIIOe YMCNAO BEKTOPOB MO
dopmynam

Ty = AWy, 3 = A, .., 5 = Ay, . (5.47)

Opuako cymMmapHbie SaTPaTH OpPHM TAKOM MNOAXOAE COCTABAT MNPHMEPHO
2m3 + 2pm? onepauMii, B TO BpeMA KaK NpPH ONHOBPEMEHHOM pelleHHH
meronoM I'aycca sxBmMBaneHTHOR cHcTeMb (5.46) mosyvaem 3navenms (i),
£(2), - T(p) ApHMEpHO 3a (2/3)m? 4+ 2pm? onepaumir. Crenosatensho, u
B ITOM cayzae uuHcaenne Al nenenecoobpasno.
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Huorpa B nonb3y HeOGXORMMOCTH BuiuHcneuMa A’l apupoaMTCR cle-
aywounit pgosos. Ecan uapectHo, 4TO B TeueHMe IJIMTENBHONC BpEMEHM
noTpeGyeTci HEOAHOKPATHO pelaTh cHcTeMbl ypasrenmit puga (5.46)
GHKCHPOBAHHON MATPHUENt A M PAlIMYHEIMH NPABHIMM 4ACTAMHM d( i), TO
HMEeT CMBIC MNpefBapuTEIbHO BHYHCAHTE Al. Janucas #'! p namaATs
OBM, MOXHO 3aTeM MO Mepe HeoOGXOAMMOCTH GHICTPO BHIYMCAATH T (k) NO
dopuyne =y, = Ald k). Oanako uenonszopanue LU-paanoxenns MaTph-
un A {cm. § 5.7) no3BOASET BHYMCAATE T(k) CTOMb e GHCTPO, a mpeABa~
puTesnbHaA patoTa Ha 3Tale PalIOKEHHA [lAeT TPEXKPATHYIO 3KOHOMMIO.
Takun o6paloM, M 3TOT LOBOJ B MOAb3YY HeOOXOAMMOCTH BHIYHMCAEHMA
oGpaTHO! MATPHILI HeybGennTelen.

JloponbHO 4ACTO NpM pelICHNH PAaNMYHLIX 3afaY ~PCACTDAMI AlHEA-
Hoft anreGpul BO3MMKAIOT BRIPAXEHHA THRA

v= BICA'WD'w. (5.48)

Ecan y HccnepobaTens HeT BOCTATOMHOrO OMLITA pelleHMA 3amay JMAEA-
Ao anrebpel Ha IBM, T0 OR MOXET NPUHATE peuieHHe 0 HeOBXOnHMOCTH
BHYHCAATE MATPHUN B!, A1, Dl ¢ teM uyTOGHM neilcTROBATL Zanee MO
dopuyne (5.48). Opuako ¥ B ITOM c/y9se MOXKHO MOCTYNIHUTL MHAYE M
HaliTH © ¢ MeHBIMMH 3aTpaTamu. Pemas cuctremy Dz = w, Hefigem
z = Dlw 3arenm Buuncaun y = Wz n, penan cucremy Az = gy, Hafizem
1= A'ly. Hakonen, euuncaum « = Cz M, pemaa cuctemy Bv = w, mafizen
v= Blu

CkasaHROe BhHIlle BOBCce He 03HAYAET, 9T0 HeT CMTYauMil, KOTAS BHIIHC-
nenne Matpuus Al neoSxopumo M onpappaHo. B page Texmuyeckux npu-
JIOMERMI M CTATMCTHYECKHMX 3a/]8Y HENOCcPEficTBERHMWIA HMHTepec npefcTaB-
NAET RHANU3 cBONCTB HMeHHO 06patHoft MaTpyuml. Tem He MeHee, KAK MEH
BUAMM, B MBTPHUYHBLIX BHIYHCJIEHHAX MOKHO M caeayeT 06xoamThCA Ge3
BHIYMCACHUA OGPATHHX MATPHI. ABTOPH RBCTOATENbHO PEKOMEHOYIOT He
BLIYHCAATE OGPATHRIC MATPHUM, CIM TOALKO B fanbHeililled HMe npeanona-
raeTcsl AHANM3 JIEMEHTOB 3THX MATPMLL '

Mokaxem, Kak BHYMCAeHUe OGPATHON MATPHON MOXKHO CBECTH K pac-
CMOTpeHHOM BHILIE 3aflaue pellIeHMA CUCTeMbl YPABHEHMMt ¢ HOCKOJIBKHMH
npapbiMyu vactann. O6o3uaunm MaTpuny Al uepea V, ee cTon6um — uepes
W, By, ..., By H CTONG6UN eAuHHUHON MATPHIE E — yepe3 ¢, &, ..., én.

Cornacno onpeaenenuto o6paTHolt MaTpHus Bepuo paseHctBo AV = E,
3KBUBAJIEHTHOE COBOKYMHOCTH PABSHCTB

Any =g, Avy =€), ..., Aty = £q. (5.49)
Takum 06pa3on, ctonbus Matpuun V = Al (a cienosatensho, u caMmy

MaTpHImy), MOXHO HAfiTH, pemiads m cHcTeM ypaBHEeHMi ¢ obuieft MaTpHnE
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A. CornacHo MafIOXEHHOMY BHIE, ANA 3TOTO NOTPE60OBANOCH 66l MPHMEPHO
(8/3)m® apudmervueckMx onepaumil, OOHAKO Yy4eT CHEUMAILHONO BHIA
npaselX vacrell cHcreMul (5.49) noasonser swuMcaaTs Matpuny Al npu-
MepHO 3a 2m3 onepaumil.

3. Bumumacreswe onmpepemmrens. Bocnonpayemcs anropurMom Merona
lFaycca ¢ BHIGOPOM [/IBBHOTO 3/IEMENTa MO CTOAGMY M 3aMETHM, 910 MCKO-
MEIl onpefenuTeNs M ONPeAES/MTeNb MONYUSHMON TPEYTrONbHON MATpMILL!
Al™1) ¢BA3AREI PABEHCTBOM

det A = (-1)% det At™D)

rfe s — YMCIO NOTpeGOBAaBUIMXCA nepecTanobok cTpok. OcTaeTca BOCHONL-
3osatbed opMynoit (5.17) n Torga nonyuum

det A= (-1)% a{® all) ... alm), (5.50)
rae a{?’ = a;. OTMmernM, 4TO BhiuMcnenne mo ¢opuyne (5.50) TpeGyer

0co60il BKKYPATHOCTH, B OCOGEHHOCTH ecaH YMCNO m BeaMko. Kak Mu
y6eaunncs B npumepe 3.29, Npn BLUMCACGHMM NPOM3BERECHMA CcleRyeT
cneuuanbHLIM O6pasoM ynopAAouMBaTh coMaOXNTenH. Heymaunmft mopa-
BOK HX PacnoJIOKEeHMA MOXeT MPHUBECTH K ABAPHIIHOMY OCTAaHOBY MO mepe-
MONMHEHNIO IGO0 K MCYEe3HOBEHMIO MOPAAKA.

Moxuo uabexaTt nepenoAHeHMA H HCYEIHOBERMA MOPAAKA, ecH AAf
priuncienna det A pocnosnb3oBathea GopMynoi

m
In|det A| =El Injatri].

Opnako clefyeT MMeTs B BHAY, YTO €¢ McNONbIOBAHME MOXET MPMBECTH K
HEKOTOPORR MoTepe TOYHOCTH.

3aMeuvanne Jeersurenshan HeOOXORMMOCTL B  BLIYHCACHMM
onpefenuTeneil BOIMMKAET AOBOABHO peako. Bo BcakoMm ciyuae ocuo-
BAHHbIE KB MX MCMOAb3OBAHMM ANTOPHMTME! OKA3LIBAIOTCA BechbMa Head-
dexTHBREMYN (Kak B npuMepe 3.34, rae oGcyxaanocs mpasuno Kpaue-
pa), M MO3TOMY BHIUMCAEHHE OMpefenuTeneit NaBHO yke He ABAAETCA
NIEMEHTOM COBPEMCHHLIX GJIMOPMTMOB NMHeltHoR anre6pu. Kpome TOroO,
U3 peaynbTaToB B § 5.4 cleayer, yTO Mcnonb3oBaHMe BenMUMHE det A
ANA onpefieneHUA cTeneHM GAM3OCTH cMcTeMB YpaBHEHMI K BHIpOMISH-
HON [ORST BecbMa HEHANSXHHWH ¥ COMHMTENbHBN KPHTepHH.

fipumep 5.11. Ucnonsaysa weron laycca ¢ BbiGOpoM IIBBHOrO SeMeHTB MO
cTonGly BBMMCIAMM ONpefeMTeNb MATpMILbI
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2 -9 5
A=112 523999 6
1 -1 -15
Ha 6-paspannon mecatnunon 3BM.
[losropasa npeo6pasoBakusa H3 MpHMepa 5.9, NOAYYHM MATPULLY

2 -9 5
A2 =10 35 -10
0 0 3.00029

Tak kak 6bUTa CHeNaHA OOMAa MNepecrauoBka cTpok, To (opuyma (5.50) naer
det(A) = (-1)-2-3.5-3.00029 ~ -21.0020.

MoxHO ¢ ZOCTATOYHOIt CTENEeHBIO YBEPEHHOCTH MPEANMIOAKHTb, UTC BO
MHOrMX TEXAHYECKHX HBYKaxX, rZe TPaAMUMOHRO MCAWIB3YIOTCA Onpefeu-
Tenn, B GMxafulee BpeMA ReH3bexen Nepexof K MCMoAbIOBaHMIO APYIHX
GoNee CcOREpMATENBHEIX XAPAKTEPHCTHK JAMHedAHmX Mogeneit. Taxkumu
€CTeCTBOHMBIMM XADAKTEPUCTHKAMM MOPYT CAYXHTb, HANPHMEP, cOGCTBEH-
HHE YHCIA M cOGeTBeHMBIe BeKTOpH MaTpHy, (cM. ra. 8).

§ 5.7. Meroa laycea
H PA3NOROHNE MATPHIH H& MEOXHTENH.
LU-paznomenne

BepHemcs eme paa k merony laycea ¢ TeM, uTOGH paccMOTpPETHL €ro ¢
Gonee o6mux nosuuui. Manaraemunft Muxe noaxon oxasaica Ype3BHYANHO
IIONOTROPHMM M NpHBEA He TONLKO K Gonee rayGOKOMY NORMMAHMIO METO-
Aa, HO ¥ MAO3BO/AMA CO3ABTH BRCOKOIPPEKTHBRBE MAUIMHHBIE AICOPHUTMB
€T0 peannaallHi, a TAKXKEe PACCMATPHBATH APYTHEe TOYHLE METOAB ¢ €IM-
HO#it TOYKH 3peHHA.

PaceMoTpuM cHavana npocTefimmnit sapMaHT merofa [aycea ana pewe-
BHA CHCTeMbl THHEAHHIX aJINeOpPAHYSCKMX ypaBueHH

As=b. (5.51)

1. Cxeua anumcreennoro penemnn A LU-paanoxenme. [Ipy Bunoanennu
BHYHCAEHHA 1-FO WIAMA MCKAIO9EHMA MO cXeMe efAMHCTBEHHOIO JleneHHMA
CHCTeMa ypaBHEHMI NPHBOAMTCA K BULY

At g = (5.52)

rae
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4 Gy Gy - Gy b,
(D gD (1) (n
0 aly) ai}' .. afl b3
AV =10l ap ol |, w0 = |
(1) (D (1) (n
0 afl) e} .. all J lr“
.

a KoappHuneHTH ng}', b (4, 5 = 2,3, ..., m) puunensiorca no Gopmy-

nam (5.29), (5.31).
Beepem MaTpHLy

1 o 0 .. 0
-#21 L 0 .. 0
. 0

M =|-py 0 1
fm 0 0 .. 1

Kak weTpyauo npoBepuTs, cnpasefi/iMEL PABEHCTBA

A = MA D = M,

T. e. npeo6paloBane cucTeMu (5.51) k puay (5.52) akeuBanenTHO ymMHONKE-
HMIO 1eBOMt M TIPABOR YACTeR CHMCTeMB KA MATPHIY M.

AHANOTHYHO MOXKHO MOKA3ATH, YTO BHYHCAEHHA 2-TO WIATA MCKJIIOYE-
HHA APUBOAAT cucTeMy (5.52) k Buay

A g = p2
roe
Al = "2A(I}, 2 = ”25“!1

[, o, @y g, ] I 0 0.0 K
0 afy af}) .. afl) 0 1 0.0 N

AD=10 0 af . af2! [[Mp=]0 ug 1..0 ]|, ¥2=| §2

O g 0...1 .

0 0 G;%} ... ag} 6;2)

Mocne (m — 1)-r0 mara, 3aBepUIAIOMIEr0 NPAMON XOM, CHCTEMA OKA3bi-
BAeTCR NMPHUBEACHHON K BHOY

Almly g = pimD (5.53)

¢ pepxueil Tpeyronsnoit Matpuuet A", 3peck
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Aml) = M AW

Altmhi= g ¢

L b
ey

B = | pe2

ay 84,
(1
0 aj}

g,La-n

bimly = M b

o B

(1
. am

12)
v Bym

(m-1)
- Gom

3aMeTHM, ¥TO MaTpuna A(™!) nonyuens M3 MaTpHus A nociefosa-
TeNbHBIM yMHOXeEHMeM Ha M), My, . M, :

A = Mo, ... MM A

Ananormuno,

) = My, ... MM

Ha parencraa (5.54) suTekaer cnenyloiee npeacTabneHne:
A= MM M A,

Kak nerko mpoBepuTh,

1 0
p21 1

M'=|ps 0
pm 0
1 0
01

M;![= .
0 0
0 0

0 ..
0 ..
1 ..

0 ..
0..
0..

0..
0..

0

0

0f, M =
1

0 0

0 0

1 0
pmmt 1

(5.54)
(5.55)
(5.56)

.0

.0

0,

r

Ana 310ro ROCTATOMMO nepeMHOXHTb matphum Mi' w My (k = 1, ..,
m — 1), B pe3y/IbTATE YEr0 NOAYYHTCA €AMHHYHAA MATPULA.

153



Beenem oGozmavenus U = AlmD [ = M'M' .. M. Buuncass
maTpuny L, y6exnaeMcs B TOM, 9TO OHa HMEeT cleRylomuit sua;

1 0 0 .0
pnl 0 .0
L= B3 g3z 1 .. 0. (5-57)

Pmi Fm2 Pms - 1
Toraa paseuerso (5.56) p HOBLIX OGO3HAYEAMAX NPUMET BUA
A= LU (5.58)

310 n ectn! LU-pasaoxenue mampuym A — npepcrasnesue merpuis A B
BUAE MpPOM3BEACHNA HHMHER TpeyrosbHOR MaTpHmu L u pepxme#t Tpe-
yronsaoft mMarpumu U.

Takum o6pa3om, npamoit xon merofa I'aycca Ge3 nepecTaHOBOK MOXHO
paccMaTpMBaTh Kak npomece sblumcienns LU-paanoxenus Marpuns
cHCTeMB, HA k-M WIare KOTOpOro ONpeAenflOTCA 3NeMeHTH k1o cronbua
marpuusl L v kit crpokn marpunu U.

Boamoxnocts L U-pasnoweans 060CHOBHBAETCA cnepytoumeR reopeMoft.

Teopema 53. Ecau oce .taconse uunops mampuysu A omauwnu
OMm NYAS, MO CYWECMOYOM IUNCTROCHNNE KUNNAS MPEYLOAWNAR MamMPUya
L ouda (5.57) « ecpruss mpeyrossnas msompuya U maxue, vmo A = LU.

Crpyxrypa matpun L u U nossonsier OpraEM3OBLIBATL KOMIIAKTHOE
pa3Melnenne VIeMeHTOB 3THX MaTpul B NaMaTh IBM no mepe ux suramc-
nenun. Ha k-m vrare uckmovenms B o6nacTH NaMATH, TAe NEPROHATANLHO
pacnonaranach MaTpula A, pasMelIaeTca MaTpHOA

a,, e, e G k Glyker - QIm

i Ay ) ), e
Bre me - offD gl L ag k-0

Prerg Pror,2 o Pior,k al‘pl.h'l “’:f]l,-

R = . W 4.4

I O6Goanaueuns TpeyromsHbix Marpum, Gyxsauu L u U pulasanst reM, 4ro arn
6yKBN ABAMIOTes HAYANBHBIMM B aHrMAckux cnopax lower — "HumumA" u up-
per — "eepxunn®.
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Ilpn 2TOM BeA HeoGxomMMAA AR AanbHeHMIMX BuuMcheHuMA uurdopmanna
coxpaHfAeTcs.

Npusep 5.12. [lpounmoctrpupyem LIFpasnokenme Ha npuMepe pellenus
cucremst (5.35). Ha ocHoBaHMM RaHMbIX Tabn. 5.2 uoxHo 3anmucats

1 ¢ 0 0 10 6 2 0

_l05 1 0 o0 -1 =2 -3 4
E=1o3 161 of US|o o -4 54
0 -3 251 0 0 o 0.5
CnepoBarensto, LUpasnoxelive MATPHIL CHCTEMBI MMEET BHA

10 6 2 0 1 10 2 0
5 1 -2 4 - 0.5 0 —2 =3 4
3 5 1 -1 0.3 —16 l 0 0 44 54
0 6 -2 2 0 -3 25 l 0 0 0 0.5

2. Henomsaonamme LU-paznomesmmsa. B coepemenMmnx nporpammax,
peanmayiomux meros, laycca Ha OBM, swumciienus pai6upaior Ha nBa
ocuopHhix Frana. [lepsuil 3ran — 310 Buancnenue LUFpasnoxenus MaTpn-
On cucTeMbl. Bropoit aran — o6paGoTKa NMpaBhIX 4ACTE M BHYMCITEHHE
pelIenna.

CubicT BHIENEHNA NEPBOre 3Tafla cOCTOMT B TOM, YTO OH MOXET GHITh
BLIMO/IHEH HE3ABHCHMO, [IA ero mpoBeEeHHA He HyXHa MAdOpmaumns o
DpaROi 94CTH CHCTeMH. 310 KaK 6hl ITaN NpefBapHTENbLHON MOATMOTOBKH K
GHCTpOMY BhYMcAcHNIO pemeAua. Huenro paa nonysenana L U-pasnoxe-
HMA DPOM3BOAMTCA OCHOBHAR Macca BhIUMchenMA (apumepHo (2/3)m?
apudmeTHaeckux onepannit).

Ha BTOpOM 2Tane BHNOAHAIOT CACRYIONINE AEHCTBUA:

10, IpecGpaayior npasyro 4acTh & no ¢opMynaM npAMOTO XoAa; Heol-
XOAMMHE LA BHYMCACHMA KO3DPHIMERTH 4j; 6epYT M3 MaTPHMILI L B
pesynbTaTe noAyyaloT pekTop 8 ™) cpazammniil ¢ pexTopom § dopmynoi
(5.55).

20, C nomowpo 06paTHON NOACTAHOBKM pemaloT chcreny Ur = §ml),

JAA HEeNnoCpeICTBOHHOr0 BHUYMCAEHNA PeIIeHHA T HA BTOPOM 3Tane
Tpe6yercA npuMepHO 2m? apndMeTHISCKHX OnepauMil.

B cnyuse, ecin HeO6XOANMO PElINTb p CHeTeM ypaBHEHMA ¢ PHKcHpo-
BaHHON MaTpuLiel A M paMIMYHEMM NpaBbiMu YactaMn 4y, €2, ..,
d(p), mepBLIl 3TAN NpOBOAAT MMM OAME Pa3. 3aTeM NOCAENOBATE]NBHO p
Pa3 NpOBOAAT BHYMCIIENMA BTOPOTO 3ITANa [OJA NOAYYEHMA pemleHMil Iy,
Z(2), - B(pr- AAK 31070, Kak n B § 5.6, TpeGyerca mpumepHo (2/5)m’ +
+ 2pm? apudmernyeckux onepannit.
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Tipsnsep 5.13. Pemunn cucremy
10 + 6 + 25y =8,
5 + -2 +45,=1,
3n +5n+ nn — 5, =2,
6 —2ny + 25 =2
Bocnombayemca LUFpaanoxeHdem MaTPHUbl cCUCTEMbl, YKAa3aHHHM B NpHMepe
5.12. Cnavana npeoGpasyen Bekrtop npasod wacth b= (8, 7, 2, 2)T no dopuynam
NpAMOTo XoA8.
I« war &) = & — ppb =7 — 058

—03-8 = =04, 5&“ = by — pgh=2—-0-8

0 = (8, 3, 0.4, 2)T.
24 war B2 = BD — upbll) = 0.4 — (-16)-3 = 44, B = KD —

— pazb!’ =2 —(-3)-3 = 11. Mocne 2-ro wara nanknen $2 = (8, 3, 4.4, 11)".

361 = b — pgh =2 -
2. Mocne 1-ro wara nosxyums

3 war b = M — ppd{? = 1t — 25-44 = 0. B pesymerate npa-
woro xona nomyven sexrop M 3) = (8, 3, 4.4, 0)T u cucrena npuBeneHa k BHAY

0 + 6 + 223 =8,
— 25— 3Im+ 474=3,

— 4413 + 545 = 44,
0.5z = 0.

O6patiuifl X0 faeT 3HAYEHMA MeMaBecTHbIX 24 = 0, 3= -1, =0, n = |,

3. Merox Iaycea ¢ BLIGOPOM TASBHOTO 3AEMEHTS K DAIOXKOHNS MATPH-
o Aa MEOxETENH. B orimuMe OT exeMbl €MHCTBEHHOTO AENEHMA cXeMa
YacTHYROIO BLGOPA MpeanonaraeT Ha k-M ware NpAMOra Xoaa nepecraHon-
KY YPaBHEHMH cMCTEMBbI ¢ HOMEpaMM i H k (NpH BHIGOpE B KavecTBe [AaB-
HOrO leMenta k-ro mara a/neMexTa a, k*). O10 npeobpasoBaEye PKBHBANICH~

THO YMHOMEHMIO cHcTeMH Ma matpuuy Pp, koTOpas monyueercd W3 efu-
HMYHOA MATPHUL NepecTaHoBKOM 1~ M k-t crpok (em. npumep 5.14).
Hcknoguenne HenapecTHoro Ha k-M 1Iare MNO-TIPeXHEMY IJKBHB&JEHTHO
YMHOMEHMHIO cHeTeMbl Ha MaTpuuy M.

Taxum o6pasom, nocne 1-ro wara cucrema Ar = b npeoGpadyerca k
puay Az = U, rape AV = M P A, 3V = M Pb. Mocae 2-ro mara
cucTema npeoGpa3yerca k Buay A2z = 82 rne AZY = MHPALD,
M2 = MyPM D,

Mocne sasepuwiatomere (m — 1)-r0 wara NPAMOrO XOZa ¢HCTEMa OKa3kl-
BaeTcR npuBeachRAofi K Buay A!™Dgz = H™D  rpe A™D =
= Mu Pag A2 p(mD) = M_ P bm2)

Kak ReTpyABO BMJETS,
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AT = My \Pny ... MoP; M P A, (5.59)
btmwt) = My Ppy ... MoP, M\ Pyb. (5.60)

Pabetictso (5.59) paBROCMABNO CIEAYIOMIEMY PA3/IOKEHMIO MATPHUN A Ha
MHOXHTENH:

A= PUGIPIM .. P MU, (5.61)

rae U= A(™!) — pepxHAA Tpeyro/ibHaa MATPHLA.
Paanoxenne (5.61) ne apnserca L U-pasnomennem matpunn A. Opuako
NpAMol X0f no-npexHeMy pasmocHner LU-painoxenuio, HO yxe He camoi

MATPHUN A, 8 MATPHLLL ;i, AOJYYEHHON M3 Hee B Pe3ySbTATE COOTBETCTBY-
Oledl NepecTAHOBKH CTPOK. JTO palsioxkeHHe HMeeT BHA,

A=1ivu (5.62)

rpe i= Pu1Pna ... PyPA, L — unxnas TPEYTOIBHAA MBTPHIA, OTIHYA-
olanaca or MaTpuusl (5.57) nepecTaROBKOA MAOXHTeNER B cTON6LAX.

Mpusep 5.14. Hantnew paanowetivte una (5.62) ana matpuum chcrennl (5.39),
HCNONbIYA pesybraThl BurMcneuit mpusepa 5.9. Tak xak 1-i war npAsoro xopna
He TioTpeGoBaN NepecTaHoBKM, a Ha 2-M lare GLUIM nepecramiiedbl BTopoe M Tperbe

YPaBHeHHSA, TO
1 0 0 100) . [2 -9 5
p=|o 1 of R=|0 0 1| A=|1 = -15 |.
00 1 01 0 12 53999 6

Dns smatphun A npAMoRt Xon yxe NPOBOAHTCA MO CXeMe eAHHCTBEHHOTO JeseHns.
Ornuyme ot BouMCAeHuil pHMepa 5.9 COCTOMT B TOM, 4TO Ha 2-M Ulare MHOKUTEN:!
fi1 M pg;, B TAkke BTOpOe W Tpetbe ypasueHus cucteMbl (5.40) wensworca necra-
M. B pesymbtarte nony4um paanoxedde Buaa (5.62), rae

N 2 -9 8
=05 1 o| U=|0 35 -10
0.6 29108 1 0 0  3.00029

Mocne noaydenua paanokenus snga (5.62) Ana peleHHA cHeTeMul
Az = b BHNOAKAIOT cheAyIOWMe NeRCTBUA.
10, JlpaBy10 uacTe MNEPEeCTAHOBKOWR 3NEMEHTOB NPHBOAAT K BHAY

b= PpiPus ... PP,
20, NMpeobpa3yoT BEKTOP [ dopmynaM npAMOro XOnRa; HEOGX0ANMbIE

ANA BHMHMCAERMIl MHOXHTENAN ;,J 6epyT M3 MATPHIH I. B pesynsrare
BoayqaloT BekTop B( ™1},
39. OGpatHo# nopcTaHOBKOR pemaloT cHetemy Uz = di™1),
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3aMeTHMM, YTO MATPHLA MNEepPecTAHOBKM P noauocTsl0 onpepenserca
3aflaHyeM MOMepa iy YPaBHEHNSA, KOTOpoe fnepecTaBiferca ¢ k-m ypaBHenu-

em. [losToMy ana xpaHeHna Beeft MHPOPMAUNH O NepecTAHOBKAX JOCTATOY-
HO LENOYHCTIERHONO MACCHBA AAMHE m — 1.

Mpumep 5.15. Pewnn cucreny (5.39), menonsays nonydennoe s npunepe 5.14
pasnomerUe MATPHILE A '

3nect sexrop b = (—4, 0.6001, -8.5)T npeoSpaayercst B Bekrop b = (4, -85,
0.6001)" nepectanoBKoR BTOPOTO M TPETLETO AMEMEHTOB.

Ipanvof xon 1-A war bV =‘32-—;z|‘i|=-8.5—0.5(—4)=

5;“ = 33 — ;31:';1 = 0.6001 — 0.6-(—4) = 3.0001. B peaynerare 1-ro wara Hmeen
D = (4, -6.5, 3.0001)".
20 war B2 = b1 — pgkl = 3.0001 — 29-10°5-(-6.5) # 3.00029. B

Pe3yALTATE NMPAMOTC X04a NpaBad YacTe OKasanach NMpHBeneHHoA K suay b2 =
= (4, -6.5, 3.00029)T.

OGpAaTHHRA X 0N NPOBORMTCA TOMHO Tak Xe, KaK B MpHMepe 5.9, 1 naer
amaveMA 3 = 1, n=1,n =10.

§ 5.8. Merox Xonemporo (MeTOR KRANDSTHLIX KOpHeil)

1. Ooucamme werons. [lycrs TpeGyerca pemwmTs cHeTeMY AMHEAHRIX
anrebGpadyecKiuX ypasHeHuit ’

Az= 1} (5.63)

¢ CHMMETPHYHOR MOJNOXHTENbHO onpefencAHON warpuueit A. Jluneftnne
cHeTeMBl TAKOTO THIA YACTO BCTPEUAIOTCA B MPHAOKenMAX (Hanpumep, B
3afayax ONTHMU3AUMH, OPH pellleHMH ypasHeHnil MaTemaTnyeckol PuanKn
n ap.). JIna Mx peuleRHMA BecbMA YaCTO MpuMmeHsAerca wemod Xoxeyxoto
(mpyroe Ha3spaHMe — .uemod xeadpamuuz xopned).

B OcHOBe METOAA NEXMT ANFOPUTM MOCTPoerMa cmeuuansnoro LU-
paliokeHHA MATPHMUE A, B Pe3yJbTATE Yero OHA MPHBOAMTCA K BHAY

A= LI (5.64)
B paanoxennu (5.64) nnxkuan TpeyronbHas MaTpuua
I ¢ .0
p= | f20 (5.65)
- ben
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yxe He 06A3aTeNIbHO AOMKHA MMeTe HA CIaBHON AMArOHanM eAHHMIH, KK

ato 6eno B Merope [aycea, a TpebyercAa TONbKO, 4TOGH AWArOHANBHBIC
aneMenTH l; 6BIAN MONOKUTENBHEIMH.

Ecan paanoxeune (5.64) monyueno, 10 pewmenne cucremn (5.63) cpo-

BUTCA K MOCJNEHOBATE/bHOMY PEIIeHHIO ABYX CHCTeM ¢ -rpeymmnunn
MATPHIIBMH:

Ly=b, I's=y. (5.66)
Hnsa pemenusa cucrem (5.66) TpeGyercs Beimonuenne mpuMepHo 2m? apHd~
METHYECKHX onepauui.

Hattaem anementit MaTpuunl L. J1na 3TOro pHYMCIMM 3/1€MEHTH MATPH-

wst LLT »n apupaBHAeM MX COOTBETCTBYIOIIMM 3MeMeHTaM MmaTpuuu A. B
pe3yALTATE NWIYYHUM CHCTEMY YPaBHEHHN

ﬁl=“ll.
'lllllzail» i=2v 3| ey Ty

Bi+ 132 = oy,
lal2r + lialx=a52, 1=3,4, .. m

. (567)
B+ 13, + ...+ 1, = aks,
Lder + lizlat ..+ ligle=ai, i=k+ 1, .., m
Ro412, + . 4 1L = o
Peman cucreMy (5.67), mocnenosaTebHO HAXOAHM
iy = Yo,
i1 =ait/by i=2,3,....m,
h2=4yae-8,
li2=(a2-luk1)/ b2, i=3,4,..,m
(5.68)

o= Vo T = T

llk- ("lt-'al‘h - ’lth'— 'fl.k-t’k.k-l)ﬂkk. i=k+1,.,m

lem = Vmn - eu' Bo= —lamrt

3aMeTiM, YTO AAA BLIYMCIEHHA AHABTOHANBHHX NIEMEHTOB MCHOJb3yeT-
€A onepauMA M3BeueHna KeaapaTHoro kopHa. [ostoMmy meron Xoneuxoro
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HAJALIBAIOT €llle M METOROM KBaApATHHIX kopuefl, JlokalaHO, uTO MOMOKM-
Te/IbHOCTh COOTBETCTBYIOIMX NOAKOPERALIX BHpPaKeAHN ABNACTCA ciefcT
BMEM MOJOKMTENLHON ONpefleNneNHOCTH MATpUIE A.

2. Jocromncrea merofia. Meron Xoneuxoro obnafaeT pAAOM HEHHHIX
KauyecTs, KOTOpHE MO3IBOAAIOT npeanouecTs ero meroay [aycca, ecnp Tpe-
OyeTca peiinTh CHCTEMY AHHeAHbIX anreSpaHuyecKHMX ypaBHeHMA ¢ cHMMET-
PMYHOA H MONOXKUTENLHO Oll pefieNieHHO MATPHIE.

Kak uHerpynno nopcuuTaTs, 4MCNO onepauMil, BHAOAHAEMBX B XOHe
BuuMcnenna padnoxenma (5.64) nmo ¢opmynam (5.68), paso npumepno
m3/3. Yuntuean, yto aaa pemennn cucreM (5.66) tpebyercs npumepHo
2m? aprdmeTHyecKknX onepauuil, y6exaaeMca, 4To npu GonbWKMX m meTon
Xoneukoro TpeSyeT BABOE MEHbIE BHYMCAHTENBHLIX 3ATPAT NO CPABHEHMIO
¢ mMetonoM Iaycea.

Yyer cummeTpnunocTd MATPHUN A NO3BONAET 3KOHOMHO HCMONBL3OBATH
nauats IBM npu 3anuch MCXOAHBIX NBHHEIX 38J84M M PE3y/NbLTATOB Bhi-
yucnennit. JdefcTeuTenbHO, ANA 3aI8HNA MATPHUE A JOCTATOYHO BBECTH B
nauats IBM Tonbko snementn a, (i ? j), pPacnonoxeHHne KA CAaBHOA
anarcHanu u moj meit. B ¢opumynax (5.68) xawmmA Takoi dnement g,
HCNOMb3yeTca AMIWb OMHAXKAL [NA NONYUesns ly 1 fanee B BLIYACACHMAX
we ywacteyer. [losToMy B npouecce BHYHCHCHMA BaflCHHLIS DCMENTH |,
MOTYT MOCNOXOBATC/ILHO 3AMEtIATh JNEMEHTH ).

B peaynbraTe uMmHAR Tpeyronbhan MaTpuua I moxer Gurte pacnono-
%ena B TOR oO6GnAacTH MNAMATH, o€ NEPPOHAYANLHO XPAHMMAACE HMIKHAA
Tpeyronbnan uvacte MaTpunn A. [IpumeHenMe AnA pellleHHA cMCTeMb
(5.63) merona Taycca norpe6osano 6u MCNONBL3IOBAHMA MAPMMEPHO BABOE
6oabllero 06veMa NAMATH.

BeaycnoBnM AOCTOMHCTBOM MeTOna XONEUKOro ABAAGTCA TAKNKE €ro
FAPAHTHPOBAHHAA YCTORYHUBOCTD.

Mpusep 5.16. Ucnombaya weron Xoneuxoro, Haineu peilieHMe CHCTEMBI ypaBle-
HHA € cUMMeTPHUHON NMONOKHTENBHO oflpeneNeHHOR MATPHUEA:

6.25n — n+ 0.513 1.5,
-0+ 51+ 2.12x -8.68,
0.5 + 2.122 + 3.6 = 0. 4.

Mo popuynam (5.68) nocnenosarenbio HAXOAUM
b = Vo = J6.25 = 25, by = an/h = —1/25 = ~04,
b = ay/hy = 05/25 =02, by =vay — § =45 — 016 =22,
b2 = (a32 — byby) = (212 — 0.2(-0.4))/22 = 1,
bs= oz — B — & =436 — 022 — 12=16.
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CnenoBarensho, uarpuua L taxosa:

25 ¢ 0O
L=|-04 22 0 |.

02 1 1.6
Cucrena Ly = b umeer sun
2.5m =1.5,
0.4y + 229 . = -8.68,

02 + p+ L6y =04

Pewran ee, nonyvaew 31 = 3, 3 = -3.4, 3 = 1.6
Hanee us cuerennt L7 = g xoropas Mudeer Bup

250 — 04 + 0.253 =3,
220 + n = 34,
1.65; = L.6,

HaxonuM peitteie ny = 0.8, »;, = -2, 53 = L.

§ 5.9. Meron nporomxs

PaccmoTpuM memod npotonxu! — npocTolt M 3ddekTmBHEIN anrOpHTM
pellleHna cHcTeM JIMHEHHX anreGpaHyecKMX ypaBHeHMA ¢ Tpex/IMaroHalb-
HBIMM MATPHLAMA:

b + qr; =d,,
0on + bz + cpzg =dy,
G;t|-| + 5.:‘; "' Cg:|0| =d',

(5.69)

amZm-1 + bntm = dn

CucreMsr Takoro BMAa 4acTO BOHMKAIOT NPM peUleHHN PalIMuBBIX 38I8Y
MaTeMaTHyeckoil (PHU3MKH, a3 TAKXKEe NpH pelIeHHM APYrMX BLYMCAHTENb~
NLX 38784 (HanpHMep, NPHOMHKeHNa GyuKuUA cnnafinamu).

I Meton nporoxkn Guur Npepnomel B Havane 50-X ronoB HE3aBMCHUMO HECKOIIb—
KMMM  3BTOpDaMM, B TOM uMcle poccMRckuMM  yuewbnin  W.M. Cenndannom,
O.B. Nokyumnencrun, B.C. Bnannunponsin, A.C. Kpotponow.



1. Bumoa pacuermirx ¢opumya. [Ipeo6pasyem neppoe ypaBHEHHME cHETE-
mut (5.69) k BuAY

n=mzn+h, (5.70)
tae & = - /b, B = di/b.

MopcTaBuM NONY4EHHOE JJIA I; B PAXEHHE BO BTOpOE ypaBHEHHEe CHCTe-
MEL

amzy + i) + b2y + 223 = dy.
MpeoGpasyem 310 ypauenne K BHAY
n=munt b, (5.71)

roe ap = —¢2/(b; + @may), B2 = (42 — a261)/(b2 + azn). Burpaxenunue (5.71)
MOACTAB/ACM B TPETLe YPABHEHHE CHCTEMbI M T. A.

Ha - ware 3roro nponecca (1 < i < m) e ypaBHeHHe cHCTEMB npe-
obpaayeTca K BHAY

Z, = aZiq + By (5.72)
rae & = =¢ /(b + a,04), B = (d — abe1)/(b, + aiary).

Ha m-m ware noacTanoBKa B NOC/NeHee YPABHEHWE BLIPAKCHHA Tm =
= Qu-1Zm + w1 DaeT

on(am-1Zm + Om-1) + buzm = dn.
OTcI0fia MOXKHO ONpeAenUTh 3HAYCHHE Iny

Zm = Pm = (dn — mOn-1)/(bn + amam1)-

3uAYeHHA OCTANBHBIX HEHIBECTHRIX z, AAg it = m — 1, m — 2, .., 1
Tenephb AErKO BHYMCAAIOTCA no ¢popuyne (5.72).

2. Asroperu mporouxm. Caenanssie 0peo6pasoBalNA NO3BOARIOT Opra-
HM30BATh BRHIYMCIIEHHA METOR MPOrOHKH B Ba JTana.

Mpawoi rod MeTona NPOroHkH (npsucs Rpo1oNxe) cOCTOUT B BHIYMCIIE-
HMH npotoxoxxuzr xosdPuyuenmos a, (1 S i< m)u §, (1 € i < m). lpn
i = 1 ko3P dHuMeHTH BRYNCAAIOT No POpuynaM

a=-q/m h=d/n n=6b, (5.73)
anpu =23, .., m—1— no pekyppenTHuM HOpMynaM
o =—c/ 1 Bi=(di—af))/ 1 1= b+ aop (5.74)

Ilpn i = m npAMasn NPOroHka 3aBepiAETCA BHIYHC/ICHHeM

Bm = (dn- auBn-1)/Tm, TIm = bm + Omam-1. (5.75)
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OGpaTunil XON, METOfla MPOrOHKYU (ofpamuas npoLonxa) NaeT IBATCHHA
HenapecTHNX. CHAYANA MONATAIOT Iy = [y J8T€M 3HAYEHWA OCTANBHBIX
HEW3BECTHHIX BHYMCAAIOT no GopMyae

=azm+f, i=m-1,m-2,. 1 (5.76)
Briuncaenna BenyT B nopaake yObBaHUA 3HAYeHHA sor m — | mo 1.
Tipsodep 5.17. Ucnoneaya Merof, NporoNkM, peltyM cucremy

in— n =240,
2n + 46 — = =33
21 + 3.6xy — 0.8y = 2.6,

3z + 445, = 1.2

Mpawuwon x o n Cornacio dopuynam (5.73)—(5.75) nonmyyaem

N=6=5 a=-qg/n=1/5=02 f =d&/n=205=04,
2= +aq=46+2:02=5 m=-a/rp=1/5=102,

B = (& — ;)72 = (3.3 — 2:0.4)/5 = 0.5,

Y3 = by + a30, =36 + 2:02=4, a3 =-gf 73 =0.8/4 =02,
Bz = (d3 — asB2)/ 13 = (2.6 — 2:0.5)/4 = 0.4,

¥4 = by + aqa3 = 44 + 3:0.2 =5,

By = (dy = ayfa)/74 = (1.2 — 3-04)/5 = 1.2,

O6parumn xon Nomaraew 7y = B, = 1.2. Hanee naxomuu m =
S+ f;=02124+04=064, = ey + Sz = 0.2:0.64 + 0.5 = 0.628,
n = oqn + f = 020628 + 0.4 = 0.5256. Urax, nomyuaeM peweHne z =
= 0.5256, », = 0.628, ;3 = 0.64, z, = 1.2,

3. Choitctea Meropa Hporomka. HenocpefcTeennbiil nofcyeT noKa3kpa-
er, YTO AAA peayn3auuy BuuuciaeHuit no ¢opuynam (5.73)—(5.76) Tpeby-
ercA npumepno 8m apHdueTHUECKHX onepauuil, Toraa kak B merone [aye-
€8 2T0 YMcAO cocTasAAeT npumepHo (2/3}m’. Baxmno u 10, 410 TpexaMaro-
HAIbHAA CTPYKTYpa MATPHILI CHCTeMBI MO3BOJACT- HCMVIB30OBATE ANA €
XPAHEHHA JHIUL 3m — 2 MBUIMHMHIX CJ0Ba.

Takum o6pa3om, NpH OJHOR M TOR e MPOH3BOAMTEABROCTH M OmNEpa-
Thenolt namatn IBM meron mporowkm nossonfer pemaTs cHCTEMB TOpas-
0o Gonbiuefl PA3MEPHOCTH, YeM CTABHAAPTHHMA MeroA laycea Ans cHeTeM
YPaBHEHMA ¢ 3aNONHEHHOR MATpHUEI.

MpueeneM mpocTHE KOCTATOUHEE YCAOBMA HA KO3DPMUMEHTH CHCTEMH
(5.69), npM BmmoAHeHMM KOTOPHX BHuMcAenMA no GOPMy/aaM MpAMOM
OPOrOHKH MOLYT OHTE JOBE[leHH O KOHLUAR (HM OAMH M3 3HAMEHATeNeH 7,
He O6paTWTCA B HyAb). B uacTHOCTH, 3TO rapaNTHpYeT cyHiecTBOBamMe
pemenna cuctemu (5.69) M ero esmunersennocts. [Ipn BunONHeEMM TEX
*e ycnoenit kodpHHMUHEHTH a, NpH BCeX t YAOBJIETEOPAIOT HEPABEHCTBY
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|a| €1, a enenosarensio, o6paTuan nporonka no ¢opmyne (5.76) ycron-
YMBa MO BXONHLIM AaHHEIM (cM. npumep 3.27). Monoxum a; = 0, by = 0.

Teopema 5.4 ITyems xosfduyuenmu cucmenn (5.69) ydoosemeoo-
PRIOM CACIYPIOUUL YCA0OUSU OUGLONGAINGLO Npeobradanus:

|8l 2 faxl + fckl, [bkl > [ax| (1< k< m). (8.77)

Toida 2 0 u |agl €1 das scezi=1,2,..., m.

0 Bocnons3dyemcs mpMHUMNOM MaTeMaTWYecKoh MHAyxuuM. U3 yenosmit
Teopemn nMeen 7 = b 2 0 m |yl = |} /Ih] € L

Myers Teneps ¥4y # 0 1 |z | € 1 ana Rexoroporo k > 1. Torpa

el = I8k + axany| 2 | 8] — fan|loni] 3 1de| — farl.

Us nonyuenno#t onedku B cuay ycaosuit (5.77) pHTeKseT cnpaBeANMBOCTD
nepasencts || > 0 n |yl ? |cxl. Crenosarenwno, v # 0 n |ax| =
= feel/Imel <10

4. Meroa NpOrOHKR B PA3AGKCANE MATPEIN Ha MBOXETeAM. OnHcaH-
HHIA BAPHAHT METON8 NPOrCHKH MOXHO PacCMATPHBATH KBK OOHY M3 CXeM
merona laycca (Gea BLGOpA C/IABHOLO MieMeuTa), B peay/ibTare NPAMOro
XOAa ROTOPOTO MCXOAHAA TPEXAMArOMalbHaA MATpPHLA

b g 0 0 .. 0 0 0
m b o 0 ..0 0 0
A=|0 a 4 o .. 0 0 0
0 0 0 0 .. on1 be1 Cm
o 0 0 0 ..0 Gy bm

npeacraniAerca B BUAe NpoH3pecHHA NBYX ABYXAHAroHANbHEX MATPHL:

A=LU. (5.78)
3necs
no 0 ..0 0 l-oq 0 ..0 0
@y 0 ..0 0 0 1 —ay...0 0
L=]0 ay 13..0 0 |, U=

o T 0 0 o‘ul "0‘-1
0 0 0 ..dm Tm 00 0..01
Tax wak gna onpepenenus L m U Ber He06X0AMMOCTH BLIYHCAATDL

ko3pPpuunenTH F;, 70 obwiee wucno onepanufi Ua NoaydeHHe pasnoweHns
(5.78) cocraBaser npumepno Im.
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llopo6ac TOMy kak 3710 onucano B § 5.7, pasnowenme (5.78) mommo
HCNONL30BaTh OAA PEUleHHA CHCTeM ¢ MHOTMMM NpABHIMM qacTAMH. Eemu
HYXHO PEUINTbL p CHCTEM ¢ MaTpHUelt A, TO ob6mee 4MCIO ONMepalil CocTa-
BHT npuMepHo 3m + Smp.

K coxanenuio, npH o6pamieuy umaTpuuu A TepAerca oe TpexaAMAry-
uanbHaA cTPyKTYps. OGpaTHAas MATPMUA ABNAETCA 3aN0OJHEHHON, ONHAKO
PAA ee BHYMCJIEHHA ¢ momompio paanoxenus (5.78) TpeGyerca mpumepmo
2.5m? apudmerniecknx onepannit.

Tax wak det A = det L-det U, a det U = 1, 10 onpegenurens
TPEXAHErOHANBMOA MATPHIM, NOOocAe TOr0 KakK [ONYyYeHO paljiokesue
(5.78), BuuncAAeTcA O 3NeMenTapuoll Gopumyae

det A=n72 . ;e

5. Hexoropwe sapmaETu Meroaas mporomkm. Hapany ¢ nanomesmHmin
pime "cTaHAAPTHEIM" BADMAHTOM METOZa MPOrOHKM (NPaBOA NPOrOHKONH)
cyiiecTeyer GaNBIIOcE YMCNIO OPYTHX BAPHAHTOB 3TON0 METONa. JTO METOnH
AeBOA MpPOrOHKH, BCTPEYMBIX MPOTOHOK, HEMOHOTOHHOH NPOrOHKH, NOTOKO~
sl BApHAHT MeTORA NporoHKkH. B page cayqyaes atn moaudurauum MoryT
- CYUISCTBEHAC YAYIUINT O6YCAOBICHNOCTL NPOTOHKH.

Hns cuereMm ypasHeuuf, oGnasaromux 6auakofi k (5.69) crpyxrypos,
PpaspaboTaHl METOAN LMKINYECKOA NPOrOHKH, MATPHYMOR DPOrOHKM M
ap

C yKa3aHHHMM BADMAHTAMM METOa NPOTOMKHM MOXHO NOZPOGHO O3HB-
xomutsen B [42], (72).

§ 5.10. QR-pasnomenme MoTPEIM.
Meropu spamenmil 1 orpaxesyl

Meron Caycca He ABNIRETCA EAMNCTBCHMBIM METOROM HCKIIIOYEHMSA,
HCOONb3AYeMEIM ANA pellleMus cUcTeM AHReHMLIX ypaBHeHHMHA M npupeneMus
MATPMU, K TPeyroNsHOMYy BuAY. PaccMOTpPMM B8 METONA HCKNIOYEHHA,
obnagalommx B OTAMYHe Or Merona [laycca rapaHTHpoBaHROH Xxopoinef
O0yc/IORNIEHHOCTBI0 — NOTOA, Bpamennii M weron orpawenui. O6a aTHX
MOTOZA NO3BOAAIOT MOAYINTDL NpEfCTaBNCHNEe MCXOAHON MATPMDN A B BUle
NpoM3BefieHUA opToroEancHoi! Marpuusi @ Ha BEpXHIO TPEYrONbLHYI
warpuny R:

! Hanowmmu, 4To Matpuus Q MA3ILIBAETCHA OPTOMOHANBHOM, €CIM WIS Hee Bbi-

nomueo ycnosne & = Q1 wro sxeupanentho pasencrey QJF = E
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A= QR (5.79)

Mpeacrarnenue (5.79) — 210 QR-passoxenue uampuys HA MHOKHTENN.

1. Meron, ppamennfi. Onnien npaMoit xoa merofia. Ha 1-m ware uena-
BECTHOE T; MCHJIIOYAIOT M3 BCeX ypABRERMR, KpoMe nepboro. [Jaa Hekaoue-
MHA Z; U3 BTOPOrO yPabBHEHNA BHYHCAAIOT YMCAIa

= —YL g (5.80)

a, + &, vaj, + aj,
obnaaalonine cleAyIOMHMH CBONCTRAMM:
l‘.‘?z + 3?2 =1, -spapn + ¢269 = 0. (5.81)

3aTeM meppoe YPABHEHHE CMCTOMBI 3aMeMAIOT JAHHelnofi KoMGuHammel

OepBOTO M BTOpPOro ypaBHeuMft ¢ KOIbdHUMENTAMM ¢j2 U 82, & BTOpOe
YPaBHeHHe — aHANOTMYNON AMHeRAMON KOMOGMHaunell ¢ kKoapPHIMeRTaMM
-2 K ¢13. B peayasTate noaydaTr cucTeMy

(1) (1) (1 (1
agipat ezt a3t ot AmIm =
(1

_— 1
abi' m+ bt 4+ .+ abR za= B,

a3 + a4z + aamt ..+ GeTa = b3, (5.82)
Guin) + an27 + Gg3Ty t .. t+ dmaTm = bm,
B KOTOpO#i

8i} = ci2a1, + 812025 @b} =-sp2a; + cr2og;, (1<5i<m), (5.83)

b = b+ sizbz, BV =-sbi+ crzby

3amerum, a0 aj}’ = -s;28; + cp2ay = 0 B cHy eneuManbHOrO BHGOpa
uHcen ¢ U &2 (cM. pasencTsa (5.81)).

EctecTBenHo, uTo B Ci1y4ae a3 = 0 MCXOAHAA CHCTEMB yXe MMEeT BM],
(5.82) n B MCHAIOUEHMN HEH3BECTHOMO I} U3 BTOPOMO YPaBHeHHA HET HEOG-
xoauMocTH. B 3TOoM cayuae nonaraior ¢ = 11 8, =0,

Kak werpynno smaers, npeoGpa3oBamMe mcxofnod cucremsl (5.1) k
iy (5.82) axeHBANENTHO YMHOXEHMIO cnéBa MAaTpMnn A ¥ npasofi JacTH
b va maTpuuy Tyz, Mmelomyio eup

q2 %2 0 0.0

=812 02 0 0..0
T,=1]0 0 1 0.0
0 ¢ 0 1 ..0

0O 0 0 o0 ..1

166



JnAa HCKAIOYEHUA HEM3BECTHOTO Z) M3 TPETLErO YPABHEHMA BBIYMCIAIOT
4Hcha

(n
ey = ————5'-‘——, o= —A (5.84)

(a{) "'"31 VP Y + &, + &,

Takue, 9TO cfy + sfy = 1, -si3a}}’ + ¢33 = 0. 3arem nepsoe ypasmenue
cncremsl (5.82) 3aMeHAT AMMEAHOR KOMGMHALMEN MepPBOro M TPEThero
yparRennil ¢ KO3 PUIBIEHTAMHI €3 M 83, B TPETbe ypaBHeHMe — AHANIOMMY-
Holl KoMGuHaumeli ¢ kodpduuMenTaMM — 813 U ¢;3. DTO NpeoSpa3opalmne
CHUCTEMB HKBMBAJIEHTHO YMHOXEHMIO CIEBA HA MATPHLY

a3 0 &35 0..0

0 1 0 0..0

— |3 0 g3 0..0
Tis = 0 0 0 1..0

0 0 0 0 ..1
M DPHUBORMT K TOMY, YTO KoaddHuMenT ApH z; B NpeoGpa3OBBHHOM TPeThb-
eM YpaBHeHHH OCpALIRETCA B HYNb.
TaxuuM ke 06pa3oM T} HCKIIOYAIOT U3 ypaBHeRMIt ¢ HoMepamy i = 4, ...,

m. B peayasrate 1-ro wara (cocToAmero, KaKk MH BMAENH, M3 m — 1
"mankx" UIArOB) ¢MCTEMA NPUBOANTCA K BHLY

o™+ alf "+l a4+ alR = ™Y,
a3’y +a3i’zy 4.+ aja'me =8,
@i+l + (589)

w+ain' e =8,

1 1
om2'n; toma'fy + .. taopa'ta =ba'.

B marpuunon sanuen nonyuaenm
Alhg = b,

rae AV = Ty, ... Ti3Ti2A, 3V = Ty ... Tis Tiob.
3necs u ganee yepea Ty 06O3Hauena MATPHIIA 3NEMEHTapHOrD Npeot-
PA3OBAHMA, OTIMYAIOIIAACA OT SXMANYHON MATPHUH E TONBKO YeTHpBMSA
aromenTaMu. B et anementn ¢ MHmekcamu (k, k) m (I, ) paBun ¢y, 3ne-
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MenT ¢ unpgexcamu (&, ) papen sy, a anement ¢ mupexcammu (I, k) pasen
—Sk|, IPHYEM BHIMONHEHO YC/0BHE

chi+shi=1. (5.86)

Henctene matpunm Tk wa BeKTOp z 3KBHBANEHTHO €70 MOBOPOTY BOKPYL
ocM, nepnenaMKynapHoft nnockoctd (Ozxz] HA YrOA @k TAKOA, YTO ¢y =
= ¢08 k!, Ski = SN j (CymecTsOBAHME TAKOrO YrNa FAPAHTUPYETCA pa-
BeuctBoM (5.86)). Dra reomeTpHuecKas MHTEPApeTaUMA M Aanl Ha3BaHMe
smetoay spaitensit. Onepannio yMnokenna Ha maTpuly Ti YacTo Haanea-
0T naocxum opayenues (Unu npeobpaizceanucs I'usenca). 3amernu, uTO
-1

TI; = Tk 4, cnegosarensto, matpuna T OpTOroHaNbLHAA.

Ha 2-u mare merona BpauienHil, cocToAmEeM M3 m — 2 "manwx" waros,
n3 ypasmennit cmcreMsi (5.85) ¢ Homepamu t = 3, 4, ..., m McrmOYaOT
HenasecTHOE 2. [lna 3TOro Kaxaoe 1-0e ypabBHenMe KOMOHHMDYIOT CO BTO-
pPhiM ypasuenHeMm. B pesynvraTe npUXOAHMM K cHcTeMe

(m-1)

T "a+aif"n+olf "n+ .+ o =™,
a'ﬁ'”:; + ﬂ'z'a"”-l‘a + ..+ 35:"’:a,= b-:."”,
a};g)xg + ..+ ol =037,

05383 4 ..t opn'Tm =ba’.
B marpuunoil ¢opue 3anncH ooayuaeM
Al g = M 2) ,

rae A2 = Fop ... ToyTiaAD | 32 = Ty ... ToyTogbll}.
Iocne 3apepuienna (m — 1)-ro wara cHeTeMa NPHHUMAST BUL,

¢1+ ' (m=])

ai T ntalfn+ .+ ain =™

- - -1)
a7V o+ aiT 4+ abn = B,

ATV 4 b T = BT,

em 1= b,
M B MaTpRYHOR dopMe 3anmch
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Al®l) g = pimb)

roe A( i) = T-_'.ﬂ Al."?l’ ‘(ﬂ'l' - Tﬂl‘l.' ‘l.‘:)_
Beepem o6osuauenvie R ans nonygenxoft pepxnelt TpeyroasHofl MaTpu-
us A" Ouna cpaaada ¢ HexofHoOA MaTpunelt A papeHCTBOM

R = TA,

rae T = Taim .- Tom-T2aTim* ... Ti3Tiz — MaTpHua peaynsTupyiomero
ppamerHa. 3ameTMM, 4TO Matpuua T OpTOroMalbHa Kak npoHapefieHne
oproroRansHuix Matpun. O6osmavan @ = T 1 = TT, nonyysem QR-
pa3noxenne MaTpunH A.

O6paTHLA xOR MeroAa ppawieaMfl NPOBOAMTCA TOYHO TAK Ju'e, KaKk M
ana merona laycea.

Meron spamennit o6nanaer 3aMeqaTe/IbHON YNCACHHON YCTORYMBOCTLIO.
Hdna nero ouenxa (5.43) cnpasennmpsa ¢ koapdpunnentom f(m) = 6m.
OnHBKO 3TOT METOR CYIIECTBEHHO O0Jiee TPYAOEMOK NO CPBBHEHMIO ¢
seropom [aycea. INMonygenne QR-paznokenuMa ANA KBPaZpaTHOfl MaTpHuLL
A obwero puaa TpeGyer npuMepHoe 2m? apudmeTHYecKUX onepaumi.

NMpuep 5.18. Hcnombays Meron BpalleHWA, pewlid Ha  G-paspanHoit
Recamnutoil 3BM cucremy ypaBhemwil

2n — O+ S3=H,
1.2y — 5.3999:, + 6x3 = 0.6001,
n - »n — 1523 = -8.5.

Mpauwon xonxn A war. Hounouws n u3 sroporo ypasHewuA. Has
aT0ro SLMHCINM 2 M 812 o dopuynam (5.80):

0 = ——2—— % 0.857493, ;7 = — > ~ 0.514495,
N Tz

llpeobpasya xoadbuuMents! Nepporo M BTOpOro ypaBHeHMA nNo ¢opuynam
(5.83), npuxonnu K cucTeMe

2332381 — 10.49572 + 7.37444n = -3.12122,
7.85493+10° 5z, + 257248z = 2.57256,

n - n—  T.553=-8.5.
Jlanee peraicann Ko3puUHEHTH O3 H 513 No dopuyram (5.64):
ar= —23238 40919087, g = —————— & 0.304055.
.332382 + 1 V2332367 + 12
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3ameHns nepsoe ¥ TpPeTbe YPaBHEMHA MX NMHeAWULDMM KombuMalusuu ¢ koaddu-
UMEHTAMH O3, 813 M —813, C13 COOTBETCTBEHHO, NOMYUIN CHCTENY

2537725 - 10.0405, + 3.82234n = -6.21814,
7.85493-10°52, + 2.57248m = 2.57256,
3.21680z, — 9.799092 = -6.58231.

227 war B nonydenuoR cucreme umee ajy’ = 7.85493-10°5, aih =
= 3.21680. [Toarony

a$}’
23 =
CHILENCIY;

3ameHsn BTOpOe M TpeTbe ypaBHEHMA CHCTEMBl WX JMMEHEIMM KOMOMMALMAMM ¢
koaphHLUHEHTAMH Cp3, 823 M —833, Cp3 COOTBETCTBEHHO, MPUXOOMM K CHCTEME

N 2.44185-10°5, sy3 & 1.00000.

2.537172n — 10.04057 + 3.82234n = —6.21814,
3.216802, — 9.79903: = —6.58225,
— 2.57272zy = -2.857272.

O6paTHHR XO0A Haer NOUIENOBATellbHO 3uavewua 73 = |, n =
= 0.999994, n = -1.58579-10°%,

2. Meron orpamxesust. Mampuyamu Xayczoadepa (Mam ompaxenmuil)
HA3LIBAIOTCA KBAIPATHLHE MATPHLLI BHAA

V= F—2uv.

3necs w — pexTOp~cTONGen B R™, MMEIOMWHA eAMHHYURYIO LIMKY. MaTpHua
V apnserca OpTOroHanbHON M cMMMETPHYHOR. YMHOXEHHE HA Hee HA3WBA-
10T npeobpasceanuess Xaycroadepa (Mm ompaxexuen). JleficTBue MaTpunE
V Ha BEKTOp £ MOXHO HHTEPOPETHPOBATE KAK OPTOIOHANbHOE OTPAXEHHE
BeKTOpa B R™ OTHOCHMTE/NBHO TMAEPMIOCKOCTH, MPOXOAAMEH Yepe3 Havano
KOOPIMHAT U MMeHOlell HOpMANbHE BEeKTOp, PaBHLIA .

Kak M BpalieRnA, OTPaXeHHA MCOOAb3YIOTCA OAA OGpAIISHHA B RYAb
anemeAToB mpeobpadyemolt maTpHUE. OfHaKo 3fech ¢ NOMOMBIO OAROro
OTPAXEHHA MOXHO OGPATHTH B HYJb He OANH YIeMEHT MATPHUH, & LEeAYIo
rpyany 3JIeMEeHTOB HeXoToporo cronbua uam crpoku. Iloatomy, ABnAscsh
NOYTH CTOJNb XK€ YCTOHYMBBIM, Ka8K M METOJ BpAILleHHI, METOZL OTPAXEHHA
noasoaAeT noaydyute QR-pasnokenue KBaApaTHOfl MATpMuM obuiero BHAa
npuuepao 3a (4/3)m? apudmernyeckux onepaumit, T.e. B MOATOpPa pada
Guctpee. ManoxerHe caMOro METOA MOXKHO HaiTH, manpumep, b [9).
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§ 5.11. Hrepenmounoe yroynenme

B GonbwmAcTBe cnyyaes meron Iaycca ¢ BGOPOM rNABHONO 3NEMEMTa
003BOJAET HaltTH NpHGANNKEHHOE pellenMe ¢ JOBOMNBHO BHICOKOR TOWHOC-
Te10. OfHAKO MHOTAA BO3IHMKAET MEOGXORMMOCTh MaliTH pelenmMe ¢ 60Ab-
med TounocTbio. [lonesno 3maTh, YTO cymecTByer MeToR, NO3BOANIONUA
HAlTH NPUGAHXKENHOE DetneHHe ¢ OTROCHTE/NbHOR TOYHOCTLIO, CPABHUMOMN ¢
€y, €C/H TOABKO YMCAIO OGYC/IOBJIEHHOCTH M€ CTMUIIKOM BEJIMKO. OTOT Me-
TOR, HAJHBAGMHI uMeEPAYUONNBY YMouNenucw, TpebyeT HebGonbUIONO
(npumepuo Ma 25%) yBenMUEHMA MAUIMHHONO BpPEMEHM N0 CPABHEHHIO ¢
3ATPATAMM Ha NONY4YeHMe peweMun meronom [ayccs.

Myere 209 — nafinennoe ha IBM npubnauxennoe peuienne cucreMb
Az = b. Hanomuum (cM. § 5.1), 470 HeBA3Ka PO = § — A2(0) y porpein-
HOCTh ¢'0) = 1 — 2(0) cBA3aRLI paBeHCcTBOM

Aet®) = ptor, (5.87)
Ecnn 6m ymanoch HailtH ¢'®' kak TOunoe pemrenme cucremm (5.87), To
pekTop £} = £(0) 4 £l pnan 6w TOuHOe pemenme cucTemn Az = b,

OnHako B AelicTBMTE/IBHOCTH BHuNciennce na IBM snavenne z(1' nena-
6excno 6ynet comepxath omIMGKY. Tem me Menee MOXKHO O0XMAATH, uTO ')
OKaXeTcA nyuuwHM npubanxkenued, uem (0. Henoasvays npuGauxkenne
21} aHanOrMuHEIM 06pa3oM MOXMO HalTH npHGanxenne £(2),

Onuuiem 6onee nonpo6ao ouepennon (k + 1) war meropa.

19, Buumensior vk & b — AstH | Hewmounrenbuo Bamuo, 4TOGHI
suiuncnenne r X' npomamsopmnock ¢ mosmwenHo#t ToumocThio. [leno B TOM,
aro b & AP u D0OITOMY NPM BLYMCNCHMM HEBAIKHM HEN3IGEKHO BHIYNTA-
HHe GAM3KHMX YMCeJ, & CACIOBATE/ILHO, NOTEPA 6OALIIONO YHcAa IHAYAIIMX
mudp. Onna U3 BOIMOKHOCTEN COCTOMT B KCHOAB3OBARMM /1A BHYMCASHUA
AzH) 1 b — Ax'® apndmeTnKyn yapoerHON TOYHOCTH.

20, Buumcnsiior peiwenme cucremul Ae'® = o5 Tax kax matpuna A
Be MEHACTCA, TO MONYYEHME OYEPEAHOro MPHOAMMKEHHA ¢ HCNOIb3OBAHMEM
ofEaKAN BuYMcaeRnoro LU-painoxenns marpuiun A (¢ yueTtoM HeoGxo-
ARMHX TEPEcTAHOBOK CTPOK) Tpebyer cpaBHMTebHO HeSOABLUIOro YKcia
{npumepno m?) apndmernveckux peitcrenit.

30, Buuncaaior g k1) s gtk 4 etk

Ecnn  umeno oGYc/IOBNERHOCTH He OuYeHb BeAHMKo (Hanpumep,
cond (A) €¢€,'), 10 meron noBONLHO GricTpo cxoamreA. CxoamMocTs

XapaKTepu3yerca MNOCTENeHHHM YCTAHOBAeMMEM J3Hagammx uwndp B
mpubauxenuax =&, Ecau Xe mpomecc pacxofMTes, TO B NpUGIHKEHHAX

HE YeTaHaBMBAIOTCA Aake cTaplilne 3Hauamue uM@pu.
Heo6xognMo OTMETHTD OAHY HHTEpecHyKd ocobenrocTh. B mponecce
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MTEPAUMOHHOTO YTOYMEHMA HeBA3KM # K o6uuMo He ymenbmialoTes, a
Aaxe HecKOJIBKO BO3PACTAIOT MO BeIMYMHE.

Kpome Toro, xak okasupaercs, npubanxenusa =% moryr 6mTe Henoas-
30BaHH JJIA PPy6Or0 N0 MOPANKY OLEHHBAHWA ECTECTBEHHOTO YHCAa 06yc-
nopnenHocTH vy(x). JIAR 3TOr0 AOCTATOYHO BOCHONLIOBATHCS [IPHEAHNKEH-

Hoit popmynoit
YOLTVI ERY VIR (5.88)

Mpssep 5.19. Hcnonbays aNroputd MTEpauMOMHONG YTOMHEHHMA, Halfem pellle-
HHe CHCTEMDbI

1.035 + 0.9912, = 251,
0.9915 + 0.943p = 241 (5.89)

na 3-paspanHolt pecarHynod DBM, cumTas, 4YTo pexuM BHIMHMCIEHHWA € yABOEHHON
TOYMOCTBIO HA Mell GKBUPANEHTEH McNonbaoBakmio 6-paspaaxoft necatnumon DBM.
BuIYHCAMM MHOKHTEND NepBoro (M B AAHHOM CIYYae NOCJERHEr0) WAara NpsMo-
ro xoga Merofa [aycca: p = 0.991/1.03 & 0.962. Tax kak npH BhLIMMCIeHMM HA 3-
paspsauot IBM Mmeen 0.943 — 0.991-0.962 ~ —0.01 » 2.41 — 2.51-0.962 = 0, 10
propoe ypaBHenue cicrenut (5.89) npusoantes k puay -0.01m = 0.
O6pathan noncranopka aeT, MpuGinkettoe pewenye 7§ = 2.44, 740 = 0.

UHrepaumnonnoe yrouuneHnue It war Bormemu (c yneoen-
HOl TOYHOCTBIO) KOMIIOMEHTH MeBSAIKM:

r® =251 — 1.035{" —0.9912% = -0.00329,

A0 =241 - 0.9917{™ — 0943z} = -0.00840

Buiuncnaa meronom Faycca pellenne cucrembl

1.03¢{® + 0.991¢40 = -0.00320,

0.991e{® + 0.943e{”’ = -0.00840,
nonyuns ef® = -0.481, e{® = 0.496. 3aBepumaerca 1-i war BuuMCNeHHEM
n=27% + O, n = {» + {9, npusopmumm Ha 3-paspanvon IBM k
anaverusam f1} = 1.96, =i’ = (.496.

27 war pser amavenua r{!’ = -+0.000336, ri!’ = -0.000088, ef!’ =
= 0.0223, ey = —0.0235 n £{? = 1.98, =4 = 0.473.

37 war paer sHavenst r{2 = 0.00186, r{?’ = 0.00178, {2 = 0.00084,
2 =000l n 2§ =198, ¥ = 0474,

Cpaemuean £{2) u z{3), samevaeM, 4To NOC/IEnHMe 3HAYAlUME UMPPHI NMPAKTH-
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YeCcKH YCTAMOBUIIHCH M, ClefoBaTeNbHO, MPOUECe cneflyer 3aBeplluTh, NPHHAB ) N
8 1.98, p & 0.474.

Hcnomeaopanne dopuynnt (5.88) ¢ £, = 5-10"7 naer cieaylomwyo olenxy
ECTECTBEHHONO YMCNa O0YCTOBNEHHOCTH:

viD) s e [0 /12O, ® 2:103-0.496/1.96 & 407.

Mpueenem nnsA cpaBMeHNA AEACTBMTENBHLIE 3UAYEHWS PEUICHUS M ECTECTBEHHO-
ro wcna ofycnopnennocti: 3 ¥ 1.9812, 2 8 0.4735, v(z) 8 273 (cM. npumep 5.5).

§ 5.12. llonanawrenuaue 3aMegaman

1. Bonee nonpo6toe M B TO Xe BpeMA NOCTYHOE HAIONKEHME PACCMOTPEHHBIX B
970/l TNIaBe BONPOCOB MOXHO HafTv, nanpumep, B [38], [39], [67], [87].

2. Npeanonomum, wto Tpebyercs pelinTs cHCTeMY R JMHEAHLIX anreSpandeckMx
YPaBHEHH € m HEHIBECTHEIMK, e m < n. Tak Kak uMcIo YPaBHeHHA NpeBbIUET
MMCNO HEMABECTHRIX, TO BNOJIHE BEPOATHO, YTO PACCMATDHBAEGMAA CHCTEMA He Hieer
pewtetiA. XoTA ypaBMeHMA CHCTEMbl HeNb3A YAORNETBOPUTH TOUMO, MONHO MOMBI-
TAThCA YAOBJIETBODHTE MX KAK MOXHO TOMHee, MMNMMM3MDYS BENMMMHY BeKTOpa
meesiskn r = b — Ar . Bubop B KauecTBe MHHMUMHIHpYEMON BEAMUMHEI

esrmuaosoit Hopubl hessasku [y = J 5 |2 npusoaut Kk memody naumenswus

]
xeadpamoe pelleHHs NEPeonpeneeHHb CHCTeN NMUUEAHBIX ypasieHuA [50].

Ordernu, wro B M. 11 MeToll HaMMeNBWMX KBaJpaToB paccMaTpkBaerTcs B
cBA3M ¢ 3an3vell npubnumenHa TabnMuHo danakHoll GyHKIMK.

3. WUnurepecnoit mopnduxaumnedt meropa laycca spnserca aasopuma Kpayma,
OCHOBAHHBIR H3 MH3MeHeHHH NOPANKA BLIMONHEHWSA ApPHPMETHYECKHX oONepaumA.
CyuiectByioT GBa CIy4as, KOTAA T8 MOAMGHKAUHA MOXET HMETh NpeHMyUlecTBa.
Bo-nepBuix, anropurs Kpayra Bhrofied TOTN8, KOra ANA BLIYMCAEHUA UCNONbIyeT-
CA MMKPOKANILKYNATOP, TAK KAK AJropuTu NO3BONAET MHaberaTh BLIMMCLIBANHA
MPOMEXYTOYHRIX pedysbTaToB. Bo-BTophiX, OH NPHBORMT K MeHblledl BbrMMCTHTENL=
HOR MOTPElIMOCTH NMPH YCIOBHM, YTO BhiMMcNENMA Beqytcs na IBM, oGnanaoweft
cpaBuMTeNnsuo GLiCTpoll SpUGMETHKON C pacliMpeHOR TOYHOCTBIO WIH OcobeMHo

GhicTpolt onepauMel BbLIMHCNEHMSI CKANAPHBIX TipouzeesieHnA (z. ¥) =5! ny,.
1=

O6cyxnenue womndukaunn Kpayra moxuo mantw, wanpuuep, & [67], [87].

4. Crenyer oTMeTuTh, YTO B NaHHOM TVaBE OKA3AIMCH NPAKTHHOCKH Me OTpa-
MEHHBIMM MPAMEIE METOL PELIEHUA CHCTEM YPABHEMMA ¢ PAIPEKEHHBIMH MATPHLA-
MM (Mcwmouenne coctasnisier § 5.9, nochAlteuHsl werony Mporokku). Hlenaommu
HafiTH ROCTYTIHOE H3NIONeHMe COBPEMEHHBIX NMPAMBIX MeTON0B, NpeAHa3HAYEHMBIX
DRA pelleHMA oueHb GONBUIMX NMHEAHBIX CHCTEM € Pa3PeXEHNBIMM WATPHLAMH,
MOXHMO NOCOBeTOBATH 0GpatHTbeA K [40]. Yrawen ratoke wa xwurw [39], [63], [94],
CNEUNANEHO MOCRAlleHWLIE TEXMOIOTMM PasPeXEHHBIX MATPHIL.
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Faaea 6

HTEPAIIHOHHLIE METO/IH PEIIEHHA CHCTEM
JIMHEAHBIX AJIFEBPAMYECKHX YPABHEHHA

Cucrem anHelNBIX anre6paHueckHX YPaBHEHHR MOXHO pellaTh Kak ¢
NOMOLIBIO OPAMBX, TAK H HTEpauHOBHHX Meronos. JIaa cucTem ypaBnenmi
cpeiHell pa3MepHOCTH YAILE MCHONBIYIOT NPAMEE METOML.

HUrepaunonHbie METOAN NPHUMERAIOT IaBHHM O6paloM AAA PpelleHHA
sanaq GoAbUIOH pa3MepPHOCTH, KOTAR HCOOIBIOBAHME MNPAMEX METOAOB
HEBO3MOXKHO M3-38 OCPBHHYEHHI B fIOcTYnHON onepatHenod mamata OBM
HAM M3-38 HeoOXOAMMOCTH BHIOMHEHMA upeaMepHo ©6oAbWIOrG YHciaa
apuPMeTHYecknX onepauMil. Boabiime cHeTeMu ypaBHEHRMMl, BOIHMKAIOLIME
B DpPHUAOXKEHMAX, KK OPaBUNO, ABIAIOTCS paipexkeHubiMH. Meropn
MCKNIOYEHNA JAA PpellleéHHA CHCTeM ¢ pPaspeXeHHhMM MATPHLAMM He-
YRO6GHM, HAOpMMEpP, TeM, YTO ApHM HX HCOOALIOBAHMM GOJbIIOE YHCAO
HYJNIEBHIX /M€MEHTOD NpPEBPALIAETCA B HEHYNEBLe M MATPHLA TepAeT cBOA-
¢TBO pa3spexenvocTd. B DpOoTHBONOMOMHOCTE MM OPH MCNONL3OBAHHM
HTEPanMOHHKEX METONOB B XOf€ HTEPAUMOHHOIO HpONEtcR MATPHIA He
MEHAGTCA, M OHa, eCTECTBEHHO, OCTaeTcA padpexxennofl. Boaswan apdex-
THBHOCTh MTEPANMOMHHX METOROB MO CPABHEHMIO ¢ NPAMBIMM METONAMM
TecHO CBA3aHA ¢ BO3IMONHOCTLIO CYMIECTBEHHOrO MCMOJILIOBAHHA Pa3pexken-
HOCTH MATpUL.

IIprMeneHne HTEpAIMOHAKIX MeTONOB A/A KAYecTBEHHOrO pellenus
GonbION cHcTEMbl YpaBHeHMit TpebGyeT cepbe3HOr0 MCNOAL3IOBAHMA ee
CTPYKTYPH, cNeUMANBHLIX 3HAHHIA M onpefenenHoro onuita. Hmenno no-
ITOMY pa3paboTaHO GOMBINOE YMCO PAIMYHLX HMTCPALUMORHLIX METOZOB,
Kaxanil M3 KOTOPHIX OPMEHTHpPOBaH Ha pellléBHe CPaBHUTENLHO Y3KOT0
Kiacca 3amad, M CYIIECTBYET AOBOJBHO Man0 CTAHAAPTHHX MApPOrpaMM,
POATHIYIONINX 3TH METOAH.

B aroff rmaBe 6yayT paccMoTpeMnl HauGOnee MPOCTHE M HM3BECTHLE
HTEpAUHMOHMEIE MeTOZbl, NO3BONAIOMIME PpelllaTh JOCTATOYHO [MHPOKHIL
KJIACC CHCTeM.
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§ 6.1. Meron mpocToll ETepanum

1. Hpeveneane cucremul K BPRAY, ynoGaoMy nna mrepammll. [Iaa 1oro
YTO6H (PUMEMWUTE METOA OpocTOf MTepauMM K PpelleHUMI0 CHCTeME
NvHefiALYX anre6panyecKnX YpaBHeHMN

=3 (6.1)

¢ KBANPATHOR HEBHPOXIEMHON MaTpHueRt A, HeOGXOAMMO NpeABAPUTENBHO
npeo6paloBaTh ITY CHCTEMY K BHAY

z=Br+ec (6.2)

3necs B — xpagpaTHad MaTpMua ¢ nemeATamu by, (1, =1, 2, ..., m), ¢ —
BEKTOp-cTONGen ¢ neMenTaMm ¢; (i = 1, 2, ..., m).
B pa3sepuyToit dopme 3annucu cucrema (6.2) umeer caeayioumi pua;

o =bhin+bont bhnt . +batmtoc,
2 = byn + byymy 4 bagm + .+ byt + o, (6.3)

Im = bun + baory + bugrs + .. + bumtm + om

Boo6ie roBops, onepauns npraedenus cucmeust x oudy, ydobnoay 0%
umepayut (T.e. Kk muAy (6.2)), me saApnmerca npoctoii M Tpebyer
CNEeNMANBHHX IHAHMA, B TaKXKe CYHIeCTBEHROrO MCNONb3oBaHnA cnenndurn
cucrembl. B nekorophX cnyvasx B TakoM npeo6Gpa3oBaHMM HeT HeoGXOAM-
MOCTH, TAK KBK cBM& UCXOAHAA CHCTEMB yXe MMeeT suz (6.2).

Camufi npocToft cnoco6 OpUBERCHMA cMCTeMB K BUAY, YAOGHOMY AAA

nrepanuil, cocront B caeayiomem. Ma nepsoro ypaprenns cucremm (6.1)
BHIPA3NM HEHIBECTHOE Iy

o = ajf (& - @22 — G323 — ... = Bymm),
M3 BTOPOIO YPaBHEHMA — HEM3BECTHOE Ip:

£ = ap (b= and = 42373 = ... = GznTm),
_ W T.A. B peayabrate nonyunm cucremy
= bomy +biamt ..+ by izt + Bmin + Cr,
73 = bun + byamy+ ... + by 1Zm1 + bymim + 2,
n=bunt by 4o bwize + binin + o, (6.4)
In = bun + bu22 + baaza + .+ bt ey + cm,

B KOTOPOH Ha r/IaBHOH AMAroMannm MATPHUM B RaxomATca uynesbie 3ne-
MeATh. OCcTaNbHEE IMEMEHTH BHPAXBIOTCA Mo GopMyaaM
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61) = —au/“m ¢ = blf“’ll ('» J = lt2| ey M, J # ‘)- (65)

Koneuno, ana BO3MOXHOCTH BHNOAHEHMA YKA3AHHOrO TpeoGpa3osaHMA
HEOOXOAMMO, YTOGH AMATOHANbHbLIE 3JIEMEHTH MATpulnl A Gbian Hemyne-
BHIMH.

Yacro cueremy (6.1) npeobpasyior k euay £ = z—- r(Az - b), roe 7 —
CACLRANLHO BRGHpaeMbifl yncaoBoft mapametp (eM. m. 5).

2. Ommcamme wserona. BuGepem navansaoe npnGanxenue (0=
= (240, 240, ..., £(0))T. [loacTaBnsa ero B MpaBylo 4acTh cHeremut (6.2) u

BEIYMC/IAA MOMYIEHHOE BRHIPRXKEHHE, HAXOAUM NMepBoe NpUGNHKenue
) = Br(® 4 ¢
Topcrarnas apubnuxenne rl) g npasylo vacTh cucremu (6.2), nonyunm
2 = B 4 ¢
Nponon:ana 31or npouect fanee, NONYUMM MOCHENOBATENbHOCTE x(0), £(1),
ey TRV npnEAMKeHNi, BeIuKcIREMEX N0 $OpMYNe
gtk = Betb 4 ¢ k=0,1,2,.. . (6.6)
B passepryToit popme 3anucu popmyna (6.6) BHrAAAUT Tak:

= k k
AR = byat® #0580 4 0,0R 4+ L+ hnf,:.“ + ¢,

rtzk’“ = bzll"lh + 6221'5*' + &ntgh + ...+ ﬁz,.t:'h + ¢z, (5-7)
n - k k
A5 = b + bt + bt 4+ barl® 4 ca

B cayuae, koraa AnA HTepauMit Hemonsdyerca cuerema (6.4) ¢ koaddu-
UMEHTAMM, BHIYHCACHHEMA no ¢opmynam (6.5), MeToa mpocTOil MTepauum
MPHHATO HAILIBATL emodoa Axobu'.

3. CxopsmocTs MeTona TPOCTOR HTEpamEE.

Teopeua 6.1 [Tycms svinoaneno ycaooue

IBl < 1. (6.8)
Totda: 19) pewenue £ cucmenn (6.2) cyusecmogem u eduncmeenno; 2°) npu

RPoOUIOAINOM NENAAIHOM Npubsuxenuu 20 memod npocmod umepagyuu
CZOJUMCR U CRPAVLOAULE OUENKT ROIPLUNOCMU

! Kapn Tycras fiko6 flxobu (1804 — 1851) — memeurnit MaTeMaTHK.
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Ism - 3] < | Birj=© - 3. (6.9)

0 19. U3 kypca anueftnofl anreGpnl M3IBECTHO, YTO CHCTEMA JMHEAHBIX
anre6paMyecKuX YPaBHEHMA MMEeT ©MHCTBEHHOE pellleHHe npH Motoh
NpaBOfl Ya&CTH TOFAA M TOJNBKO TOrJa, KOrZia COOTBETCTBYIOUIAA OHOPOAHAR
CHCTEMA MMeeT TONBKO Hynesoe pewerue. [lyctt 2 — pentenne oaropoaHoR
cucremnt £ = Bz Torna |2] = |Bs) < |B]:|z]. Tak kak no ycaosmio
|Bl < 1, 310 nepaBencTBO BO3MOKRO ToNBKO mpn [z} = 0. Cnepoparens-
80, £ = (0 H TeM caMbiM NIEPBOE YTBEPXKAECHHE TEOPEME JHOKA3AHO.

2. BuuuTtan u3 pasencrea (6.6) pasencrso ¥ = Bx + ¢, nonyunm

gh — 3= B(sth - 7), (6.10)
Buiuuenaa HopMy n1€pOA M MpaBOA 9ACTER TOr0 PABEHCTBA M HMCAOAB3YA
mepasenctso |B (s - 1) < |BlIstk - |, umeem [zin - 3] <

< |Bflst® - 3]. Tak Kak 310 HepaseHcTBO BepHO AR Beex k 2 0, T0

|st® - 2] < |Bj]st"" -3 < |BJ|2tn2 -2 < ... €

< |BIvisth -] < | B|*]=® - 3]

Cnpasennupocts Hepapexcetsa (6.9) ycranopnena. Yuurtwmpaa, 410
|5 - =] ue 3asucut or n, & [B|" + 0 npn n -+ 0o, NOAYuaeM M3 Hero,
uro [£2™ — 2] + 0 npn n - co.

3ameuasnune 1. Teopems 6.1 naer npocroe AOCTATOUHOE YC/OBHE
(6.8) cxonmumocT MeTORA npocTOR Mrepanun. [py6o 31O ycnoeme MOX-
HO MATepPNPeTHPOBaTh KAK YCAOBME JOCTATOYHOMN MANOCTH INEMERTOB by,
maTpuus B B cucreme, npusepenront k sugy (6.2).

3ameuanue 2. Ecn |B] = |Bl_, 10 ycnosue (6.8) npuummaer

BHA

1Bl = max byl < 1.
Z 1€ Em 7!
Ana meroza fAko6u 210 yenosue B cuny pasencrs b, = 0, §; = —a,/a,
IKBHBAJIEHTHO YCJOBMIO AMAroHanbaoro npeo6nananua (5.45). Ecan xe
Bocnonb30BaTheA yeaosuem (6.8) npu |B| = |Bl;, 10 ans merons
fAko6M monyuMM ApYroe yci0BMe AHAroHanbHOro npeoGjalanna:

§ oyl < layl, i=12, ... m. (6.11)
=1
i#)
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Takum 06pa3oM, AAA cXOAMMOCTH MeToAa FIKOGH NOCTATOYHO, YTOGK
MATpHIA A Obna GIH3IKA K AHATOHANbHOMN.

3amevanue 3. Ha oneuxn (6.9) cnenyer, 4o ApH BHAOAHEHHW
yenoens (6.8) meron npocTofi MTepanMM CXOAMTCA €O CKOPOCTHIO [eo-
MeTpHUEeCcKON mporpeccuy, 3uamenarefs kKoropoit ¢ = |B|. Cropoers
CXOQMMOCTH TeM Bhile, vem Menbiue pennunna |B]. Xora meron cxo-
AMTCA npu M060M HavyanbHOM npuGauxennu (9 u3a onenkn (6.9)
MOXHO CAS/IATh MOJE3NHIA BLIBOA: HadanbkHOe NpMGIMKEHNe xenaTellb-
HO BHIGHpaTh GANIKHM K pemenuio.

3dameunnne 4. Onenka morpemnoctn (6.9) ABnferca anpuopHO#.
Ee ucnoan3osanme Ana GOPMYNHMPOBKM KDUTEPUA OKOHYAHMA HTEpa-
uMil 3aTPyARMTENbAO, TAK kak aHauenMe [z2!0) - 2| weuasectno, a ero
rpy6oe oLeHHMBAHME 3ABEIOMC NMPHBEJET K 3ABHILENHIO HEOGXOAHMOro
9HCHTAa MTepauHi.

4. ADocTepEOpHAA ONCHKA NOTPEITHOCTH.
Dpearnoxemnne 6.1 Ecau aunoaneno ycaoeue (6.8), mo cnpa-

0€04164 ANOCMEPUOPHAS OYENKE ROIPEWNOCIU

jztm -1 (i_gﬂ Jztm — e |, (6.12)

0 3anuwem pasencrso (6.10) mpu k = n ~ 1 B BuAE
sim = B(z™D — gm) 4 B (z'm 7).
Torna

Izt - 2] = |B(st") - gtm) 4 B((m - 3| <
<IBfl=tv — 2™ ] 4 |Blls'™ - 3.

Jna 3aseplueMMA AOKA3ATE/IBCTBA AOCTATOYHO 3AMETHTH, YTO MNONYyYEHHOE
HepaBeHcTBO xBMBanenTHO Hepasenerey (6.12). [

-3 amMmeyaHue Bemuuny, croamyio B npaBofl YACTH HEpPABEHCTBA
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(6.12), MOXHO NErKO BHIYHCIIHTE NOMIE HAXOXACHUA OYEPeAHOIo NmpH-
GrMMeHUA z(n),

Ecan TpeGyeTcA HailTM peweHve ¢ TOWHOCTHIO £, T0 B ciay (6.12) cae-
AYeT BeCTH HTepallHH 10 BHINONHEHUA HEPABEHCTEA

i_!qﬁ I,(ﬂl - :(n-lll < E.



TaruM 0Gpa3OM, B KayecTBeé KPHTEPHA OKOHYAHHA HTEPALMOHAONO
Apouecca MOXeT GhLTh MCAONb30BAHO HEPABEHCTEO

[zm - gn | < g, (6.13)

rnem:'—Hﬂe.

B npakThike BhIYMcAGHMI HMHOCAB MCMOABL3YIOT NPMUBIEKATENLERIN
cBOEH MpOcTOTON KpUTepHil OKORYAHHA

Jgm - gD | < €. (6.14)

OtMeTnM, YTO AAA METOAA NPOCTON MTEPAlMM ero NpUMEeHeRHe OGOCHO-
BaHo TonEKO TorAa, koras | B] <1/2 (B arom caywae (1 - |B])/|B) > 1
H Bhnonuenve HepasencTba (6.14) Bieuer 3a coGoll BLINOJNHEHHE Hepa-
perctea (6.13)). Oanako B GoNbMIHMHETBE peanbHEIX CAYYREB BENHYNMA
| B] okaauBaercs 6am3koit k esunnue u norony (1 - |B)/IB} ¢ 1. B
ITMX cay4anaXx £ < £ M MeNonbaoBanMe KpuTepua (6.14) npuBoaut K
CYIIECTBEHHO MpexAeBPEMERHOMY OKOHYaHMI0 MTepaunfl. Benanumnra
[s(m - D] 3pech OKe3bIBAGTCA MANOR  HE MOTOMY, UTO
npu6anxeHna "1y 2(n) HAM3KKM K penleHMIO, & NOTOMY, YTO METOR
€XOAHTEA MEAIeNNO (cp. ¢ 3amMeyaHmueM Ha c. 98).

Tpruep 6.1. Hcnompaya weron npocroit urepauuu B dopue fAkobu, uafnen
peleHne CHCTENDI

6.255y - =n+ 0.5y = 15,
-5y + 53 + 2.1253 = -8.68, (6.15)
0.5 + 2.12m + 3.673 = —0.24.

¢ Tounoctsio € = 1073 B Hopue |- |_.

Buiuucnaa koodpduuventsl no ¢opuynan (6.5), npubenem oucteMy K BMAY

(6.9

n= 0.162, — 0.08z3 + 12,
n= 0.25 —0.4242 — 1.738, (6.16)
3 = —0.1389n - 0.5889, - 0.0667.

B nocnennem ypaBuennn KoodDHMUMENTH! NaHbi € TOMHOCTBIO A0 MOrPEUrHOCTH
OKpyTneHua. 3ech
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0 0.16 -0.08 1.2
B=| 02 0 -0.424|, = |-1.736 |.
-0.1389  —0.5889 0 -0.0667

JloctraToyHoe ycnoBHe CXONMMOCTH NETONB MPOCTOM WTepallMl BLMOMMEHO, Tak
kak | B}, = max {0.24, 0.624, 0.7278} = 0.7278 < 1.

Mpuuem 3a HauansHoe npuéauxeHue K pewennio pexrop 20V = (0, 0, 0)T u
Gynen BecT MrepauMu no dopuyne (6.6) Mo BLMONHEHMA KPUTEPUA OKOHUAMMSA
(6.13), rne B namHom cayvae €y = (1 — 0.7278)/0.7278-1073 & 0.37- 103, 3navermn

npubmuxerni B tabn. 6.1 npuBonATCA ¢ HeThIpEMA uMdpamH nNocne fecATHHMON
TOMKM.

Tabnuua 6.1

n 0 1 2 3 4
:.1 n) 0.0000 1.2000 0.9276 0.9020 0.8449
r{,“' 0.0000 -1.7360 -1.4677 -1.8850 ~1.8392
l‘,"' 0.0000 =0.0667 0.7890 0.6688 0.9181
|sn —gtni ] - 1.7360 0.8557 0.4173  0.2493

n e 12 13 14 15
zm . 0.8006 0.8003 0.8002  0.8001
z'zm - -1.9985 -1.9993 -1.9995 -1.9998
:g"' - 0.9987 0.9900 0.9995 0.9997
s - g 0.0018 0.0008 0.0006  0.0803

Mpn n = 15 ycnoBue (6.13) BEmomHAerca ¥ Moxio nonoxuts n = -0.800 ¢
£ 0.001, » = -2.000 z 0.001, - = 1.000 £ 0.00l. B naHmom cmyuae TOMMBIE
JHAueHHs peliewnA n = 0.8, 3 = -2, 73 = | nau uasecrHnl (cw. npumMep 5.16).
3aumetHN, YTO B NEACTRUTONLHOCTH pellleHHe ¢ TOMHOCTHIO fio € = 1073 6uino nony-
yeHo yxe npH n = 13.

5. Cacrema ¢ sONOXNTEALBO Onpenenreanod MarpEnedt. B cayuae, Koraa
A — CcHMMETpMYHAN NOMOXKHTENBHO ONPENeNeHHAR MATPHLA, CHCTeMy
Az = b yacTo npuBOAAT K BUAY
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s=z-17(Az-b), (6.17)
KOTOpOMY OTBEYAeT METOA MPOCTOR HTepauMH:
e = g~ p(Agth - §), (6.18)

3necs B = E - 1A v napamerp 7 > () BHGHPAIOT TaK, YTOOK MO BO3MOX-
HOCTH CcAeNATh MMAMMansRofl Benuuuny | B|,.

Mycte Amin M Amax — MMHHMMa/lbHO® M MAKCHMMaNbHOe COGCTBEHHbIE
anavenns matpuud A. Hasectno, uro ycnosue |B], < 1 Gyzer sunonue-
1o, ecnn B3ATh 7 € (0, 2/Apax). OnNTUMANBHEIM ABASETCA BWOOP T =
= 2/(Amin + Amax)- B 31OM cayuae | B|, npuruMaer MuuMMansnoe 3Have-
Ane, paBHoe (Amax — Amin)/(Amax + Amin)-

Yame napecTHH He 3HAYCHHAApin M Apay, 8 MX OUeHKH BMAa 0 < p <
€ Anin € dpax € M ;m6o Bupa Apay € M. B nepsom cnyvae nonaraior
7= 2/(p + M), a Bo BTOPOM T < 2/M (Hanpuuep, T = 1/M).

3aMeTHM, 4TO B cy4ae, KOTAA Apin € Apax (2 Tak 6uiBAET OueHp wacTO)
npH nwGom BubGope t € (0, 2/Apay), nMeem |Bj, & 1. Mostomy B 3TOM
cayqae meron (6.18) cxomnTca ovens MedeHHO.

6. Braseme ommGox oxpyracams. V3-3a Hanuuma ommnbok OKpyrAeEuA

peansHO Buuncasensie na IBM npuGunxenns '™ OTANYAIOTCA OT Mpe—
ansupx npubanxennud =i, JlostroMy Hens3s yTBepMIAATH, YTO AAA
mioboro £ > {) nafinerca nomep ng(€), HayuHas ¢ KOTOpOro Bee npHGaMxe-
HHUA 6YAYT HAXOAMTHCS B £ — OKPECTHOCTH POLICHHA.

B NeCTBUTENLHOCTH Xe cYUecTByeT HeKOTOpAs € — OKPECTHOCTh pele-

HMA, MOCJe ONONAAAHMA B KOTOPYIO NpHGAMXeHMA =™ janbeefimero
YTOUHEHHA NPH BHINOAHeNHM MTepanufl me npoucxoamt. B moareepmaenne
CKA3AHHOrO NpHBENeM clelyOUHR pe3yabTaT.

Teopema 6.2, Tyems | B] < 1. Mpednoaoxun, xmo onnucasenas
ua OBM ¢ nowmowsro wemoda npocmmwz umepayut nocaedooameasnocms

(" ydoesemoopsem pagencmean
D = BRw 4o £(M 30, (6.19)

tde £1™ € R= | | < b. Ecau owvucaenus no dopuyaan (6.6) v (6.19)

NEYUNAWMCS ¢ OONOIO NAXGAMNOI0 npubsuxenus T'0) = 79 mo das ecez
n 2 1 cnpeoedauon credyroujue oYenxu NotpewNOCMU:

jzm - stm] <, (6.20)

l“,'n n - 3] € | B3O -3 + ¢, (6.21)
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Ii‘ n — ;' € %ﬂ—l i~ -l("'”' + E. (622)

338C&E=-1—_£|H.

Takum 06pa3’OM, METOf, APOCTHX MTEpAOMil YCTOWYMB, HO TapANTHpO-
BAHMAA TOYHOCTb METOJa OrpaHMYcHA Benamuoh £. Kpurepnit okomuanmus

(6.13) npumennu, ecim € < €.
§ 6.2. Meron 3edinenn

1. Omacamme merona. Ilycrn cucrema (6.1) npuseaena k puay (6.4) ¢
koadPnumenTamn, pugHcICHENMN N0 Popmynam (6.5).

Memod 3eidess! mokHO pacemaTpMBaTh KaK MoAMDHMKAUMIO merTOnA
fixo6u. OcHoBHan MAen MOAMDHKANKM COCTOMT B TOM, YTO OPH BbIYMCTE-
AU ouepennoro (k + 1)-ro opH6AMXKeEHNA K HEM3IBOCTHOMY z; mpH § > 1
MCOAB3YIOT Yxe Hafinennue (k + 1)-e NpHOAMKEHEHA K HEMIBECTHHM Zj,
w1y Eg1, B HE k-e npuGAMmenus, kak Metose Axobu.

Ha (k + 1)-#t nTepanun kKoMmoMenTH npubnuxenua ! k1) purauensror-
cA no ¢popmynamM

AP0 = biatt® 4 biart® 4+ hatk® + ¢,
AP0 = el Y e A
T Loy WL ot bt ey (6.29)
,:hu = b..zlb“ + &.zzﬁb“ + b.ar'sk‘" ¥ + cn

BBezieM HHAHIOIO H BEPXHIOK TPEYTOAbHBE MATPHIH

0 0 0 0 0 by b3z ... bn

b O 0 0 0 0 b ... b
By= by b3 0 0|, B,=10 0 0O baml.

bat bz buy . 0 0 0 0 .. 0

Torpa pacuernnie GOpMyAL METOMIA NPHMYT KOMIAKTHLIA BM:

1 Miopsur 3efinems (1821 — 1806) — neMeuKuA acTpoHOM H MATEMATHK.
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gl = Bt 4 Balh 4 ¢ (6.24)

3amernm, uro B = By + B; M no31OMy pemeae r MCXOAHOK CHCTEMB
YAOBAETBOpPAET PABEHCTBY

t=Bz+ Br+ec (6.25)

Meron 3ennena uHorza HA3WBAIOT Takke wemodos [aycca—3eideas,
npoyeccon Jlubmana, memodos nocaedoaamersnnr 3anewgenud.

2. ocraTouniie yenOBHA CXOAMMOCTH,

Teopema 63. Myecms |B| < 1, tde | Bl — odxa u3s nopa IBI.‘

|Bl,. Totda npu arwbou embope xavassxoso npubauxexus x(0 wemod
3edideas czodumcs €O CKXOPOCMMIO teomeMPUNECKOU RPOLpECcCUU, 3INGAE-
xameas xomopod ¢ < | B|.

JloKa3aTenbcTBO 3TOR TeopeMut omyckaem. OHO JOBOABHO TPOMO3ZRKOE,
xora W Re caomnoe. [Ipnpenem Gonee kOMMAKTHOE AOKA3ATENLCTRO ChAEALY-
et TeopeMu, 6IN3K0e K [0Ka3aTeNbeTBy TeopeMur 6.1,

Teopewuab4 [Tycms cunosnexo ycaosue

Bl + B8] <1 (6.26)

Totda npu Arbos osbope wavaAsnoto npubiuxenus memod 3eidess cro-
Jumcs u GEPNG OYENXA NOTPEWNOCTNY

Istm - 2] < |20 -4, {6.27)
e g = |Bl/(1 - |Bi]) < 1.

0 Buauren u3 pasencrsa (6.24) pasencrso (6.25), nmeem

D _ g = Bzt — ) + By(ztd - 7). (6.28)

Buuncaas vopMul esoft H nNpaBoRt wacTel ITOro paBeHCTBA M MCOOABIYA
¢BORCTBA HOPM, MONYYHM

st — 3] = |Bi(stk) - 3) + By(zth - )] €
AB s - o] + |Bfleb - 5] .

CnenoearensHo,
Jzto0 — 2l < glsth - 2|, ¢ = |Bl/(1 - | BII).

Tak Kak 370 HepABEHCTBO BEPHO AnA Beex k 2 0, TO M3 Hero caelyeT OueH-
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ka (6.27). B cnny yernons (6.26) umeem 0 < ¢ < 1. Mozrony (™ = z npu
n - o

Oco60 BLIAGNMM YACTO BCTpevalOINACA Ha MpaKTHKe caydall cHcTeM c
CHMMETPHYHKIMH NMONOKHTENABHO ONPEENIOHHEIMHA MATPHILAMM.

Teopema 6.5 I[fyems A — cusmempuvnas nosoxumessno onpede-
aeunas mampuya. Torda npu arbou ovbope naveasnoto npubssxenus 0
Aemod 3eddeas czodumca co cKOPOCMIN 1L0.4EMPUNECKOT RPOIPECCUY.

OTueTHM, YTO HHKBKMX AONOAHMTENEHHX ANPHMOPHLIX YCJOBMA THRa
MaNOCTH HOPMB HEKOTOpPONR MATPULH 3[eCh He HAKJIAAKBARETCA.

3. AnocTepRopHAs OUEHKA NOrpelTHOCTH.
Dpeanoxenue 6.2. Ecau omunoaneno ycaosue | Bl < 1, mo das
Aiemoda Jetidess cnpaecdauoa anNOCMEPUOPRAR PYENKE ROIPEWNROCMY

|ﬂm_;|<T{%£r4ﬁu».ﬂanu>1. (6.29)

0 Nonoxum k = n - 1 n 3annmen pasenctro (6.28) B caenyowen suze:

2 2= B (2™ %) + Bzt —gm),
Torpa

b= = 3 < 1Bl = 3 + |BllsvD) - ],

oTkyna u cenyer nepanenctso (6.29). H

Monyuennoe HepaBeHGTBO NO3BONAET ¢HOPMYAMPOBATH MPOCTOA KpHTe-
pHit CKORYAHMA HTepauUMOHHOro mpouecca. Ecan tpebyerca maftTy peme-
HHMEe ¢ TOYROCTHIO £ > 0, TO MTepauMM Meroa 3effena cnefyer BecT Ao
BhlmonHeRrnA nepasencta [x(™ — (7' || B1/(1 - I Bl) < €.nan sxeusa-
NEUMTHOrO €My HepPABEHCTRA

[ztm - g(rD | < gy, (6.30)

rie €3 = l'-EIﬂe.

4. NeomeTpEqecKan HETEpOperanEn Meroas. Ilpupenen reomerpuueckyio
MHTEpOpeTanmio MeToa 3eiifend B ciyyae m = 2, T.€. B C/IyYae peilleHMA
CHETeMB

ain + a2 = by,

onn + apny = b
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llepsoe ypapnenne sazsaer Ma naockocTd 1,0z npasyio |, sTopoe — npa-
myio b (puc. 6.1). Pacuernsie GOpMyNn METORA MPHHMMAIOT BUJ

qb[' = hzr‘zk‘ + <,
‘ék"” b‘u:{k’“ + o,

rae by = —apa/ay, o = bfay, dbn = —ay/an, c2 = bfan.

t' f!

//o X ’/ﬂ _};

Puc. 6.1

Nyers npubanxeune z'® yxe nafpeno. Torma npm onpepenenmu

¥ koopanmata z; = 2% Pukcnpyerca u Touka r nepememaercs na-

panaensno ocn Oz Ao nepecevenua ¢ npamon /. Koopamuara 1y TOUKH

DepeceueHnA MPHHMMAETCA 3a zj ©''

npamont 7; = 7" no nepecevenna ¢ npamon i, Koopanuara z, TOuKn

Depeceuenna NpUuUMaeTes 3a 55"

Ha puc. 6.1, a, 6 npvBeeHn reomeTpHyeckHe WIUTIOCTPBUMK, OTBEYA-
IOlHe CXORALLEeMYcA H PACXORALIEMYCA HTEPalMORHOMY mpoueccy 3efe-
a4. Buaro, 410 XapakTep cXOAMMOCTH MOXET M3MEHHTHCA NPH NEpecTa-
HOBKe YpABHeHMM.

Npumep 6.2. Hcnonbayn meron 3efnenn, HafpneM pelenne cucrenu (6.15) ¢
To4HocTeio € = 1073,

Mocne npueenenms cucrembt k Buay (6.16) y6expaewes, wro |Bj_ < 1 n

. 3aTeM TOYKA T NepeMelaeTcA BAOAL

DOATOMY B chHly TeopeMbl 6.2 weron 3efinenf cxopures
Monoxuw (% = (0, 0, 0)T u 6ynen BLIMMCIATE NocTlefoBaTeNbHble NPHOAMKE~
HHA no $opMynaM
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,{hn = 0.16:'2‘“ - 0.08:‘3'" + 1.2,
.r‘z"’” = o_zgihu _0_424,%&1 - 1.736,
k) = —0.1389-{ k1) - 0.5889 k+1) - 0.0667.

3necw

0 0 —0.424

0 016 -0.08
B) =
0 0 0

u |B]|. = 0.424. Bynem BectM MTepalUMH 1O BBUIOTHENMA KPHTEPHA OKOHYAMMS

(6.30), rne €3 = 10°3+(1 — 0.7278)/0.424 » 0.64+10°3. InaueHusn MpHEMLKEHUA
YeThIpbMA UKGPAMH RocTe NECATHUNON TOMKH NpHBenct: B Taba. 6.2.

Tabanuuab2

n 0 1 2 3 4
#m 0.0000 1.2000 0.9088 0.8367  0.8121
#m 0.0000 -1.4960  -1.8288  -1.943%  -1.9813
#m 0.0000 0.6476  0.8841 0.9616  0.9873
l#m —gmn], - 14960  0.3328 0.147 00378
n 5 6 7 8
#m 0.8040 0.8013 0.8004 0.8001
A -19938  -1.9960  -19903 19998
zm 0.9958 0.9986 0.9995 0.9998

[2m — gnny | 0.0125 0.0041 0.0014 0.0005

Mlpk n = 8 kpuTepHil OKOHMYAHMSA BLTIONIHACTCA H NOKHO NONOKHUTL Ty =
= 0.800 £ 0.001, z, = -2.000 = 0.001, 23 = 1.000 + 0.00l. Jamerum, %10 B
AeACTBHTENBHOCTH pellleHie ¢ TodHocTelo € = 10°3 Gbino nonyueno ywe mpn n = 7.
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3aumeuanue Cymecrsyer yerofiunsoe 3adnywaenne, caasanmoe c
NpencTaB/IeHHEM O TOM, YTO MeTOA 3efinens cXOAMTCA OLICTPES, yeM
smeron fiko6u. D10 meficTBMTENBHO TaK, 6CIM MATPMUA A cHMMETpHUYHA
¥ MONOXMTEALEC onpefeneHa (M YGeAMNNCh B NpeaMYIUecTBe MeToAa
3eitpenn ANA cHCTEeMH YPaPHEHMHA ¢ TAKOl MaTpuIeil, pemaa npuMeph
6.1 u 6.2). Onnako B oGIieM cAyyae BOBMOXHEI CHTYAUMH, KOTZ8 METOA
AxoGu cxoanTeA, a MeTon 3eANENIA ¢XORMTCA MedJIeHHee WM BooGuie
pacxonurca. BoamoxkHbl M npoTusononoxHune cHryanum. deno B TOM,
9TO 3TM METOAN OPHEeHTHPOBAHH HA PEUIEHHe Pa3HLIX KAaccOB cHCTeM:
setonr, AKO6M — Ha cHCTEMB ¢ MBTPHLAMH, GAMIKUMH K ANATOHANLHLIM,
a Merof 3efifieNln — HA cMCTEMbl ¢ MATPMIAMN, GUIMBKMMH K HILDKHMM
TPeYro/IbHbIM.

§ 6.3. Meroy penaxcanum

Merop nocaenoBatensHolt BepXHEll peNaKcalUMH ABIACSTCA OAHMM M3
Han6onee 3¢PeKTHBHEIX M WIMPOKO MCAONL3IYEMEIX HTEPAUNOHHLIX METOROB
ANA pelleHMA cHcTeM NMHERHHX aire6panyecKMX ypaBHEHHR ¢ cMMMeT-
PUYHLIMH NONOKHTENBHO ONpeAcNeHHHMMH MaTpullaMu A. 310T MeTOg
qacro RasmBaior SOR-merogom!. Yactmumo nonyasprocts SOR-weroza
MOXRO OOGBACHMTL ero npocTOTOd M TeM, 9T0 OH XOpOLIO M3BECTEH |
ITHPOKOMY KPYTY NPHKJIAAHHKOB.

Cyms wemoda peaaxcayuu cocTouT B cneayiomem. [ocne puuncnenns
ouepenHoit i-ft koMnonenTtH (k + 1)-ro mpuGankenRua no ¢opuyne meTona

3efinena

= baz{®? & bpzsPV 4 L bt 4+ benzis) +

;,(‘_bn
+ .4 bmzt® + &

NPOM3BOOAT JONOAHHTENABHO cMellleHHe 3ITOH KOMMOHEHTH HA BeINYMHY

(w= 1) - 24%) rre w — napamemp pesaxcayuu. Taxmu o6pasow,
+A KomnorenTta (k + 1)-ro npubnmxenus suuucnferca no gpopmyne

z&hn = ;%hn + (w- 1)(5(lkcn _ zgh) = w;%bn +(1 _u)ziih-

Ha puc. 6.2 noKa3aHO HECKONBLKO MEPBHX HTEpPaUMit MeTOLa OpH dHaYe-
BHH NapaMeTpa penakcaumu w = 1.25.

| Or anrn. successive over relaxation.
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x

Pue 6.2

B o6o3naueunax npeauiaymerc naparpags KouMnaktiaa ¢opMyna oas
BbaMcnenua s %) janMcniBaeTcA cAEAYIOMMM 06GDPAIOM:

’I‘."'“ — (l - w)’( 3] + wBlt(k"” + u&’lkl + we

Kak werpyamo Buzert, mpM w = | MeTOA pefakcauMW COBOAIAeT ¢
merozom 3efinensn. [lpn w > 1 ero Gwa0 NPHHATO HA3WBaThL Aemodom
nocacdoeameasnol eeprxell pesaxcayuu, a npu w < 1 — wemodon nocae-
doeamessnotl nuxned pesaxcayus. B nocnesinee ppema MerTo7, pexakcanmm
HB3LBAIOT METOAOM NOCACOBATEALHON BepXHeil penakcanmMu JAR niOSHX
3HAYeHMA w.

Ecnu A — cEMMeTPHUYEAA NOVIOKHTENBHO ONpejefeHHAd MATpMUA, TO
npu A060M 3uadeHuH napaMerps « (0 < w < 2) mMeToa pemaKcaumM cxo-
AuTcA. YacTo OKa3nBaeTcd BO3MOXHLIM BHIGpaTh -napaMerp « > 1 Tak,
410661 SOR-MeTOR cXOAMACA cymecTBeHHO GhicTpee, YeM MeToakl fikoGH M
3engena. OpEako BHIGOP NapaMerpa pefakcauMH — AOBOBHO TPYAHAA
3apaya. Bo MBOrMX cywasx oHa pellseTcA SKCNEPHMEHTANBHLIM NYTEM.

CymecTsyior paanuuabie MOAMPMKauuu MeTofa penakcanumu. Pacapo-
cTpasenHLI BADHAHT METOfla CBA3AM C MCAONLIOBAHMEM PAANMYHEIX Napa-
MOTPOB W, AN BEYMCICHUA PA3MYALX KOMMOMEHT z, ouepeauoro (k + 1)-
ro npuGAnKeaNAa K PeIilieHHIO.

Mpasep 6.3. Mcnompays Meron nocniefoBaTeNbHoft BepxHell penakcauum ¢
napaMeTpoM & = 1.12, HafseM pewenme cucrembl (6.15) ¢ Tounocrbio £ = 1073,
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Tpupenen cucremy k puay (6.16), nonomum £19 = (0. 0, 0)T u 6ynen BerUMC-
NATH MocnefopateNtibie MpUbmokenna no dopMynan:

dA = (1 =) + w (0.164% - 0.082( 0 + 1.2),

HPD = 002500 + (1-w)dk + o (-0.42450 - 1.736),
w (—0.1389z{ K*1) —0.5889z4K* 1)) 4 (1 - w)z{® - w-0.6667.

r&i"‘ll

3HavyeHus NPHOMLMEHMA ¢ veTHpLMS UMPPAMH Tocne JECATUYHOA TOUKM
npxBeneHn: B Taba. 6.3.

Tabnuuaéld

n 0 1 2 3 4 5

™ 00000 1340 08186 0.8094 07995  0.8001
4™ 00000 -16433  -1.9442  -1.9973 19998  —2.0000
#™ 0.0000  0.8001 09846 0.9986  1.0001 1.0000

CpagHetiMe ¢ TouHbIM Deutehdest n = 0.8, »» = =2, 13 = 1 nokaasipaer, Yro ana
nonyvenua NpUEIORCHMA K pelleiino ¢ TOYHOCTBIO £ = 10°2 HorpefoBanock Boero
4 wnrepaumn. HamoMimm, 4TO [ANA NOCTIKEHMS TOA Xe TOMHOCTH MpH TOM Xe
Hava/IbHOM NMpHOGMIkeHHn Metonamu Flko6u u 3eiillena norpeGoBanoch COOTBETCT-
peHHo 13 u 7 mrepauuan.

§ 8.4. loponuBTenLELIe 3AMCTARENA

1. Tpy HanoxeIi HMTEPALMOHHELX METONOB pemlleHMA CHCTeN JMHEAHBIX amreb-
paMyecknx ypasHeHMIt HaM NpHILTOCH OrPAMMMMTBCA MpocTefiinuK Merofamu. B
DaHHOM T/1aBe OKASAMNCL He PACCMOTPEHHEIMCH TaKie HABeCTHhle M NONyNApHble
METONbl, KaK Aemod Nouckopelwielo CRYCKE, AMeMOd CORPLKENNMT 1paduenmos
(nasbpacuuift elte wemodou Jlanyowa!), Memod MUNLAGAINKT NEOSION, AuNed-
nud anowwatosnd memod ¢ xefuwescsus nafopou nepamempos u Ap. It
METOAN MANOXEHH!, HanpuMep, B yuebmuxax [9], [71) u B cneunansrolt aurepatype
[20), [72), (89). Ormerins, uro MeToam HamcKopeMWero CRycKa M COMPSIKEHHBIX
rpaguenroe 6yayr paccMorpetbl B /1. 10 B cBA3H ¢ 3anAved MMHMMM3aUMM KBaA-
patiunoR ymiumu (6.31).

1 Kopuermn Masuow (1893 — 1974) — duauk-reoperuk n maremMamuk. Poaunes
B Berrpun. PaGotan B Mepuaruu, CllIA, Hpnanann,
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2. Muorue MTepaUMoHMble MeTONbl PelleHWA CHCTEM ¢ CUMMETPMYHBIMM MON0-
KHTELHO ONPElleNeHHbIMH MATPHUAMH OCHOBaHbl Ma 3aMele 3JaNaY¥ OTHICKAHUA
peweHusa cucremnt Ar = b oxBHBANeHTHON 3afadell OTHICKAHMA MHMMMYM3 KBajpa-
THYHOA DyHKU MK

B9 =3 (As 9~ (b 9 (6.31)

B uacTHocTM, Metoll 3efiflenlA NaeT TY Xe NOCNENOBATENMBHOCTL NPUOGIIMNEHMN,
YTO ¥ METo] NOKOOPNMHATHOTO CMYCKa, NphMedennbt k dyrxumn (6.31). Moppos-
Hee 06 310N Gynet ckasano B § 10.2; ou. Takxe [9].

3. B nacrosiiee BpeMa Hanbosiee TMYGOKO PA3BHUTLl MeTolbl pellleHUA CMCTEM
YPABHEHMA ¢ CUMMETPUYHLIMH NOMIOKUTENbHO ONpefeNeHHbIMM Marpiuaud. Huorpa
21010 AOCTATOYHO, TAK KaK B MpHHUMNE CYUISCTBYET BO3MOXHOCTDL CHMMNETPH30BATE
moby1o cicreMy Az = b ¢ HeBLIPOXIEHHOM KBANPaTHOM MATPHLEA, T.e. CBECTH ee K
SKBMBANEHTHON CHCTEMe € CHMMETPHYHON NONOMHMTENILHO OfpefeNeHRON MaTpHllei.
Jina oToro MOMHO YMHONHTL ofe YacTM chCreMbl Ma warphuy AT. B nomyvenmodn
TaKHM 06pa3oM cHcTene

AAz= AT (6.32)

uatpuua A = ATA o6nanaer Beemu HyRHLINM CBOACTBAMM.
OnHaxo ykasaHHEIM 06padoM NOCTYNAOT cpaBHMTeNbMO penko. lleno B ToM, yro

npr nepexone or A x A moxer 6uTh noTepAHO ¢BOMCTBO paspemennocth. Kpowe
TOro, BooGllle NOBODS, CYUICCTBENHO YXYAWaeTcA O0YCNOBIEHHOCTh cucTeMbl. Ha-

NpHMep, At MATPHL, GIU3tX K cHMMerpiramin, cond(A) ¥ (cond(A))2. Cnepora-
TEMbHO, HMEeTCA PeafbHaf ONacHOCTh, MTO cHeTeMa (6.32) okamercs oueHb mnoxo
ofycnoBnetiofn.

4. Kax yxe 6bino oTMeueno, OfHO W3 BAKHEAUWINX AOCTOMHCTE HTEPallHOHHBIX
METONOB 3AKMO4BETCH B BOMOKHOCTH 3hPeKTHBHONO HCNOMLIOBAHUA PadpexexHo-
crn uarpuusl A TloAcHMM cKasaiioe HA MpHMepe MeTola MPOCTON HTEPALHH.

B cayvae korma MaTpHUA B — zanosMeHHaA, DAA BMMCAeHMA No dopuyne
(6.6) TpeSyerca smmnomiute NpumepHo 2m? apudpmernyeckux onepaunuf. OpHako
ana paspexensoft matpuubt ¢ M (M € m?) weMynesnoum aneMentamu TpebyercA
maue npuMepHo 2M apudMerHyeckux onepahit (OQHO YMHOMEHHE M OQMO CIIONKE-
HHE Ha KamAbiA neHyneBol saeMent). Takuu obpazouw, obutee YN0 onepauuft
cocTaBnser MpiMepHo 2Mn (€), rae n (E) — 4YMCNO MTepalMi, MeoOXoaMMoe ANA
NOCTHNEHMA 3aNaHHOA TOMMOCTH E.



Fagea 7

METO/Ih OTHICKAHHMA PENIEHMA
CHCTEM HENMHEAHKX YPABHEHHUA

B 210f raaBe paccMaTpUBAETCA 3a/1aYa OTHICKAHMA pelleHMM CcHcTeM
He/MBEHHX YPABMEHMN, CYIOCTBEHHO 6OMO8 CNOKHAA, HOMENM 3aNAYH
OTHICKAHMA pelleHMA OAHOrO MeJHHEHOIO YPABHEHHUA MM CHCTEME JIM-
MeRHLX anreGpanyecknx ypapneHuil. Teu He memce aocTaTounmo Moapo6ROS
3IHAKOMCTBO ¢ comepxaHMem raas 4 u 6, a tarke § 5.1 — 5.3 poasonser
YBMIETh COOTBETCTBYIOUME AHANIOTMU B MOCTAHOBKAX mpoGneM M MeTomax
MX peuleHMA AAA HEMWHEHHEIX cHCTEM.

Bynes cYHTBTE, YTO B MHOXECTBE M-MEPULIX BEKTOPOB BBOfieHa HEKOTO-
PBA HOpMA, MOPOXKOAIOMAA COOTBETCTBYIOHUIYI0 HOpMY [AJA KBAAPBTHHX
matpun nopaaxa m (cum. § 5.2).

1. HocrasoeKa 3azaul. 3ajaua OTHICKAHMA PELIGHMA cHCTeMbi HEAM-
HelHBIX ypmennn C M HEHABECTHHIMH BHIA

i@, 22y .y 2m) = 0,
fZ(ql L TR ) = 0! (71)
s 2 s 2) = 0,

ABJAETCA CYMECTBEHHO G0Mee CNUKHOMN, YeM pacCMOTPEHHAA B [1. 4 3afava
OTHCKAHWA pellleHHA YPABHEHHA ¢ OLHWM Hen3pecTHHM. OAHAKO HA mpak-
THKE OHa BCTPEYAeTCHA JHAVMMTENbHO ualle, TAK KAK B pealbHHX HECIenoBa-
BMAX HMHTEpec NpencTaBNAeT, KaKk NpPABHAO, ONpeReNenue He OJHOro, a
HOCKO/ILKMX MAPaMeTPOB (HepeaKp MX YMC/IO AOXOAMT A0 COTeH W THCAY).

Ha#iTu TOuROe pemeHMe cHCTeMHl, T.e. BekTOp £ = (1), 22, ..., Zm)T, YNOB-
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AeTROPAIOWMA ypaBueHnsaM (7.1), NpakTHyYecKH HERO3IMOXKHO. B oTnuume
OT CRyyas pelieHMA cucTeM JIMHeNHHIX anreGpaHYecKHX YPaBHeHHP uc-
NoAb30BaHMEe MPAMLIX METOMOB 3feck Mckaouaerca. EAuHCTBEHHO peann-
HuA nyTs peweuna cuctembn (7.1) cOCTOMT B MCMONBIOCBAHHM MTEpPanMOH-
HHX METONOB ANA MONyYeHMA nNpuONHkenHoro pewerus s* = (z/, z7,

£)T, yrosaersopaiomero apy sananHom € > 0 vepapencrsy |2° - 2] <c.

Mpexae yem nepeitTH K M3IYYEHUIO METOAOP pemeHMA cueremul (7.1),
NOAYEPKHEM BAXHOCTD MOHMMAHMA TOr0 (haxTa, YTO 3TA 3afaya MOMKeT
BoO0Ie He MMETh PellleHMA, a8 B CAy4ae, KOPZa pelleHHA CYWIECTBYIOT, ¥X
YMCAO MOXeT OhITh MPOM3BOABHLIM. B oflleM ciyvae BecbMa CJIOXKHO
BLIACHUTB, MMEET I CHCTEMA pelleHA M CKOMBKO UX.

Tipsaep 7.1. PaccumoTpun ciicrey ypaBHeHWit
47 + 2 =4,

z, - 1% + t=0.
3nech 1), » — uenssecrible, { — napamerp. Ileppoe ypaBHenne sanaet Ha fMocko-
cti 710r; anmunc, Bropoe ypaBHeHHe — mnapaSony. Koopimnathi Todek nepeceve—

xl l.

AR\

a)

O .
A2

i
=
X

Puc. 71
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HMA ITHX KPUMBBIX NAIOT pellieHHA cHcTeMbl. Ecmi aHavenma nNapawerpa i MaseHs-
0tcA OT =2 Ao 2, TO BOMOKHM crenyiowme cutyaumn (puc. T.1): a) 1 = -2 —
pewenuit uet; ) 1 = —1 — onMo pewenne; B) t = 0 — npa pettterus; 1) 1 = | —
TPM pellestvs; O) 1 = 2 — yeThipe peiteHmns.

Jna panvHefniero yAOGHO MCNONLIOBATH COKPALICHRYI0 BEKTOPHYIO
¢$opuy anucn cucrem. Hapaay ¢ BekTopoM HemasecTHHX T = (zj, oy,

1e)T pacemorpum BekTOp~pyRKuMI0 f= (f, A, .., fa)T. B amx
o6o3aadcAnAX cucreMa (7.1) npumer sng
f(z)=0. (7.2)

Byzem canta™s ynkimn f(z) nenpepuisHo auddepeMuMpyeMbiMH B HEKO-

TOPOR OKpecTHOCTH pelleHMA z. Beemem ans cucrems dynkumit f, 5, ...,
Ja wampuyy Axobu

fi(n df(D dfi(9))
dn Oz 7 Ozm

r=| 443 2003 ) (1.3)
ul) nk®) oD
fole els)

O1n

KOTOpaA Gymer Mcnosb3OBaHa B AanbAeilIeM.
2. Ocuonusie dTannl pememEsA. Kak M B ciyyse ypaBHEHMA ¢ OAMMM
HeM3BecTHEIM (cM. r/1. 4), OThcKaRMe pellleHMii HAYMHAIOT € 3TanA JOKANH-

samm. JINA KaXZOro M3 MCKOMBIX PEmEHMA £ YKa3WBAIOT MHOXECTBO,
KOTOpOe COMIEPXKHT TOABKO OfHO 3TO pelleHMe M pPaclioVlONEeHO B QOCTATOY-
80 Manoft ero okpecTHOCTH. JacTO B KauecTBe TAKOTO MHOXECTBA BLICTYNA-
€T napaJieNenMneN HAM AP B M-MEPHOM NMPOCTPAHCTBE,

Hroraa aran /OKa/AM3anMH HE BHI3WBAET 3ATPYAHEHHMHA, COOTBOTCTBY-
1omue MHOXKECTBA MOTYT OHITh 3afAHHLIMH, ONpeAeNATLCA M3 PUIHYECKUX
co06paXkeHanit, N3 ¢MBIC/IA MAPAMETPOB I, NGO GuITh MAIBECTHBIMM W3 ONLITa
peiieHMit noAo6RKX 3aga4. OnHako valle Beerc aafsya JoKanMaauun (s
OCOGEHHOCTH OpH GOnblINX M) npeacTapifeT coGOf CAOKHYIO npobiaeMy,
OT ycNemwHOro PpelleHHA KOTOpPOil B OCHOBHOM M 3ABUCHT BO3MOXHOCTH
BHYMCAEHNA peuweknit cucremu (7.1). Ha arane nowanmsamumu ocoboe
a@ayeAre NpHOGPETAIOT KBAATM(PHKAUMA HCCNIeNOBATENA, MOHHMAHHE MM
CYINeCTBA pemaeMoil HAYTHOA WM MHXeHepHol npo6/ieMbl, ONKT PelieHHA
stolt uam Gamakux 3agay HA OBM. Bo mmorux enyuanx nonuoe pelllenHe
3a/1a4H JIOKAJIM3ALHM HEBO3IMOXKHO M €8 MOXKHO CYMTATH pelleHHOR yRoB-

JETBOPHTENLHO, eclM AN T ynaeTca nafitth xopoulee HavanbHOe npHéan-
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menne (9. B npocreitunx cnyvaax (MaNpHMep, ANA cHMcTeMbl BYX Vpas-
HEHMA € OBYMA HEM3PECTHRIMM) MOCYT GHITh MCNONB3OBAHW rpadHueckne
metonn (cu. npumep 7.1).

Ha pTOpOM 3T8nE ANA BHYMCHEHHMA pellleMHA ¢ 38JAHHON TOYHOCTBIO €
HCOONB3YIOT OOMH M3 HTEPAIMOMHBIX MErONOB pelneHHA HeAHHERHHX
CHCTEM.

Byneu cuurars, uT0 onpenenenaua § 4.1, cpA3aEHLe ¢ XapaKTepu3auuefl
CXOHMOCTH HTEpANHOHHBIX METONOB, OCTRIOTCA B cHAe, MpHYeM B Hepa-
BerHcTBaxX (4.5) M (4.6) 3uaKk MOAynn 3aMeHen Ha 3HAK HOpMH, a S-OKpecT-

HOCTH pelnennA ; NOHHMAETCA KAK MHOXKECTBO TOYEK X, YAOBAETBOPAIOILMX

yenopuio |z -3} < 6.
Mpioeep 7.1. TIpoManeaen NOKAMUIAUMIO PellieHUA CHCTEMBE

+ 8 =8z,
jln::}= ::2:[12 (14)

Ha nnockoeri nOry noctpolM rpaduki ypaBHenuit cucreMul. paduk nepsoro
ypaBweHua — oro mmcr Jlekapra! (pue. 7.2, a). [paduk Broporo ypabHewms
COCTOMT M3 Ny4a — GHCCEKTPHCHI NEPBOrG KOOPAMHATHONG YTNa M KpMBOA, mepece-
Kalowelt oty 6uccextpucy B rouxe (e, e)T (pue. 7.2, 6).

W3 pue. 7.3 BUAMO, uTo 9TH KpMBhIE MEpecekaloTcsi B TpeX Toukax A, B, C, e
cHcTema Mueer TpH peuienMs. Tak kak o6a rpadMra cUMMETPHMHE! OTHOCHTENBHO
NpAMOR ) = Iy, T0 KOOPOMHABTH TOYKM B paBubI M MX Jlerko BLMMCIMTL: 1) = 4,
2 = 4. B cuny orofl ke CHMMETPHH NOCT2TOMMO OMPEJeNHTh TOJILKO KOODAWHATHI

-q.;g‘ro-umC,mmwmaAmmmopnmmq=32nq=;l.Hapnc.
7.3 samevaen, yro Touka C comepwurca B npsdoyromeiure I1 = {(z, y) : 35 €

$n<4,15¢ <25} n 38, 5,52

Monuepkuesm, 910 TONBKO NO BHAY yPaBMeHMA cucremul (7.4) Gea Mc-
DONB30OBAHKHA rPadHYecKOro MeTOAR YCTAHOBHTE YMUIO pellleHHA M HalTH
npubGankenna K HHM GHIO Gbi BEchMa Tpyauno. K coxkaneanio, npy auene
ypasMenuit m > 3 reomerpHueckue WAMIOCTPANMH TEpPAIOT cboto dpdexTun-
HOCTb.

3ameunnue HHorna yneercd nOMM3NTL NDOPANOK m CHCTOMH,

BHIPa3UB OJAHO M/AM HECKOABKO HEH3BOCTHLHX M3 OAHMMX ypaBMeHMH

cMCTeMbl M MOACTABMB COOTBETCTBYIOILME BHPAXEHNA B APYTHe ypabBHe-

HMA.

I Pene Jlexapr (1586 — 1650) — dpanuysckun punocod, warematnx, GpHNK
duavonor. Breppble BBen NoHATHE nepeMeHHON BENMMHMHN M GyHkumu. B anann-
THYECKON NeOMETPHH CO3[AT METOll NPSLOYTONBHBIX KOOPAMHAT.
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Puc. 7.2

Puc. 7.3

Mpsosep 7.2. Cucrenn ypaBuenun

2+ P = 8y,
rlny = lInsz
3

1
CBOAMTCSA K ONHOMY MenHHelHOMY ypabBHennio &8 + 22 = § :H'l' nociie Toro, Kak

1

M3 BTOpPOTO ypaBHeHWA Bbipaxaerca y = z7.

3. Koppexraocts m ofychomnemmocTs 3afaqm. Byaem cuutaTh, 410
cuctema (7.1) MMeer pelenme z, mpuueM B HEKOTOPOH OKDECTHOCTH ITOr0
195



peutenus marpuns fAko6u f(z) uemnpoxaena. Bunonnenne mocnepnero
YCNIOBHA CAPAHTHPYET, YTO B YKA3aHHONR OKPECTHOCTH HeT APYrux peleHuit

cucremst (7.1). Cayyait, korga B Touke x maTpuna f'(z) BHpOXACHS, ABNA-
€TcA CyINeCTBERMO GoJsiee TPYZEBIM M HAMH paccMATPMBATHCA He Gymer. B
ONHOMEPHOM CJIYY8e MePBaR CUTYAUWA OTBEYAeT HAAHYHMIO MPOCTOrO KOPHA
ypasaeuusa f(z) = 0, a eToOpas — KpaTHOTO KOPHA.

B § 4.2 6:n10 ycTaHOBNEHO, 4TO NOTPOMIHOCTD BLIYMCIEMHA GYRKuUMH f
OpHBOAMT K O6pa30BaHMIO BOKPYT kopua ypabremus f(z) = 0 unTepBana
HeONPee/IeNHOCTH , BHYTPH KOTOPOrO MEBO3MOXKHO ONpefennTh, KAKAA HI
TO4YEK ABJAACTCA DOllleEHeM YPABHEHHA.

AHANOrMYHO, MOTPEIIROCTH B BHIYMCICHMH POK-
Top-pyRkouK f NPUBOAAT K MOABNERAHIO ofidcmu

neonpedesexvocmu D, comepkamefl pewmenue =
cueremn (7.1) Takolt, 9T0 Ans Beex r € D Bekrop-
noe ypasuenue f(2z) = 0 ynosnersopsiercA ¢ Toy-
HocThIO OO0 norpeminoeTH. O6nacte D mower
HMETh [OBOJIBHO  CJOKHYIO  eOMETPHYEcKYIo
cTpyKTYpYy (pHc. 7.4). MEl yA0BNETBOPUMCA TOAB~

KO 7B OWEHKOA paamyca € 3TOR o6nacTh.
TipeAnonokuM, 970 ANA GAMIKMX K £ JHAYEAMA £ BHUMCITAeMble
snauenna J*(z) ymomnersopaior uepasencrey |f(») - )| < A(S).

Toraa € mMOXHO NpUGAMXEHHEO ONEHHTh ¢ NOMOLILI0 HEPABPHCTBA £ <

< ()P |A(S*). Taxum o6pasom, B paccMaTpHBaeMOll 3anaye poabL
a6CONIOTHOrO aMcna OGYCOBICAHOCTH MIPAeT HOPMA MATPHMUM, 0GpaTHOH
matpune Axobn f(3).

§ 7.2. Meron mpocroit ETepanERE

1. Ommcanme weropa. Ipeamonoxum, uTo TpolSyercA HafiTH peweHne

2= (3, 22 ..., Tn)* cucTeMm (7.1) c 3ananBOR TOUMOCTHIO € > 0. IIpeobpa-
syem cucrey (7.1) k caeaylomemy IKBHBANEHTHOMY BHAY (kK BMAY, yROG-
HOMY ARA HTepauuh):

n =¢i(a, o .. 1),
zy = g, By .oy ), (1.5)
n = puls 21 - 20)
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Ecnn spectit Bexrop-pynkumio ¢ = {1, ¢z, ..., ¥m)T, TO chcrema (7.5)
3ANMUIETCH TAK:

z = p(s). (7.6)
[lycts ravanbroe npuGauxenne (0 = (z{®, £407, ..., £001)T 3anan0.
IoacTasnan ero B NpaByio 4acTh cHcTeMH (7.6), moayuum z(1) = o(2(0),

Moactasnan ') p npasyio 4acte (7.6), Haftnem 2(2' = (V) u 1.4
[Ipopanxan euuKcneHuA no GpopMynaM

oD = ggth) k30, (1.9
nonyYuMM nocaegosarensHocts 20, 2D g(n) | ppubamkesnit x
pemenuio 2.

3anucs (7.7) o3Rauaer, 970 ovepeamoe npuGAHxkenmne ! k1) puuncnn-
erca deped npenmaymee npH6auwxenue s crepyommm o6pasom:

A00 = gk, b . gk,
‘éb“ = 'Pz('ih' "zh vy :’q.kl )3

iy = gt b b

OTueTMM CYIIOCTBEHHYIO AHAVIOTHMIO ¢ METOAAMH MPOCTOi HTEepauMH AnA
peilieMns OfHOTO HeJIMHEHHOro ypaBHeHMA (CM. r. 4) M cHMcTeMH AMHeR-
MEIX anre6pauveckux ypasueumi (cm. ra. 6).

2. Cxopmuocrs Merona. [lyets ¢'(z) — matpuna fiko6u, orsevalomjan
BekTop-QpyHKkIMM ¢(2) (em. § 7.1). Chopmynupyen Teopemy 0 cXOQMMOCTH
METOZa NPOCTHX HTepauil, ABMAIOMYIOCA ananorom Teopem 4.2 n 6.1.

Teopema 7.1. llyems o Nexomopod 0-oXPecmNOCMIU pEWENUS =
dynxyuu @x) (1 = 1, 2, ..., m) dudPepenyupyesss u eMnosNeno xepaoen-
cmeo

le' (9l <q, (7.8)

1de 0 € ¢ < 1, ¢ — nocmoannas.

Totda neaaeucusso om embopa Naxasnolo npubsuxenus (0 u3 yxa-
JeNKoR C-OXPECMINOCTMIU XOPNR UMEPAYUONNAR noCAed00BMEAVHOCTRL Ne
esizodum u3 Mo oxpecmKocmu, Aemod CTOJUMCK CO CKOPOCTABIO LEOMEM-
PUNECKOR NPOIPECCUL U CRPAEEIAUOE CALTYIOWRS OYeNKa ROIpEwUNOCMU;

[sm -7 € gl2® - 3] (1.9)
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3ameyanue 1. Yeroene (7.8), rpy6o ropops, 03HA4YAET, 4TO B

o

OKPeCTHOCTH pelleHnA nponanonuue ANA BCEX t M ) HONNKHAK GHTL

"IOoCTATOUHO Mank OO Moaymio". Huuun cropamu, cucTeMmy (7.1) cne-
Ayer npeoGpa3osaTs K Takomy BMAY (7.5), urobu dyukuumu ¢, cnabo
MEHANMCh OPM HMIMEMEHMM APTYMEHTOB, T.€. OhUIM "MOYTH MOCTOAHHLI-
un". Kakux-an6o ofmix penenTos, KAK 370 CIEAYeT AenaTh, B obuieM
cAydae HeT.
3ameuynnue 2. B yerosuax teopemn 7.1 BepHa amocTepMopHas
OLEHKA NOTPEIHOCTH

2™ -3} € T f q|,| n — gnb ] (7.10)

KoTopan yao6ma Aana GopMyAMpOBAHMA KpHTepMA OKOHYAHMA HTepa-
Ouit, ecam MapecTHa Beansnaa ¢. OAHaKO AAfiTM 3HaYenMe ¢, YAOBJET-
Bopsiomee MepaseHcTBY (7.8) A4 BCex T M3 HEKOTOPON C-OKPECTHOCTH
KOpMA, JaleKko He npocTo. B paAne cnyyaes npy HaanYMH AOCTATOYHO
XOPpOlilero HaqalLHOre NpuéaMxkeana £(0) MOXKHO, CINTAA, 9TO @ K gg =
= |e'(st®)], ucnonsaoBaTe creAYIOmMHA NpaKTHYECKMA KpHTepUi
OKOMYAHHA WTEPallHOHHOre Npouecca:

l %
:(ﬂ]_ {n-1}) & Ef = ———E,
| i %

Npiwep 7.3. Ucnoneays meron mMpoctofl MTEpalyuM, HaffeM ¢ TOYHOCTBIO £ =

= 10°% peweine x|, z, cucremnt (7.4).

TpuBeneM cuctesy K BHAY, yRoGHOMY I1s WTepaiumi:

=g + 22 1L
n=n+ ]Illg ]Ill]

n

3nece ¢y (n, 2) = *[Bg5, - 57 . poa, 2) = m + = - = . Tposephn

ln»z Ing -’

BEINMOMHENHE YCNOBMA CXONMMOCTH BOMMaK touku C. Bervomid marpuuy SxoGu
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Tanm;gﬂ.'i.su;nﬁz,-romzh;uueu

) , 0.379 0.436
Pa2) e’ 38 )8 ot asal

Torna |¢'(n, 2)). ® l¢'(38, 2)). # 0.379 + 0.436 = 0.815. Cnenosarensuo,
METONl TIPOCTOR MTEPALMM

:ibu =313,=k1,&h - (,5&1)3‘

(t11)
. . :lzkl z{k:
B =40+ heP P

Gyner CXOBHTLCA CO CKOPOCTBIO NCOMETPHYECKOR MPOrpeccii, AHAMEHAT&NL KoTOpoi
nmpUMepHo pabedt 0.813, ecnm HavanbHbre NPUGAKMXEeHHA GPaTh B NOCTATOMHO ManoM
OKDECTHOCTH pellicHHSA.

Boasuen z{® = 3.8, #4® = 2 u Gynem sectn vrepaunn mo opmynam (7.11),

HCMombaya Kpureplit oxonvanus (7.10), B kotopom € = 1073, ¢ = 0.815. Peaym.-
TATH BHMMCEHHA ¢ LIECTHIO SHAKAMM MAHTHCCH NMpHBeseHbl B Tab. T.1.

TabnaunuaTl

k 0 1 2 3 4
b 3.80000  3.75155 3.74960 3.75892 3.76720
4k 200000  2.03895 2.06347 2.07498 2.07883
k 5 6 7 8 9
#h 3.77108 3.77399 3.77450 3.77440 3.77418
b 207920  2.07850 207778 2.07732 207712

Ilpy k = 9 Kpurepuil OROHYANMA BLIIONHACTCA M.MOXKHO NOVIOXUTH ;1 =374 =

1 0.001, 72 = 2.077 2 0.001.
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3. Bnusnue norpamuocra puuBcnesmil. B cuny nanuyma uorpemnoc-
Teft npn BuuMciennn va IBM nonyuaercs me nochemosartenbHocTs z'kr,

yRosaersopsaioilas pasenctsy (7.7), a mocaegoparensHocTs ' %) | yponner-
BOPAIOLLAA PABEHCTBY

T = pY(3h), (7.12)

ByneM cunTaTh, 4TO AGCOIIOTHAA NOTPEIIHOCTh BHUYMCTASMHX aHade-

Hult @*(x) Bekrop-Qyukuum ¢ mana u uro |p(z) - PPl < ApY).
Hanuume NOrpemrHOCTH BHYMCAEGHHA @ DPHBOAMT K MOABNEHWIO O6NBCTH

HEONPENIeNeHHOCTH PEeEHA %, PAIMYC € KOTOPOM MOXHO MPHGAMKEHHO
OUEHNTH, MONL3Ysch HepaBeHeTBOM £ < €° = A(p*)/(1 - ¢) B TOM cnyuae,

ecan |p'(g)] < ¢
Coopuynvpyen cneAyiomuit pe3yAbTaT, ARAKIOMMACA aHANOTOM TeopeM
4.5m 6.2

Teopewua 7.2, ITycms ounosnens ycaosus meopeaus 7.1 u das ecer

T U3 0-0XpECMNOCMuU pewteNus T ennoAneno nepasexcmoo |(x) - g ()] <

- - A »
€ A(p*). Mpednosroxum, maxxe wmo €° =la—£%l < @ (me. aeauvuna

A(p*) docmamoxno maxa). Torda ecau omvucaexus no gopuyaaa (7.7)
% (7.12) navumeiomcs ¢ oduoto Navassnoto npubAuxenus (O = (O,
npuNadAaexauyeto a1-oxpecmuocmy pewlenus z (1de oy =
= min {0, (¢ - €*)/q)), mo nocaedosamessnocms T™ wne ouzodum aa

npedeast 0-0KPECTINOCTIU PeWLENUS T u das écez n 3 1 cCRpasedauss oyexxu

[ztm - zm | <E®,

[ -3 < 3O -3 + 2,

Jzm -7 <3 f ";(nl —EnL] e

4. Moaaduxanma ueroaa WpocTOR HTepanue. B nekoTOpHX cayuasx
LA YCKOPEHMA ¢XOAMMOCTH MNOJE3HO MCMONb3OBATh ceAyiouit aHanor
merona 3eiizens (cM. § 6.2):

200



#PD =g (b, Hb o ah k)

"(zb“ = ‘p?(,{kou, "zhn z:l’kl' ey ,'('kl)

L

r‘a""“ = m(,}kon‘ ,,(21:*“’ ,gk\‘ ey ,’('&1]
,\.;bn = %u("}h“ , zlzk*ll’ t‘sk"", -y 3’5'!:1)

Bonee o6WIMRA BAPHMAHT METOAR JeiieNA COCTOMT B CHEAYIOmIEM: -5
KOMMNOHeHTa pewienua ma (k + 1)-i MTepauun MeTona onpefenserca Kak
peiuenme HeNMHeAHOro ypaBHEHHA

F(xlibl)) =0,

rae F(z) = f{z{®D, .., 280, 5, gk, L, 2k,

MpenMywecTBa 3TOr0 MOAXOAA COCTOAT B BO3MOXHOCTH MCMOALIOBAHUA
METOOB PellleHHs YPaBHEHMI ¢ OfHMM M3BCCTHHIM M B OTCYTCTBHM HEOGXO~
JHMMOCTH NpPMBEACHUA CHCTEMH YpaBHEHMI K BHAY, YAOGHOMY O/NA HTepa-
ouf. YKa3aHHHA METoJ, CXOAMTCA, ecau Ans Marpunsl fiko6u f'(z) sunon-
HeHbl YC/IOBUA AMANOHANBHONO NpeoGnafanuA.

Huoraa cymecrennbifl BRMIDHILI [BET MCNOIb30BAHME METOXA, ABJIA-
I0IEerocA sHanoroM Merozaa penakcagpun (eu. § 6.3). B uem mocne suuncne-

aus ouepeAHoft A KommoHenTH (k + 1)-ro npuGanxenua no ¢opmyne
metons 3efinena

:(:k'll = go;(a:{"-"“, xli{c;ll’ ""Eh' veny x’tnh)
NpHGANKEHHE "ih“ puuncaawr no ¢Gopmyne :ft.blr = ;yf’“ +

+ (w-1)(zto0 — gthr),

§ 7.3. Meron Herworona
AJIA pemeHEA CHCTEM
HeNAHEAHLX YpaBHeHHRA

1. Omacamme merona. O606mum meron Huiormoua, Manoxennwit 6 § 4.6
‘AR pellieHMA OHOrO HeMHMHEeMHOTO YPABHEHHA, HA pellleHHe cHCTeM He-
nuueituux ypabuennit (7.1). Mpu aToM GyZeM MCXOAHTL M3 TPAKTOBKH
smerona HeloTOHA Kak MeTOAa NMMHeApHU3alUMM.
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Mpeanonokns, 4TO McXOAA M3 HAYANLHOrO NpuGAMkeuna 0 Kk peue-

HUIO £ NOcTpoeHN NpUGAMKEHH] (1), (2 | 2(7 ZameuM B cHCTEME
(7.1) xaxayio n3 dynkunn fi(s = 1, 2, ..., m) AnAeAHOR YACTHIO €8 pa3sio-
sxkeuna no ¢popuyne Tefinopa B TOuKe £ 1) :

o » sy 4 B L) (s - ),

B peayabTate npuaem K cvcTeme MHREAHKX ANreGPaHYECKHX YPAaBHEHHHA

fiem) + B IED) 5 am) =,

" of(= ™) ) —
flem) + § BE (5 - xgm) =0,
f-(,(nl) + 5 ﬂdﬁu (‘J_ ;.t'm) =0,
. 0n
uMeoLlel B MATpHUHOR GOpMe 3aNNCH cTedyIomHuiA BUA;:

F(zm) + [z )(z-3m) = 0. (7.13)

3necs f — maTpuna fAxo6u (7.3).

Mpeanoaoknm, 410 marpuua f(s( ")) BeBLPOXIEHHAA, T.€. CYLWIECTBYET
o6patan marpuua (f(z'™))1. Toras cnerema (7.13) umeer eamMHcTBEHHOE
pelllekHe, KOTOpOe H NPHHMMAETCA 38 OuepefHoe NpHEmmkenne g™l k

pemennio z. Takum 06pasom, npubamkenne z("*1) ynoRNeTBOpAET pabeH-
CTBY

f(2) + f(ztm)(g ) - 2(m) = 0, (7.14)

BHpaXXad H3 Koroporo xi™*1)  puBsoauM HTepaumonuyio ¢GopMyay merons
HeioToRA:

D = g o (f(gtm))1f(2(m), (7.15)

3ameuanue Oopuyna (7.15) npexmonaraer menonb3opane Tpy-
N0eMKON omepauny OGpamICHMA MATPHUE (cM. ra. 5), NOITOMY Hemo-
cpefcTBEHROE €€ MCNoab3oBaMe ANA BruMcaeHua {1} p GoABLINMHCT-
Be cnyyaes neuenecooGpaine. O6HYHO BMECTO ITOrG pelllalOT IKBHBa-
nenTHYI0 cHMcreme (7.14) cHcTeMy nMHEAHBX ANreGpaNyYecKUX ypapHE-
HHA
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f(eM)Agtnl) = _f(g(m) (7.16)
OTHOCHTENBLHO NonpaBky Ax(n*l} = gial) _ g(n) Jarem nomarator
() = glm ¢ Aginel), (7.17)

2. Cxopmuocts meropa. ChopuyanpyeM OCHOBHYIO TeOpeMy O CXOLMMO-
ctu merona Helotona.

TeopewuaTld. Mycms ¢ nexomopou oxpecmuocmu pewsenus £ cucme-
ane (7.1) gynxyuu fi(s = 1, 2, ..., m) deanxdu uenpepuono duddepenyupy-

eas u wampuya ['(z) neompoxdexa. Toida naudemcs maxas masds b-

OKPECTINOCMS pewenuS T, MO NPU NPOUIGOASNOM OWNOOPE NAXAANOLO
npubsuxenus 9 u3 3mod oxpecmuocmu uMEPAYUONNGR ROCAEIOGAMEAL-
nocms mwemoda Hyromoxa ue amzodum 3a mpedeaw oXpecmxocmu u cnpa-
a¢dAuea oyenxa:

e — 3] < S ]2t - g2, 0 3 0.

OTa OUEGHKB O3HAYAET, YTO METO[, CXONMTCA ¢ KBAAPATMMYHON CKO-
POCTLIO.

KpaapatHunasa ckoOpocTe cxoAumocTH MeTona HeloToHa noamonser
HMCNONb3OBATE NPOCTON MpAakTHYecKHA KPMTEPHA OKOHYAHMA:

Jzm - gm D] < e (7.18)

Tipumep 7.3. Ucnomeays weron HeloroHa, Hafifiem ¢ ToyHocTslo € = 104 pelte-
HHe z), Zp cuctenni (7.4).

Boabmen i = 38, 2% = 2 u 6ynem mectH BorvMcreHuA No opMynan
(7.16), (7.17), B Koropbix

A+ 4 -8nzn 37 -8n 34 -8a
‘f(')=[nlnq-azlm]’ o= 1“*’2'% ?_'z_lm"

PeaynbTaThi BHYNCHIEHHH € WECTHIO 3HAKAMW MaHTHCCHI NpuBeaeHul b Tabn. 7.2.

Tabnunual2

k 0 1 2 3
:;h 3.80000 3.77258 3.77388 3.77389
b 2.00000 2.07189 2.07708 207710
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Mpu k = 3 kpurepnn okonuanna | — gD < g = 10 prmonnaerea
NOXHO NOIONHTL 2y = 3.7739 £ 0.0001, 2, = 2.0771 £ 0.0001.

3. Tpynaocra ncnonsdosanma. Hanoxennwue B § 4.6 tpyanoern nenone-
3oBaHHA MeTORA HLI0TOHR He TONLKO COXPAHAIOTCA NPH NPHUMEHEHMM €ro K
peUleHHIo cUCTeM HeNMHelAWX ypaBHeunit, o M ycyry6asawrca. Bo-nep-
BHX, BO3HMKAET MpobieMa BHYMCICHMA HAB KAWAON WTEPAlMM MATPHIUL
f(3) na m? yacTHHX MPOM3BOAHEIX, YTO caMO MO ce6e MONKET OKa3aTheA
BECbMB CHOXHHM AenoM. Bo-BTophix, o6ocTpsercA npoGlieMa HAXOMASHMA
XOpouiere nayaabHoro npubamkenna. Ee peninTh B MHOrOMEDHOM ciy4se
ropaafo Tpyauee, YeM B ONHOMEPHOM.

4. Bamsume norpenmoctn suamcnenmll. yets f* u (f)* — suiuucna-
enpie Ha OBM npu6nnxenHble 3HayeHna BeKTOP-QyHKuuH f H MATPHNH
fika6u f. MycTs AR peuleHMA cHMCTEMB AMHEANKIX anreGpanyecKUX ypas-
HEAMA MCHOJABb3YeTcA cXeMA YAcTHYHOro BwGopa (cm. § 5.5). Bymem cum-
TaTh, 4TO MaTpulla f nocTaTouEo Xxopomo obycnosnena (cond(f) gy € 1)
1 BuuncaAerca we canmkom rpy6o (|f - (f)*] < 1£1). Torna npu Bubo-
pe HAYANLHOCO NPHGAMKEHHA M3 MANofl OKPECTHOCTH PpEIIEHNA MeTOox,
HeioToMa ABNSETcA YeTOMUMBHIM M JAET BOIMOMHOCTL HANTH pellieHHe ¢

TBPAHTHPOBAHHOR TOYHOCTLIO € > e = (@) ay.

§ 74. Mopmduxanuu merona Hrromona

Ecnan ouenmpats kavecrso merofa Heiotoma ToABKO no uuceny meobxo-
IMMBIX MTEPALANA, TO CAe0BANO GH CHENATh BHIBOZL O TOM, YTO ITOT METOR
CTOMT NPHMENATb BCErNs, KOTOA OH cxoauTcA. He npakTuke ANA AOCTHe-
HMA pPA3YMHON TOYHOCTH € HPH BHGOPE JOCTATOYHO XOPOWEro HAYANbHOO
npuGamxennn 29 rpeGyerca, Kak npaBuno, 3—5 utepauuit.

Onaako npM olenke O6WEN TPYAOEMKOCTH MEIOfia c/elyeT YYHTHIBATE,
YTO Ha Kamaod HTepauuy TPeGyeTcA BHINOJIHEHMe clefylouledl NONOTHH-
TeAbHOR padoTH:

1) prluMenenme m KOMNOHEHT BekTopa f(2(M);

2) suiumcnienue m? KOMNOHENT MAaTpHub fAko6u f'(xtm);

3) pewenne cHcTeMu AMHEARLIX anreSpanyeckux ypasuenudt (7.16).

Cywectsyer Gonbinoe yucao Mogudukaumnit merona HeloToHa, no3sons-
IOIMX B TeX UMK MHLX CMTYBUMAX CHU3NTL €ro TPYAOeMKOcTs AM6o Mabe-
XKATb HEOOXOAMMOCTH BHYMCIEHMA TNPOH3BOARBIX. PaceMoTpuM Kpartko
HEKOTOpHe M3 TAKMX MOAMPUKAUMHA, YINTLIBAA, YTO MUX OHOMEPHEIE HANO-
rM GunM M3ydeHs! Gosee nogpobGHo e § 4.7.
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1. Yopomeamu#i merox Hurorosa. 3ameumm B pacueTnux ¢opmynax
werona Helorona (7.16), (7.17) marpuny f(z(™), 3spncaulyio or n, moc-
ToAuHoR maTpunen A = f'(2!9)). B pesynsbrate noayunm pacuerime ¢op-
MYAb ynpouiewnoio wemoda Hyromona:

AAZ(MI = _f(ztm), (7.19)
() = gl 4 Aginel) (7.20)

MOXHO MOK838TH, YTO ITOT METOL CXOAMTCA €O CKOPOCTHIO reOMeTpH-
YeckOll MPOrpectHH, ecnH HavanbHoe npubanxkedme (9 pubpano gocra-

TOYHO G/MM3KMM K peleHMIO I, NpHueM JHAMeHaTelb MpOTpeccMu ¢ Tem

Menbe, 9em Ganxe (0 Kk x.

o cpaBuenuio ¢ Meronom Hbiorowa umcno urepaunit, Heo6xoAMMOe
ANA ROCTHXEHWA 38J8HHOA TOYHOCTH £, CYMIECTBEHHO BO3pacTaeT. Tem He
MeHee OOIIMe BLIYMCIHTE/IBHEE 3ATPATH MOTYT OKadaThes MeHbme. [lpnun-
HE 3TOrQ COCTOAT B cieaymoiueM. Bo-nepeux, Baluncaenne marpuun Ako6m
DpOM3BOAHTCA 3fiech TONLKO OAMH pa3d; BO-BTOPHIX, KAK HeTPYAHO BUIETD,
NpH HCNONb3OBAHHM ympomernoro meroaa Heworona (7.19), (7.20) muoro-
KPaTHO pellseTcR CUCTeMA JHHEHRLX ypaBHeHHM# ¢ PMKCHPOBAHHON MAT-
pulied A ¥ pPadAHYHBIMKM DPABLIMM YACTAMM. 3TO O3MAYALT, YTO NpH peme-
uun cucreM (7.19) meropom Taycca Boamoxuo npumenenve LU-pasnoxe-
AHA MATpHUN A, KOTOpOe Pe3K0 YMEHBIIAET YMCNO omepaumi, neo6xomm-
MEIX O/1A BHuMcAeHna Ax(™D (em. ra. 5).

2. Henonsaosaauwe dopuyn amcnessoro paddepeanupopanus. /Joone-

oh

HO YACTO BLIYMCIEHHE NPOM3BOLHBLIX X,’ ABNAIOMMXCA  3INCMEATAMM
MaTpUUH f', 3ATPYOHEHO WA BOOGIIE HeBO3MOXHO. B Takoi cuTyaumn
BAA NPHGIMMEHHOrO BLIYMCIICAHA NPOM3BOZHLIX MOXHO MOAMTATHCA He-
nons30eaTs GOpMyan umncnennoro auddepenuuposanna (em. ra. 12).
HanpumMep, MOMXHO MCOOJNBIOBATE CJEAYIOLLYI0 KOREYHO-PAIHOCTHYIO BA-
APOKCHMAUKIO IPOH3ROMHOM:

o 1

() T = g (™ {4 R ST ) -
= f(zim, ., zlm)).
Napauerpw A" ¢ 0 (j = 1, 2, .., m) — 310 xomevno-paanocmuse

waty.
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Ecan B pacuernnix ¢opuynax meroaa Hsuiotona (7.16), (7.17) samennts
matpuny f(z(™) annpokcummupymelt ee marpuueit J'™ ¢ 3nemenTamu

J‘.;" , TO MOMAYYHM CASAYIOIMA HTEPAHORHBIA METOR:

JniAgtntly = —f(gtm), (7.22)
() = glm 4 Agtnn) (7.23)

B npocrefiuem Bapuante atoro merosa waru b, (7 = 1, 2, ..., m) ne
3aBUCAT OT n. OTMETHM, YTO BHGOP BEIMYHHB LIArOB MPEACTaBIAeT co6on
He O4YeHb mpocTyio 3aaavy. C oaHoft CTOPOHH, OHM AONAMAE OHTh JOCTA-
TOYHO MANLMH, 4TOGLI MAaTPMna J'M' XOpomo npubaukana MaTpUIy
f(z™), ¢ ppyroft, oy e MOrYT GHITb OYEHb Majbi, TAK Kak B 3TOM
cnyvyae RIMAHME NOrPeUINOCTeR BhiuMcNeRnA QyHKuuit f; Ha NOrpemRoCT
dopuyan  (7.21) uncaensoro andpepeHnMpPOBAHMA CTAHOBHTCA Ka-
TacTpopuyeckuM (BWMOAHAETCA BHYMTaHHE OAM3KUX MPHGANKEHHLIX
upcen).

Cneayomue TP METONA MOXKHO PAcCMATPUBATE KAK BAPHAHTH MeTONS
(7.22), (7.23), B KOTOPLIX peanH30BaHb CHELMANbHbIC NOAXOAN K BHYHCHE-
Ao Bektopa Al™ = (A{(mr h(m . A(rMT Jlan Toro uto6u npHBenen-

Hble HMXke paccyXAeHHA 6wman ¢opManbHO KOPPeKTHRIMH, B $opMmyne
{7.21) nonoxum L = %‘f' (=t ™), ecin okasanock, 4T h}'“ =0
i)

3. Merog noxmoro monowenmsa. Ilyete ¢ — (ukcupoeanHuit BekTOp.
Nonoxnum At™ = ¢ - zm, Torpa dopmyan (7.21) — (7.23) onpenensior
Aemod A0KNOIO NoAOXKenus, OGNanaOMi AMHEARON CKOPOCTBIO CXOAMMO-
CTH B cAYY8€, eciM BEKTOpP ¢ M HavanbsHoe Opubanmenue £!? pubpaHu
ROCTATOYHO GMMIKO K pelennio.

4. Meron, coxymmux. B ognon 13 manGonee nonynapHnX CBOMX BApHAH~
TOB 4emod CeXyuuz MOXHO PACCMATDMBATL Kak Merop (7.21) — (7.23), rae
Am = girl < g2im  Meron cekymmux ABAAETCA ABYXWIArOBHIM: ANA
BLHIYMCAEHHUA OUYEPEAROro ApubaMxkeRMa £{ ™1} yenoneayior Asa Apeasigy-
IHUX NpuGankenusa =" p ™1 Jlng Toro urobnl HAuATbH BLIYHCACHMA,
He06X0AMMO 38/IaTh IBR HAYANBLHLIX NPNOMMKenna £(0) y (1),

Mpu ynaynom BuGope wavansHux npuGamxennit z(00 u =1} merop
CEKYIUX CXOAUTCA €O CBEPXANHCHHON CKOPOCTBIO ¢ MOPARKONM CXOOUMOCTH

p= (5 +1)/2

5. Meron Creddencena. Buuncnerna no wemody Cmeddencena npo-
HaBoRAT mo ¢opmynam (7.21) — (7.23), roe Atn) = f(z( ™),

3ameuaTenbHO TO, YTO XOTA ITOT METOA He TpebyeT BHYHCICHMA MpPOH3-
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BOLHEIX M B OTAHYNE OT METOlA CEKYIRHX ABJIAETCA OfHOMIArOBEIM, OH, KAK
u meron Herorona, o6naneet cBOACTBOM KBAJLPATHYHON CXOANMOCTH. Ipas-
oa, kaKk U B Merofe HbioToRa, ero npumenenme 3aTpyfHEHO HeO6XOmM-
MOCTBIO BHIGOpa XOpOLIEro RAavaLHOrO APHOMHKEHUA.

Mo-snanmony. ANA peweHMA HelMHeRHHX cucteM Buaa (7.1) weron
Creddencena vaule OKaxeTcs Ay BLGOPOM, YeM METOR CEeKyIMX MM
METOA, MOXKHOTO MOJOXKEAMA.

Kak u B onnonepHOM ciyqae (en. § 4.7), cneayer oTMET™MTE, UTO MeTO-
an cexymmx ¥ Credpdercera TepAIOT ycTOAYMBOCTE BGAN3N petlieAnn
(dakTHUECKH ITO MPOMCXOAMT ApM MONanaHUM NpuGAMXeRna (™ B 06-

NacTh REOMpefeNeHROCTH pemtenna £). [103TOMy NpM McNONBIOBARMM ITHX
METOROB BaXHO BOBpEMA NMPEKPATHTE BRIMOAHEHHE HTEpaLmil.

§ 7.5. O HexOTOpHIX MOAXOMAX K PemIeHINO 3aa4
NOKATHIAIAA H OTHCKAHUA pemenwil
cHcTeM HeJEBeliHuX ypasHeHm#H

lNlonyepkneM eme pa3, YTO OAHON M3 Haubonee TPYAHWX MPOGJEM,
BOSHMKBIOWIMX MPH PpellieHHUM CHCTEM HelMHelHnX ypaBHeHMH, ABAAETCA
3ajaua TOKANH3anuu pemleRnA. Manokum wekoTopre NOAXOZN K €@ peule-
AMI0, LIMPOKO NpHMERAEMEe B NPakTHKe BulUMcaenuil. YKasaHHHe METOON
MOXKHO MPHMEHATL M ANA BHYMCICHHA PEIlleHHA ¢ 3aJ8HHOA TOYROCTBHIO £.

1. Heoomsaoearme Meronop wmmmmm3ampm. Huorma GuBaer nonesmo
€BECTH 3374y OTHICKAHHA pellleHMA cHcTeMH HelMHeRRHWX ypaBRenuil K
3a/iaUe OTHICKAHMA MMHHMYMB (YHKUMM MHOTMX nepeMeRHnX. B mpocreit-
WleM BRPHMAHTE 3TO CBEIEHME BLIFAAAMT cleAylomMM o6pasom. Beenem

byukuuio & (2) = 51 (fi(2))2. ORa HeOTpHMIATENLHR M JOCTHCAET CBOETO

MMHUMYMA (PBBHOrO HYJIO) TOrZa M TOALKO TOorma, Korpa fi(z) = 0 ana
Beex 1= 1,2, .., m T.e. TABNAETCA pelieHeM cucTeMul (7.1).

IIpumenas ana ortblckaHuA MuEMMyma Gynkuun ¢ ogmm mMa nrepanm-
OHHLIX METOIOB MWHHMMM3aUMM — MeTofoB cmycka (cm. ra. 10), moxno

HAMTH BAO/HE YNORNETBOPHTENbHOE NPMGAMKERHE K PEUICHMIO I, KOTOPOe
3RTEM MMEeT CMLIC/ MCNOAB30BATE KAK HAYANeHOe npubGnmkenme xid B
ONHOM H3 HTEPBUHOHHLIX METOOB PRlUeHA HeJWHeARBIX CHCTeM.

BRIrofia OT yKa3aHRONO CBEIEHHA MCXORHON 3a4auM K 3aa¥e MHHMMH-
3alMH COCTOMT B TOM, YTO, KAK MPAaBMIO, METOAm chycka MMeloT Gonee
WHPOKYIO obnacTe cxomuMocTH. Mcnonr3opaHHe MeTOODB cnycKa MOXHO
PBCCMATPHMBATE M KAK OfHH M3 CNOCOGOB JIOKAZIM3AUMH pellleHHit cUCTEMH
(7.1). Mpumenenne ga 3aKTIOUNTENILHOM 3TAMe METOROB, CACHMANLHO OPH-
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EHTHPOBAHHLIX HA pellieHHe NEIHHEANEX CHCTEM, BbI3BAHO TeM, YTO BOAN3H
HCKOMOTO pelueHHA METOMbl CYCKa CXOAATCA MeA/Ienee,

Cnenyer ormernth, uTO Pyukuua ¢ (1) MOXer MmeTL H HeHyneBme
NOKaNbLHBE MHHMMYMB, M B 3ABHCHMMOCTH OT BHOOpA HBUYANLAONO NpUEAN-
KEHHA METOAH CNYCHAa MOTYT NPHBOAMTL K TOYKAM JIOKANLHOrO MUHMUMYMA,
He ABRNAIOWMMHCA pelueHnaMM cuctTeMs (7.1).

Nipwuep 7.4. Pewenun cucremel (7.4) sApnsorca TouKaNM riobanbHore MWMH-
MYMa PYHKUMH :

® (21, 22) = (2} + 23 - 82122)% + (z1In 1, - zln ;)2

2. Meron npoponxesna no napamerpy. Cuauana 3anMeTHM, YTC HOBO/ME-
HO YAacTO HA NPAKTHKE BCTPEHRIOTCA CHTYAUMM, KOT'[R CHCTEMA HeJMHef-

HbIX ypaBReMHit ecTecTBEHHBIM 06Gpa3OM 3ABUCUT OT HEKOTOPOrO NAapaMeTrpa
i, T.e. HMeeT BNA

fz =0, (7.24)

A pellleHHe € chenyeT HATH NMpH HeKOTOpoM (PUKCHPOBAHHOM 3HAYEHMH
napamerps, Hanpumep npn t = 1. B yacTHOeTH, 3TMM cBOlcTBOM O6naZAeT
cicrema u3 npuMepa 7.1. Mipeamonokun, uto npu kaxaom t€[0, 1] cucrema

(7.24) nmeer pewenne = = = (1), HenpepriBRO 3aBHcALIEE OT NApaMeTpa i,

npuuen npu ¢ = ( pemenne encremu f(x, 1) = 0 nasectHO AM6o AErKO
BLHIYMCNIAETCA.

Takum 06pa3ou, ceMelicTRO pemeRuit % {f) ONMCHBAET B MPOCTPAHCTBE
R® tpackropuio, Hauansnaa Touka =(0) KOTOPOHA M3BECTHA, B KOMEUHAN

2(1) nonnexut onpenenernio {puc. 7.5).

i(thx(t,)

x(0):1(ty)

Puc. 7.5 Puc. 7.6



N s Tex cnysaax, KOCAa cHCTEMa He 3BBMCHT OT MAPAMETPA, MOKHO
peecTH mapamerp | TAK, YTOGH GLIAH BHMNOJAHEHRK YKA3AHHLIE BhILIE YCNO-
euA. Hanpumep, ecan z° — uapecTHOE NpUGAMKEHHE K PELICHMIO CHCTEMBI
f(2) = 0, To MmoxHO paccmorpers cuctemy Buaa (7.24), nonarasn f(z, 1) =
=f(g)-(1-0f(=").

Beenem na orpeske [0, 1) HaGop Towek 0 = 4 < 4 < ... < Iy = 1.
Henonbays TOT MAM MHON MTEPANMOHHEIN METOfl, pellluM MOCACAOBATENLHO
ana k=0,1, 2 .. Ncucremu f(z, tx) = 0. llpu s10M 33 HaUANBHOE

apuGauxkenve K £ (1) 6yfeM npHEMMaTh pemerne £ (ik-1). Ecan paanocts
1k — fx; DOCTATOUHO Mana, TO MOXHO OXWAATH, 4TO z (t4() 6ymer pocra-
TOYHO XOpOWIMM HAYANBHHIM NPHGAHXKEHMEM K z (1), obecneuHBAIOLINM

CXOAHMOCTE MCMIOALIYEMOTO MTEPALHOMHONO METORA.

3amevanne JloBonbmo wACTO KA RAPAKTHKE npoBOAMTCA
MccneRoBanie 3aBUCHMOCTH ONPefeNeHHMIX XApAKTEPHUCTHK OGBEKTa OT
HekoToporo napaMerpa f. JIAs TAKMX 3a0ay METOA NPOJONKEHMA ecTe-
cteen. Bosnee TOro, TOukM 1y, 4, ..., Iy MOXHO BHOGPATH, MCMOALAIYA

NOMOAHNTENbHLE cOOGPEXOHHA, MpHYeM peutenue  ({x) mpeacTapaser
MRTepec He TONLKO ANA k= N, won anascex k=0, 1, ..., N.

3. Meroa aaddepenmupossmma HO nDapauerpy. llpexnonoxum, urto
pemense z (1) encremn (7.24) apnAercs raagkoft pymkumed mapamerpa f.
Jinddepenumpya toxaecreo f(x (1), £) = 0 no ¢, nonyumun

LGEO, 0@+ f; (z(0), ) =0.
3necs f;(;, {) — MATpMIA € TEMEHTAMM %; () (,5=1,2 ‘..., m), a
f; (2, t) — BexTOp-cTONGEN € 3MEMenTAMN -ng' (=0)(=1,2, .. m). Takum

o6pazom, ecnu maTpuua f nessipoxaena (det fi # 0), 1o z (1) asnAerca

pewiennem 3amaun Komm 2718 cHcrembpr o6mknoBenHux Auddepennu-
ANbHLIX ypaBHeHUN

(1) = ~(f (2 (), O)1f; (2(0), 1), 2(0) = 2 (0). (7.25)

HuTtepecyiowee Hac 3raveHmne petttenHa £ (1) MOXHO Teneps HBATH MpHG-
NMXKEAHO, MPUMEHAA YMCACHHLIE METOAK pellleHHA 3amaaun Kowm.
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Hanpumep, Merop, Ditnepa npHBOGUT K nponeccy
200 = 2b — (e - W, (20, W)L (20, 4), k=0, 1, .., N1,

rae 9 = z(0), ='® — npubauxenue k = (&) (puc. 7.6). Komeumo,
MeTon Ofinepa DpPMBEREH 3[ech TONLKO ANA YROGCTBR MIMIOCTPaUMH, B B
peanshoit CHTYANHM HCHONL3YETCA OAMH M3 MerofioB 60nee BHICOKOTO
NOpAAKA TOYHOCTH.

Monyuernoe ykasanunM cnocoSaM axavenne 'V moxHO Mcnonb30OBaTH

M KaKk Xopomlee HawansHoe npuGamxewne kK (1) B OgHOM M3
MTEPALHORHBIX MeTOIOB pellleHnA cucreMut (7.24).

3ameyanue l. Hiorga meron anddepenurposadusa no napaMer-
py Ha3upaior semodon Jaoudenxo.

3ameuanue 2 Meropu npononxenna n auddepenunpopansia no
MApaMeTpy HEpPelKo MNO3BONAAIOT YcNellHO NpeofoNeBaTs HENpocTyIo
npoGaeMy nowranuaaumu. OARAKO cleAyeT OTMETHTb, YTO 3T METOAMI
BasieKo He BCcerga OKA3MBAIOTCA I(PEKTHBHHIMM W MX NpaKTHYeCcKoe
ApHMeReRHe TPeGyeT ONpPefeIeHHON OCTOPOXHOCTH.

§ 7.6. NonomamrensHule 3AMEIANMA

1. Cywectsenno Gonee noppobras M Gorarada MHPOpMAUMA O CHCTEMAX HelMM-
MeAHLIX YpaBMeHMA M MeTonax MX pelileHuA coziepawics B kuurax [61), [32]. Pexo-
MenRyeM Tatoxe oSpaTHTBCA K yuebunky [0].

2. B nocnennee BpeMA 3HAUMTENbHBI MHTepeC NPOABNAETCA K TAK HA3bIBACMLIM
KB83MHBIOTOHOBCKHM METOMlaM, KOTOphle MONYYalOTCH NPM CNeuMasbHbiX anlpoKcH-
MauKAX MaTpHibLl AkoOu. Yacro Takas annpoKCHMBUMA COYETaeTcA € HCNONLIOBA-
H¥eM FHOpHAHBIX anropuTMOB MofobMO TOMY, Kak 9T0 AENAaeTcA ANA pelleHus
ofHoro nemtentoro ypasieHns (ed. § 4.8). [lonesnnie obcymaennn Takux Meronos
noxMo Hafk B (32].

3. Huorna nopxonswMM ANA pellleHUs 3a0a4M METONOM OKAALIBAETCA MeToll
ycratonnedua (cu. [9]). Yawe aro Gubaer torma, xorna pewenne cucrembl (7.1)
ONKCLIBAET YCTOAYHBOE CTAIlKOHADHOE COCTOSHME HeKOTOpoRt duaMYecKoN CHCTeMbl

4. PekoMeHN0BATE TOT MM HUOM MeTO] kakK Maubonee MOAXOAMUMA LA pelie-
HHA CHCTEMB! HENMVEAHBIX YDABHEHHI HeBO3MOXKHMA Ge3 TIMATENLHON® H3y4eHHA
KOHKpeTHON 3afayuM.



Faaea 8

METORbLI PENEHHA MPOBNEMK
OOBCTBEHHHX 3HRAYEHHMA

Buiyncnenre cOGCTBEHHBIX 3HAYEHMA M cOGCTBEHHHX BEKTOpPOB — OfHA
H3 TeX CIOXHHX BHUYHMCAHTENBHEIX 3aflaY, ¢ KOTOpPOH YACTO MPUXORAHTCH
CTAJIKMBATBCA MHXKEHePY HAH HAYYHOMY PpabOTHMKY, 3aHAMANOWIEMYCS
KOHCTPYHPOBAHHEM WM BHAJM30M GONBUIMX TeXHMYECKHX cHcTed. B
3NeKTPUYECKHX M MEXAHMYEeCKHX CHCTeMax COOCTReHHbIE YHCJIA OTBEYAIOT
cOGCTBEHHLIM YACTOTAM KONeGAHMMA, A cOGCTBEHHHE BEKTOPH XapaKTepHay-
0T coorBercTByomme GopMu (MOAn) KoneGanuii. JHaHue cOGCTBEHHBIX
Yyyucesl No3BONAET AHANM3KMpOBATh MHOrME NMpOLEccH, MCCIeloBaTh M ynpas-
AaTe umu. Quenka BeAMYMH KPHTHYECKHX HArpy3ok MPH pacdeTe cTPOM-
TeNBHMIX KOHCTPYKOMit Takke ocHOBaHa Ha HHGOpMAUMH O cOGCTBEHARX
3HAYEHUAX M cOGCTBEHHHX BEKTOPAX MATPHL.

CoGeTpennble YMca M cOGCTBEHHEE BEKTOPH ABJIAIOTCA BAXHEAILIMMM
XapAKTEPHCTHKAMH, OTPAXAIOMMMYI CYLIECTREHHLIC CTOPOHE JIMAeABRIX
mopeneft. TloaToMy, KOHEYHO, AaibHelllllee pacUIHpPeHHE MPOLECCE MATEMA-
THYECKOr0 MONENHMPOBEHHUA MNPHBEET K TOMY, 4TO BIaJEeHHe MeTOxaMM
peirenna npobaeMbl cOGCTBEHHBIX 3HAYEHHI CTRHET HEOTBEMJIEMbIM 3J1€-
MEHTOM MHXXeHepHOro o6pa3oBaHMA.

§ 8.1. Mocranopka 3agaun.
Hexomophio BCOOMOraTeNLALIS
cpefieHEn

1. Hocranopka 3sz8um. B naRHOA rAaBe Mu OrpaHMYMMcA paccMOTpe-
HMEM METONOB pelleHNA Npol/eNMB cOOCTBEHHLIX 3HAYEHMI TONAbBKO AA4
KBAAPATHRIX MATPULL A MOPAAKA M ¢ BEIIECTBEHHLIMH INEMEHTAMM 4,
(=1, 2, ..., m). Bynem sciony non |z] nonumars wopmy |z, u mon
(z, y) — ckanaprOe Npon3Benexye BeKTOpoB ¥, y (eM. § 5.2).

HanoMuuu, 4TO uMcno A HaamBaeTes cofcmaexnsiu anavenuen (cobem-
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aennbi.4 YuCA04) MBTPHIOL A, €cIH cymecTByeT HeNyneBON BEKTOp %, YIOB-
NeTROPAIIKNA ypaBHEHHIO

Az = Az (8.1)

H Ha3uBAeMBIHl cofcmeexwsiu eexmopou MATPUUM A, OTBeYAIOWMM cO6CT-
BEHHOMY 3HBYEHMIO A,
3anuwem cucremy (8.1) B Buae

(A-2E)x=0.

O1a OAROPOAHAA CHCTEMA HMEET HEHYNIeBOe pellcHMEe T TOrAa M TOJBKO
TOra, KOTAA OOpeaesiNTe/b MATPHIK CHCTEMB PABEH HYAIO, T.€.

det(A - AE) = 0. (8.2)

PacKpbiTHe 3TOr0 YpaBHEHMA MPHMBOAMT K TAK HA3LBAEMOMY Iapaxmepu-
cmuseckony (WIH sexodomy) ypasxenurw

AR p Al A2 b pad P =0, (8.3)

npepcTasafiomemy co6ofl anre6pandeckoe ypapHeHHe CTENeHN m.

HapecTdo, 4TO XapaKTepHcTUYECKOE YPaBHEHME MMeeT B OGJIACTH KOMA-
NEKCHBIX YHCeN POSHO M KOpHeRt Ay, Ay, ..., Ap (C y4eTOM MX KpaTHOCTH).
Takum o6pa3oM, Kamgan KBAXPATHAA MATPMNA A NOpAaKa m obnaaaeT
8a60poM H3 m cOOCTBEHHBIX 3HAYECHMA Ay, A, ..., Ap.

Ecan marpuna A cHMMmeTpHuBaA, TO Bce ee coGCTBEHHHIE 3HAYEHMA
ABNAIOTCA BEMIECTBEHHMHIMH uYMcnaMu. 1A uecMMMerpHMuHHX MaTpHn BO3-
MOXHO HAaNHYMe KOMNNEKCHHX ¢OGCTBeHHuX 3naveHult BUja A = a + 1f ¢
HeRyneBoH MHMMON 4acThio. B 310M cilyuae coGcTBeHHHIM 3HAuEHMeM MaT-

pHLE OGA3ATEABHO ABIAETCA M KOMIJIEKCHO-CONPAXKEHHOE MHCIO X=a-
=18

B psne aanau mexauMku, GHUINKH, XHMMM, TexHMKH, GHONOrMM TpeCy-
€TcA NonyyeHHe Bcex cOGCTBEHHHX 3IHAYEHMN MEKOTOPHX MATPHL, 8 MHOI-
Ia M Btex cOGCTBEHRHX BeKTOpoB. B Takoff mocTasoBKe 3a/Avy HA3LIBAIOT
noanot npobacauod cobcmeennyz Inavenut.

JoBonbRO 4acTO OnpefeneHtio NOAMNEXKAT He Bee cOGCTBEHHRE 3HAYCHHA
H cOGCTBEHHBME BEKTOPH, B JHIIbL HeGosabimad ux uacTh. Hampumep, cyme-
CTBEHHHI HHTEPEC BO MHOTHX NPHWIOKEHHAX NpPeACTABIAIOT MAKCHMANbHOE
MM MHHUMANBHOE N0 MOAYNIO cOGCTBeHHOE 3uauYeHMe WIM Xke cOoBCTBEeHHOe
3anayenne, HauGonee GNM3KO pPACcCMONOKEHHOE K 3AJAHHOMY 3HAYEHMIO.
Takne 3amaum ABNAIOTCA NPUMEPAMH NACMUNNNZ nPobacm cobcmoennuz
Inavenutl.

Moxer nokasarses, YTO JOCTATOYHO OTPAHMYMTHECA TOABKO PAccMOTpe-

HMEM METOAUS peleHHA NONHOA npoGaeMb cOGCTBEHHHIX JIHAYGHHIA, TaK
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KaK Bce OCTanbHhe NpobaeMbl ABAAIOTCA €e YacTHHMH caywaamn. OaHako
TAKOI MNOAXOH HeonpaBAAH, MOCKOJABKY OPMEHTHPYeT Ha paGoTy Mo monyve-
HMIO 3HBYHMTENBHOTO o6LeMa 3aBeIOMO HeHykHOH mudopmauum n Tpebyer
CYWIECTBEHHO GOAbUIEre 0OLeMA BRIYHCIIGHHMH, YeM 3TO HeOOX0AMMO B fef-
crentenpHocTH. [lo3TOMy AnA pellleAMA pa3IMuHBIX YACTHYHRIX DpobGneM
cOGCTBEHABIX JHAYECHHMI pa3paGoTaH pAL cneUMaNbHNX METONOB.

Mpinsep 8.1, Hafpnen cobcTBeHHbIE YHCNa MATPHLUB!

2 -9 5 ]
A= |12 -53099 6 |. (8.4)
1 -1 -1.5)
JanuuleM XapaKTepHCTHYECKUA MHOTOWIeH
(2-) -9 5
P3(X) = det(A - AE) = det |1.2 -5.3999-\ 6 =
{ -1 -75-)

= =A% - 10.8999A2 - 26.49945) — 21.002.

Henoneays ofMu M3 MTEpallHOBHBIX MeTOROB pellleMMA MEMHHEAHBIX YPABHEHM
(Hanpuuep, meton HeloToHA), HerpyAHO ONpefeNHTL OAMH M3 KODHEA YpaBHeHHA
Py(A) = 0, a wuenno A; & -7.87279. Paanenue P3(A) wa A — A, nmeen

Pa(})
A+7.87279
Py()) = 0, Haxonun KophM Az 3 % —1.51356 ¢ 0.613841 2

Takuu ofpasom, MaTpHUa A HMeeT OO BelllecTBeHuoe COBCTBeNHOE 3HaYeHMe
Al & =7.87279 ¥ 1Ba KOMIUIEKCHO-CONPANEHHBIX COGCTBEHHBIX 3MAYEHMA A3 W
a4 -1.51356 £ 0.613841 &

8 Po(A) = A2 + 3.027T11) + 2.66765. Pewas xkBampaTHoe YPaBHeHME

Uncnennme Merofsl peuleHMA npobieMn cOGCTBEHHBIX 3HAYEHHNA, Mc-
nons3oBaBpmMeci A0 KoHua 40-x rojios, cEBOZWIMCH B KOHEYHOM cuéTe K
pellieHMI0 XapaKTepHcTHYeckoro ypasHenua (8.3). Oroft knacemyeckoh
cxeme caenopan M Mb B npumepe 8.1. [lpn peanuaauuu Takoro moaxona
OCHOBHHE YCWIMA GbAM HANpaBleHB HA pa3paboTKy 3dPeKTHBHHX MeTO-
AOB GHICTPOro BRIYMCIEHHA K03(PHUUHEHTOB XAPAKTePHCTNYECKOTO ypaBHe-
HMA. Mercmu TAKOTO KJacch I'IOJ'I}"IH.IIH HA3BAHUA nplabz; K HMM OTHO-
cATCA NONBIVBABLIMECA mMONyaApHOcTEI0 Meronn Kpuinosa!, Janunescko-
ro, Jlesepse u ap.

! Anexcent Huxonaesuy Kpbinob (1863 — 1945) — pycckMR MaTeMaTHK, Mexa-
HHK H KopalnecTpouTesb, ANIAETCA aBTOPONM MepBOro B MMPOBOA MayuHolt JHTepa-
TYPe Kypca MO MCAEHHbM MetonaM — Hamanksxx B 1911 r. "Jlexumst o npubmm-
XeHHBIX BhIMMCIEHMAX'.
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OpHaKo yKa3ssHHWIA NOAXOA CTAHOBHTCA HEYAOBIETBOPHTENBHLIM, CCIH
peuys MOET O BHIYMC/IEHHH cOBCTBEHHLIX 3JHAYEHHMHA MATPHML, MMEIOmMX
NOPAAOK M B HECKOJNBKO JecATHKOB (M Tem Gonee cOTeH), T.e. MaTpw,
OOBOJILHO CKPOMHEIX MO COBPEMEHHKM NOHATHAM Pa3MepoB.

Onna M3 NpUYHE COCTOMT B TOM, YTO XOTA 3azaum (8.1) n (8.3) dop-
MaslbHO 3KBHBAIEHTHH, OHH HMMEIOT pa3Aylo obycnosienHocTs. Tak Kak
KOpPHM MHOrounefa Pp(z) BHcOKON cTeneHH YpedBHYANHO TYBCTBUTENLME
K NOrpelllHOCTAM B Ko>pPHUMEHTAX, TO Ha 2Tane BuYHcAeRMA koadduun-
€HTOB XAPAKTepPHCTHYECKOr0 YPaBHeHHMA MOXeT OuiTb B 3HAYMTEIBHOR
cTeNeH! NoTepAHa HAGOPMBUMA O COGCTBEHHBIX IHAYEHNAX MBTPHLE.

C nosenennes IBM wnpoKoe pacnpocTpaHeHHE MONYYHAN MTEpPaLMOH-
Hbi€ METOALl pelleHHA Npob/ieMu cOGCTBEHHNX 3HAYEHMHA, He HMCNONBAY-
Ioue BHYMCIEHHMEe XAapaKTepHCTHYeckoro Muorounena. K Havary 60-x
FOAOB “TH METOAH MPAKTMYECKH MONHOCTBIO BHTECHMAH MPAMBE METOAKL
H3 NPAKTUKH BbIYMCIEeHMA.

2. [IpeoSpasosanue nogoban. Fosopar, 4yT0 Matpuuw A B B nodobnw,
ecnu cYWEeCcTBYeT HesnpoxJeHnas umarpuua P (wampuya nodobus) Takas,
yro B = P'AP. Camo npeobpazosanue Matpunut A Kk suay B = PIAP
HA3LIBAETCA npeolpasosanucu nodobus. llpeobpasosanne NMOROGMA MATPM-
1Bl BO3HHKAET ECTECTBEHHHM 06pa3soM KaK pe3y/AbTaT 3aMeHbl mepeMeHRLIX
(unun nepexofa K HOBOMy 683Mcy) B MPOCTPAHCTBE M-MEPHHX BEKTOPOB.
JeficTBUTENLHO, NYCTh § — PE3YALTAT NPUMEHEHHA MATPMUK A K BEKTOpY
z, T.e. y = Az llpouasenem 3ameny nepemeHnmx £ = Pr’, y = Py’'. Toraa
paBencTBO §y = Az npumer sua y' = PlAPz’. 310 03HAYaET, YTO B HOBHIX
nepeMeHHEIX TO Xe caMOe npeoGpa3oBAHHE OCYLIECTRAAETCA Yie He MAaTpH-
ueit A, a matpuneit P'AP, nopo6uon A.

BaxkHO T0, 4TO # MOJNyYEeHHAA B peayabTaTe MpeoGpa3oBaHHA MOROGHSA
MATPHLA MMEET TOT e HAGop cobeTBeHHuX uncen. B camom Aene, paceMor-
PMM XABPAKTEPHCTHYECKMHA MROrounerm Aaa uMatpMnn PIAP u pocnonsay-
eMcA TeM, YTO ONpEAeNMTeIb NPONIBOLCHMA KBAAPATHLIX MATPMIL paBeH
NpOM3BEAECHHIO COOTBETCTBYIOMMX onpeaenurenett:

det(P'AP - AE) = det(P'(A - AE)P) =
= det Pldet(A — AE)detP = det(A - AE).

Takum 06pPa3oM, XapaKTepHCTHYECKMe MHOMOUNCHH, & C¢ACJOBATRIBHO, H
coScTBennble yuena Matpui A U PUAP copnansior. CooTBercTBylOmine
cOGCTBEHHBIE BEKTOPH T M T HEe COBRAAAloT, HO, KAK HETPYAHO YCTAHO-
BATb, ORM CBA3AHH PABEHCTBOM 2 = Px’.

Eenn 6b1 MaTpHy A ¢ NOMOWBIO NpeoGpa3oBAHMA NOAOGHA MAM nocse-
JOBATENBHOCTY TAKHX MNpeoGpasoBAHMA yAanoch MPUBECTH K BepXHEMY

TPeyroJibHOMY BHMAY, TO NpoGneMy BHIYMCISHHMA cOGCTPEHHHIX 3RAYeHH
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MOXCHO 6ul10 6H caUTATE pemeRRof. [Jeno B TOM, yT0 ¥ BepxHeit Tpeyrons-
HOA MATPHMUL

by b2 ... ba
=0 tmo e

0 0 ..

(8.5)

COGCTBCHHEIMM YMCAAMH ABAAKOTCA 3MEMENTH CAaBHOA aWarouanu b, B
3TOM RETPYAHO YGeAMTLCA, €c/IM 3JANHMCATh XAPAKTEPMCTHYECKMA MHOro-
unen: det(B - AE) = (b = A)(b2 = A) ... (bum = A).

OkaaniBaercs, 4T0 Npeo6pa3oBaRHeM MOAOGHA MATPHLY A MOXHO mpH-
pecTH K eme Gofiee mpoctoMy Buay, wem (8.5). Cnpaseanusa (cm. [23))
CNeAYIOWAA TeOpeMa.,

T eo pewua 8.1. robyw xeadpamuyio wampuyy A ¢ nomousro npeob-
PA306aNUSR NOJOEUR MOXNO RPUGECTIU X CAedyroweny oudy:

Ao 0 0 .0 0
0 Ao 0 ..0 O

PiAP=A= |0 0 X a0 0 (8.6)
0 0 0 0 e 4\--[ d'.-l
00 0 0 ...0 JAn
3nmeck Ap, Xy, ..., Ay — coGcTBeHABE uncna MaTpunx A. Uneaa ¢, npuun-
MaloT OZHO M3 Apyx 3Hadenmil { uau 1, npuuem ecnu o, = 1, To 06a3a-
TENBHO A; = Ayt
Martpnua (8.6) Ha3uBaerca xopdanosod gopuoi mampuys A.
3. Marpsnu upocrolt crpyerypu. B 3108 rnase ocoboe BHHMaRMe
GyOeT YOENeHO Aampuyam npocmod cMpyxmypw, T.e. MATPHIBM, KOTOpble

€ AOMOINBIO APeo6Gpa3IOBAHUA MOMOGHS MOXHO MPUBECTH K AHATOHANBHOMY
BHAY:

MO .. 0
PiAP=D=10 2 - 0 (8.7)
00 .2

3anmunem pasercto (8.7) B Buge AP = DP u a3amerus, YTO OHO BEpHO
TOrAA H TQABKO TOCZA, KOLAB KaxAabiil - cronben MaTpuun P amaserca
COGCTBEHHLIM BEKTOPOM MATPHUE A, OTBEYAIOWINM COGCTBEHHOMY 3HAYEHHIO

A; Takun 06pa3om, BepHA cIEAYIOUIAA TEOpeMa.
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Teopewua 82 Mampuya A f0agemes mampuyed npocmod cmpyx-
myps moida ¥ moaske motda, Xo10a OHA UMEEM M AUKEUNO NEIAIUCHUME

COBCOEHRNZ deXMOpPOa €, €, ..., €y, OMEIENGOUUT COOCMICHNNM INTYE-
xusa Ay, Ay, ..., Am coomaemcmaenno.
Vkaaanupie B TeopeMe cOGCTBEHHLIE BEKTOPH €, €, ..., €, OOGpPA3YIOT

Ga3uc B NPOCTPAHCTBe m-MepHuX BeKTOpoB. IloaroMy Kamawmift m-smepHuif
BEKTOp £ MOXeT ORITL OAHO3HAYHO NMPefcTablieH B BHAE nMHelinOA koM6GM-
HAUMHM ITUX BEKTOPOB:

E=ce + 6+ ... + Cplny- (88)

Kakue xe MaTpMUpl 3aBEJOMO MOTYT ObITb MpHBERERBl K AMBrOHANb-
noMy BuAY? Cnefyioiupe fBa NpeA/OKEHUA YACTHYHO OTBEYAIOT HA 3TOT
BOMpOC.

Teopewa 83 Ecau ace cobcmoennse axavewus mampuysn A pas-
AUNND, MO ONG SSASEMCI MAMPUYEE RPOCMOL CMPYKMYPH.

Teopema 84 Eciu A — seupecmoennas cuMuempuunas MeMpuya,
mo ona nodobua Juatonasswotl wampuye, npuvem mampuya nodobus P
aoxem Gums embpana opmotonassnot (m.e. ydoesemoopRioued yCA0ouw
Pt =pr)

4. Jloxanmaanma cobcrpemunix 3Ha%9eBRR. C NOMOWIBIO TAK HA3BIBAGMLIX
meopems AoXaauadyuu MHOTAA YAARETcA MOAYYMTH TPyGbie OLERKH PACTONO-
MEHHA cOoGcTBeHHbWX uucen. ManoxHM caMulit M3becTHHR M3 ITMX peayie-
TaT0B — Teopemy lepuwropunal.

Myers rp = E Jay| — cymma monynen BHeMErOHANEHBIX MEMEHTOR -t
&l
J#
crpoku Matpunn A. O603nauMM uepe3a S, KpYr palMyca r; Ha KOMMJeK-
CHOM TMAOCKOCTH ¢ LEHTPOM B TOUKe gy, T-e. S; = {2€C : |z - ¢,| € n}.
Bynem HasniBaTh Kpyrn S, spytanu [epwiopuna. FMeer mecto cnemyiomee
yTBepxAcHHE,

Teopewua 8.5 (reopema lepmropuma). Bce cofcmeennsie anavenus
amampuys A sexam @ obsedunenuu xpytoo Sy, Sz, ..., Sm.

0 BozsMeM npoM3BOnbHOE cOGCTBEHHOE 3HAYEHHE A MaTpHUb A W coOT-
percTeyIomnit coberpennnilt pexrop 2 Ilyere z; — maKcMumanbHaa mo Mo-
AyMO KOOPAMHATA BEKTOpa T 3amuileM - ypasHeHue cMcreMu (8.1) B
cleyloleM BHOE:

(au-2) 5, =-L a3,

F

1 Cemen Aponosuy [eputropum (1901 — 1933) — poccnmckni MaremaTHk. Pe-
3YALTAT, 0 KOTOPOM HAet peub, 6bin onyGaKkoBaH uM B 1931 r,
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H3a aroro pasencrsa ¢ yueToM ouenku |z,/z| < 1 cnenyer nepasencrso

faa—A| < E Idul
Ft

i:Jl €.
I

Tarum o6pason, IES, I

Mpuuep 8.2. Insa Natpullbl

A=|-056 -35 15

-2 05 05
08 05 05

kpyru lepuiropuna uao6pakennt Ha puc. 8.1. 3necb n = 1, R =2, i = 1.3.

N

wi olasi |2

Puc 8.1

Chefytolinil pe3ynbTaT SBAAETCA MONE3HHM [ONONHOHMEM K TeopeMe
Tepwiropuua.
Teopewma B6. Feau k xpyroo Iepuropuna obpeayrom samxnymyw

obasacms Z:, UIOAUPOSANNYI0 OM IPYLur Xpytod, Mo 8 G nazodumes poano k
cobemaennmz anavenvi mampuysi A (¢ yvemou uz xpamrocmu).

Cnepncrene Fcau xaxoi-subo xpyr lepuiiopuna usosuposan, mo
0% codepxum poexo oduo colcmaexnpe anavenue mampuyn A.

lipuuep 8.3. nn watpuusl A 3 npuuepa 8.2 B obvenHHeHHH KpyroB 5 U S
HaXOMTCH POBHO Ba COGCTBEHHBIX 3HAYeHWs A; H Aj, a Kpyr S; CONEPNMT poBHO
ofiio cobcTBeNHOe aHadeHne Ag.

5. Oraomesme Panes. [lpy BuuMcaeHun cobersenHnX uMcen 1 cobBeT-
BEHHBIX BEKTOPOB CMMMETPUYRKIX MATPHL BAXKHYIO POAb HrpacT QyHKIMA
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= (459
px) = (20 (8.9)

Ha3niBaeMans omxowexuen Psaesl. Cneayiouee npeanokenme YacTUyHo
00BbACHAST 3HAYEHHE 3TOA BMUMHB.

Teopewua87 Mycmr A — cumuempuxnas mampuya. Toida cnpa-
dedauon caedyrowue ymaepxdenus:

19) cunutGAdNOe ¥ AMAKCUATAINOE COBCMOENNDIE INGNENUS memPuyd A
gunucagiomes no gopayaou

Amin = min p (3), Amax = max p (z);
z #0 £ #0

20) sexmop T soasemcs cmayuomapnod mouxon Gynxyuu p (z) (m.e.
ydoasemaopsem ycaoauro grad p () = 0) moida u moasxo moida, xozda
£ — coficmoennsiti sexmop mampuyy A.

[IpH nocTpCEHNMM MeTONOB pelllenns npobieMbl coGcTBEHHMWX 3HaYyeHUA
CYUWIECTBEHHO MCMONAB3YeTc TO OOGCTOATEALCTBO, UTO €C/IM £ — XOopollee
npubanxenne K cOGCTBEHHOMY BEKTOPY €, TO p (Z) — Xxopomee npubauxe-
HHe K cOGCTBEHHOMY HMCHY A

6. OGycnomneHEOCT: 3aJAYH DLIYHCACHHA COGCTPEHHLIX 3Hadeumill B
cobcrpenanix pexTopob. Ilycts A, — MATPHUA ¢ OPUGAHKEHHO 38J8HALIMH
aneMeRTaMH “:; N a,. O6o3nayuM uvepes A; (j=1, 2, ..., m) cobeTBennne
yncna MaTpuud A,. PaccmoTpenne Bonpoca 0 TOM, KaK BAHAET morpeul-

ROCTh 38ABHMA MATPHOB HA MOCPELIHOCTD MCKOMMX cOGCTRPEHHBIX 3HAYE-
HMA, HauHeM ¢ GOPMYNHPOBKH CAEAYIOLIEr0 H3BECTHOrO Peay/bTaTa.
Teopewma88. Tyems A u A, — cusuEMpuULNME HAMPUYY, 8 A) U

4\; — ur cobcmoennue VUCAQ, ynopsdovennvie no dospacmanur. Totda

CRPAGEIAUSH OUENKU ROLPEULHOCTIY

max X -A7 | <|A- Al (8.10)

1€ j<m

LE (A= A3} bola-ale (8.11)
0

Teopema 8.8 oanauaer, 410 3a/1a48 BHYHCAESHNA cOGCTPEHNKHIX 3HAYSHNA
CMMMETPHYHEIX MBTPHL OueHb XOpollo oGycaornena. CnenosaTeNbRo, B

! Nokon Ynawsn Ponent (1842 — 1919) — anrnufiekuil HGHIMK M MATEMATHK.
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ITOM ciiyuase coGcTBeHHbIe yHC/Ia HAMEKHO ONpefenfAloTes 3afaHMeM /e

MEHTOB MaTpHub. K coxanemmio, 1A HeCMMMETPHMUYHKIX MaTpunm Aeno

06cTOMT coBeem Munave. XOTA 23aflaua BEIUMCICHMA cOGCTBEHHBIX 3nauyeHMi

H B 2TOM cnyuae ABAAETCA YcTOfuUHMBOHA, ANA MHOMMX HECHMMETPHYHbIX®
MATPHIL cOGCTBEHHBIE SHAYSHMA YPedBhiuallHO YYBCTBHTE/ILHL K MOrpeuno-

CTAM 387 aHHA KoadpHIMERTOB,

NMpusep 8.4. Mpupenen npunannexawmn M. X.Yunkuncony [83) npumep mar-
pMuB, ovelb TMAoXo oﬁyocnomlenﬂoﬂ N0 OTHOWEHHK K Tlme"e mﬂuux
JHaYeHUA.

CobcTBeHHBIMH YHCTTAMM BepXHell TpeyTo/lbHOM MATpHULL 20-To nopsaaka

202 0 0..00
019 20 0..0 0
a=|0 0 18N 00
00 0 0..22
00 0 0..01

sBamoteA yuena Ay = 1, A; = 2, ..., Ay = 20. 3ameruu, 410 ANA 2104 MaTpHUE
XapaKTepucTHYeckHA MHOTOMNeH Poo(A) = (20 = A)(19 - A)...(1 = X) Tombko Anuis
3HAKOM OT/IHYaeTcst OT MHOTOWIEHa, PacCMOTPeHHoro B NpHMepe 3.8 B cBAan ¢
naoxofl obycnoBnenHocTbio ere Kopuehi. Jlo6asuw Manoe € K QJeMenTy a1 =0.B
Pe3yALTATE XaPAKTEPHCTHYECKOE YPaBHENHe NpMMer BUA

(20 = AX(19 = X) ... (1 = A) = 2019¢.

lipu € = 10°10 coberpennble aHaueHMA BOIMYWIEHHOA MATPMULI TaKoBbi: A '
80996, A, w211, A N257, A7 #3097 £1.004, A7, 858021954 A7 «

N8.12% 2534 Af M 10522734 AL, N 12042534 A7, w151t

£ 1.95 3 -\l‘a'[, 8170 £ 109 ., AI.G N 184, A, ~ 189, )«2‘0 N 20.0 Kak
HeTpyYaHO BHAeTh, GONBUIMHCTBO 3HAYEHHA OKAJATIHCH MOMHOCTBLIO MCKAKEHHBIMH.

OTtuernM, uTO uneno obycnosnennocTy cond (A) MaTpHun A He xapak-
Tepnayer 06YCAOBNCIHOCTD MATPHIB MO OTHOWEHHIO K npoGneme coOcTReH-
Hux 3ayeRMd. OKA3MBAETCA, YTO TAKON XAPAKTEPHCTHKON YyBCTBHTENb-
HOcTH cOOCTBEHHHX 3HAYEHHMIt OTHOCHTENBHO MOTPElIHOCTH 3afaHMA MAT-
PHUB AAA MATPHUB MPOCTOA CTPYKTYPH CAYKHT YHEno 06ycnoBiieNHOCTH
mMaTpuON P, cTon6um KOTOpON ABASMIOTCA COGCTBEHHLIMM BEKTOPAMM MBT-
puue A. B nonTBepxaenHe CKa3AHHOIO MPHBEAEM CNEAYIOWMI peayabTAT.

Teopewua 89.1lycms PVAP = D, 10¢ D — duatoncarnes wampuye
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u3 cobcmeennmz anaxexud uampuym A, u nycms d = condx(P)|A - A,|.
Totda xaxdoe cobemaennce anavenue mampuyss A, yoaeeno om uexomopo~

to cobcmeennolo anavenus mampuym A ne Boree vem wa d.

IIycts £ — cO6cTBeHHBA BeKTOp MBTPHUMN A, oTBevalomuit coGeTBeH-
HOMY 3HAY9eHHIO ), 8 ¥* — CcOGCTBEHHMA BEKTOP NPHOIMMKEHHO 3afaHHON
MaTpuus A,, oreevalomuii coGerBeHHOMY 3Haueunio ). [lpexae uvem

ob6cyxkaTh 06yC/TORNEHHOCTh 3aflAYM BHIYHCTIEANA COGCTBEHHOIO BEKTOpA f,
3aMETHM, YTO 3ech BOMPOC 0 BHGOpe Mepn GNH3IOCTH BeKTOpOB £* M £ He
ABAAETCA TPHBHANBHEIM. Bu60Op B KayecTBe TaKOH Meph BeNWYMHE
Iz - z°| neymaven. Jeno B TOM, YTO cOGCTBEeHMBE BEKTOPH £* M r He
onpefendloTcs OfHO3HAYHO. BO BCAKOM ciiyuae mnocine YMHOXKEHMSA
KRXIOrO M3 MMX Ha J1o6bie uHcaa a; # 0 ¥ az # ( nonyyeHHue BEeKTOpH
®2" M oz cHOBE ABIAIOTCA coGerBenuuiMu, [loaTOMy MMeer cMbich
CTPEMHTBCA HE K TOMY, YTOGH BeKTOPH £* M £ Gbian GAM3KH NO HOpMe, a
K TOMY, 4TOGB OuM ObinH Gau3ku no Hsnpasnenmio. Mexomm Ma 3toro,
npHMeM B KayecTse Mephl GAM3aocTH £° K * Beamauuy |sin |, rae ¢ —
YFOJI MeXAY BEKTOpaMH £° M 2, BuYMCAAeMuA o Gopuyae

@ = arccos [i%:i-l—:ﬂ

3a7aya BHYMcACHMA cOGCTBEHHEIX BEKTOPOB CHMMETPMYHON MATPHIL
xopomio O6YC/IOBJIGHR, CAK cOGCTBEHMLWE 3HAYEHHMA XOPOIWO OTAeNeHH
Apyr or npyra. B noarsepxicHue CKA3AHHOrO NPHBEfeM CJAGAYIOMA
pe3yMnbTAT.

Teopeua8.l0. Tyems A u A, — cusuempuvnvie wampuys. Totda

acpNa oyenxa

|sin | € ]A—__r—i“l—’

3decy p — yroa mexdy eexmopasu T* u X, ¢ Y — paccmosxue om A* do
Sauxaduiero ud Kecoonadawowuzr ¢ A cobcmoennniz anavenud mampuyst A.

B cnywae, korpa MaTpHMima A HecuMMETPHYMa, cOGCTBEHHBIE BEKTOPH
MOTYT OKA3ATHCA OYeHb NA0XO O6YCNOBNEHHLIMH.

3ameuanue Illopannaomee GONALIMHCTBO BCTPEYAIOMIMXCA HA

OPAKTHKE MATpMIL ABIAIOTCA MATPHUAMM MpPOCTOH CcTPYKTYPH. 31O

OGCTOATENBCTBO, & TaKkKe GONbUIAA MPOCTOTA AHANM3A METONOB BHYMC-

neuft ¥ QOpPMYNMPOBOK COOTBETCTBYIOIIMX PpE3YALTATOB MO3BONAIOT
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HaM B OCHOBHOM OCTAHOBHTBCA HB mnpoG/ieMe ¢OGCTBEHHHIX 3MaueHuit
AJIA MATPHL, NPOCTON CTPYKTYPH.

§ 8.2. Creneanoit Mero

Mycre TpeGyercA BLIUMCANTL MAKCHMANBHOE MO MORYAI0 cOGCTBEHHOE
3HageHMe A, MATPHUH A, NpHYEM M3IBECTHO, YTO

Al > 122] 2 [2a] 2 ... 2 [ Aml. (8.12)

3ameynune CobcTseHHOE 3uAYEHNE A B JAHHOM CAY4ae NOMNKHO
GHTb BEUeCTBERHKM, MOCKOJABKY B MPOTHBHOM Clly4ae cOGCTBEHHBIM
3HAYeNMEM OhMO Gbl TAKAE PABHOS eMy MO MOLYNIO YHCAO A|.

1. Cremeamoil meron Ges capuros. OnuiemM npocTefilinfi BAapHaHT

CTeIeHRON0 METOMR, MPUMEHAEGMOrO NNA BHUMCIeHMA A;. Bosbmem npoma-
BONbHLIA HAavansHHR BEKTOP £(?) M NOCTPOMM MOCNENOBATENBHOCTH BEKTO-

poe {z'© )L u npubamkennt {A(0}, Kk A, ucnonsays dopuyan

gb = AglkD : (8.13)
:l*l' ’(k'll

3ameuanue. Mpasas uacts ¢popmynst (8.14) — 310 mpocro oTHO-
menne Panen, Buuscaennoe npu z = K1), B camom pedne, l‘lh =

= (AstdD | gD /(gD pthD) = p (gthD),

Cnpasepnupa caefyiollas Teopema.

Teopema 8.11. Tyemv A — wampuya npocmoti cmpyxmyps, das
xomopol asnoaneno ycaooue (8.12). JIpednoroxum, xmo ¢ passoxexuu

2O = e + 06 + ... + Cmem (8.15)

ne 6aaucy ui cobcmaexwmzr aexmopos xosdduyuenm ¢; Ne pasen HyAw.
To1da 4\{"' -+ Al npu k= o 4 ecpNa oyenxa omuocUMeEAINOU ROIPEWNOCNY

k) _
SA(R) = JLITIJI <cC |%|" (8.16)
1 1
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0 Kak nerko ycranosuts, pextop =' ¥ ynosnersopser paperersy (b =
= Akzl0) t1e. nonyuseres u3 0 yMHOXeHMEM HAa k-10 CTENEeHbL MATPMILH

A (orciona u naspanne merona). Tax kak Ae, = )¢, 10 Ake, = A'fc. ",
CNIelOBATENLHO,

st = pkgtor = J.fc,q + .\’{czeq 4+ .+ Af.c,.c. (8.17)
(k)
Moaoxum z( % = . 1 saMeruM, 90 2K < ¢ e npy k ~ , npuuem
AT
WL Aal¥
wh =zb —ce = 1=Z] ey + ... + || Ctmem
A Ay
A' .x;
Tak kak |—| € || ana Beex 1 2 2, T0
A Al
A k
Joth ] < c ,\—fl . (8.18)

Teneps HeTPYAHO YCTAHOBHTH, YTO

_y (3th, gtk (a4, qa) _
A'.llh - “l (:lk"ll‘ ’(k'l])-.‘\l (qql qq_%_ 1

npu k -+ ». Boaee Toro,

AR = M| _ @bh—akD, gkD)  (wh— eibD, gD
T = SFETFEDy S (aET g ey (8.19)

Hcnoasaya uepasencrso Komm—Byrakoeckoro |(x, )| < |=|:Isl,
MMeeM

[(w'h — @tk kD] Juth - wikD k| (8.20)
H3 paeencrsa (8.19) » onenok (8.18), (8 20) cneayer, uro
oy Ty S wh 4 |ekn] WL
g <l e <a 7]
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3amMeuanne 1. B peficteurensnocty Teopema 8 11 cnpapennnea
ANA OPOH3IBONBHLWX MATPUL, YAOBJAeTBopRiowmx ycrosuio (8.12). Mpen-
nojOXKeHHe O TOM, 4TO MaTpuua A — mPOCTOR CTPYKTYpHi, NOTpeGopa~
JI0Ch ANUL AR YNPOISHUA AOKA3ATENLCTEA.

3ameuanne 2 Ecm || > 1, 10 [20] » o npu k » o (em.
dopmyny (8.17)) M npM Buuncienmu na OBM  BoaMoxHO
nepenonnenmne. Ecam xe |[A] < 1, 7o |s®] + 0 u poamoxno
HMcye3HopeHMe nopaaka. [Ins npepynpexaenya ITHX cUTYanMit o6HIHO
BekTop x'X' wopMmMpylOoT, HARNpUMep, TaK, 4TO6H [zt ] = 1 ana seex
k 2 1. Opua u3 vcnonbayemunx MoanduKaumit TaKoBA:

'Hn = A,tk-n' b = ('lh’ ,(l-n)’ gtk —

k
T:'—(":_l . (8.21)

Mpeanonaraerea, uro |29 | = 1.

Teopema 8.11 ana Merona (8.21) ocraerca cnpasemnupot. Bonee Toro,
nocnenosaTensHOCTL £ X eXOAMTEA K cO6CTBeHHOMY BEKTOpY NO Ma-
npasnennio, T.e. sin % + 0 npu k + w, rge p'¥ — yron mexay sekTo-
pamu (k) ¢

3amevanme 3. Kpallhe manopepoATHO, uTOGH B PainiONEHMH
(8.15) sexTopa 2(0! no co6cTReMMEIM BekTOpaM K03GPHIMEHT ¢ NPY ¢
oka3lanca pasubiM Hyal0. Teopernueckn B 3TOR HCKAIOUNTENBHOR CHTY-
BUMM METOM He AO/KEH [aBATh CXONAULYIOCA K A) NOCAELOBATENBHOCTD.
Opnako npn BuuMcneAuu wa 3BM no ¢opumynam (8.12) uepea ue-
CKONbKO MTEpauMil BCAEACTBHE NOTPelIROCTEH OKPYTAEHMA MOUTH Ma-
BEpHAKA MOABHTCA HEHYNEBON KOIDOHUUMEHT NpU € B PAINOKEHHM
sektopa z'F . Hrepaunonusii nponece cHOBA OKaKETCA CXORAMMMCS
(apaBpa, noTpeGyeTcA BHMOARMUTL GONbLIGE YMCIIO MTEpauMit).

2. Apocrepmopaas OlieHKa NorpemmocTH. B obweM cayyse ana peme-
AMA npo6neMu cOGCTBEHHBIX 3HBYEHMA He cymecTBYeT IPPeKTHBHHX
BNOCTEPHOPHLIX OLEHOK MOTPELIHOCTH, B OCOGEHHOCTH JAJA COGCTBEHRHIX
pekTopos bBonee npocToR 3Ta MpoGneMa BHLAAAMT ANA CUMMETPHYHbLIX
MABTPHI,

Jlna ouenkM norpeinocTH npuGAMMEHMAR L' K cOGCTBEHHOMY 3HaYe-
HHMIO A CHMMETPHYHOR MaTpMUB! MOJIEAHO HCMO/NL3OBATH CAELYIOUYI0 Teo-
peMy.

Teopewma 812 Tyems A* — npoussoasnoe wycso, a £° — npous~
soxdn it Nenyaeaon eexmop. Torda das w60l cuumempuxxoy mampuys A
CYuecmoyem cobcmaexnoe INaveNue 3mod uamMpuys A maxoe, umo cnpa-
0cdAuea oyeNxa



JAz® - X°z°|
< : .

[A -2 (8.22)

Ecnn 2* — npr6anxenno BuuYMcaeHNRil cOGCTEBEAHRA BEKTOP, TO Hepa-
BencTBp (8.22) MO3BONAET AATHL MPOCTYIO ANOCTEPHOPHYIO OLEHKY MOrpet-
HOCTH BHIYMCIEHHOrO cOGCTBEHHOrO 3Hauewus A°. B wacTHOCTH, ANA cre-
nennoro Meroas (8.13), (8.14) ma (8.22) cmeayer Takas amocTepMopHan
ONEHKA:

k) (k) _(k-1}
PYRPYEIRY it i
Ixak-lll

(HanoMHuMM, YTO 3[iech NPEANONATaeTCA CHMMETPHYHOCTE MATPHIM A).
MycTs £°* — HeHyneBOt BEKTOP, PRCCMATPHBaAEMBI Kak mpHGAMKEHHE K

cOGCTBEHHOMY BEKTOPY £, KOTOPhIft OTBeYAeT COGCTBEHHOMY 3IMAMEHMIO A.

Jlanee, nycts p* = p (2*) — ornouienne Panen, r = Az* — p*z* — Bexrop

HeBA3KH, 0 = '?'l;l . Ecan co6cTBeRnOe 3HAYEHME A XOpPOUIO OTHENEHO OT

OCTaNbHHX COGCTBEHRHX 3HAYCHMA MATPHIEN A, TO AA OUEHKH MOrpemHo-
€TH MOXET GLITL MCIONL30BAH cHeAYIOMIMI pe3yAbTAT.

TeopewuaB.l1d. [Tycms X — Sauxatwee x p* cobcmeennoe anavexue
cuumempuunott uampuysi A, £ — coomeememoywwul cobcmoeNnmd oex-
mop u @ — yr04 mexdy sexmopanu £* u 2. Totda cnpaeedauen oyenxu

. ['4 o o~ 0%

lsin @] <2, 1A=p*l <.

3decs ¥ = min |, - p*| — paccmoaxue om p* do Gauxaduwero uz omauv-
A

NWZ om A cobcmeenntiz Inaxexud uampuyws A.

IIpuBepeM ellle OAHO BAXHOE ¢BOACTBO CHMMETPHYEKX MATPMIL

Teopewun 8.14. Tycms A — cusmuempuunas xempuya, ° — npousr~
004WNMG neNyaeaon eexmop, p° = p (z2°). Totda p* u z° sessromcs mov-
N AL COGCMOEHNMA NUCAOL U COCCMOCHNNA 0eXMOPoM ReXoMopod mam-
puys A, das xomopot

[A- Al = 0. (8.23)

Ouenka (8.23) moker 0KR3aTHCA OYEHb NONE3HOA ANA OOGPATHONO aHa-
nu3a OMKGOK (0 cymiecTBe TAKOrO MOAXOAA K AHANM3Y OMGOK MH NOBOPH-
mn B § 3.6). Hanpumep, ouens yacTo marpuna A, nas koropoit va 9BM
MPOM3BOAMTCA BHYHC/IeHNE cOGCTBEHHMX 3HAYEHHIR, ABNACTER ANML NpHUG-
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NHKEHHBIM NPEACTaBAeHneN "WueTumuoit” MaTpuus A, coGCTBeHHbLIMH
3HAYCHUAME M BEKTOpPAMHM KOTOpPOR B ASACTBUTENBHOCTH M MHTEpecyeTes

weenegosarenn  Ilycrs u3secten nopagok norpemHoctn £ = A - A

NpubINKERNo 3aAaHHOA MATPHUK W AAA HalgeHHON napwm £°, p° =

[4s° - p %)
T

YMHOIl € MM fake CYUIECTAEHHO MeHbwe ee. B tako#t curyaunn p* u z*

OKA3KIBAIOTCA COGCTBEHHBIMM 3HAMEHHEM M BEeKTOpPOM MATpuub A, KOTO-

= ¢ (z") Benuuuna o = OKa3HBAETCA CPABHHMON ¢ BeaM-

pas OTAMYaercs OT "HCTMHHOA" MaTpUUL AOYTH TaK Xe, Kak OTIHYAeTCA

or Hee matpuna A. Bpag nu Toraa caenyer CTPEMMTBCA K NONYUEHHIO
"6onee TounLx" peureHnn.

Mpwuep 8.5. Hcnoawsys creniennod Meron, Haigew ans Matpuusl (8.5) Mawcu-
MalbHOEe No MoV cofcTheHHOe aHaveHwe A, a Talke oTBevaloWWA emy cobrr-
BEHHLIA BEKTOP.

Boabmen (9 = (1, 0, 0)T u 6yzem Bectut BLIYMCTeHuA no dopNynan (8.21).

Intepauusd Boumcnsen yi'' = 2e(® - 9240 + 52{0 = 2, yib

= 1.22{0) - 5309950 + 6240 = 1.2, {1 = 0 - AO - 7550 = 1,

+ 1220+ 1:0=2

(1)
Janee, Jy'| = {22 + 1.22 + 12 = 253772 u 21 = ]%”TI ~ (0.788110,

0.472866, 0.394055)T.

PeaynbTaThl NCCATM NEpPBEIX WTEPALMA ¢ LWIECTBIO 3HAKAMM MAHTIICCHl NpUBege-
Hbl B Taba 8.1

Ta6nuuasdl

Howuep

MTepa- A k ,Eh zakl _r&kl
uun k

0 - 1.000000 0.000000 0.000000
1 2.00000 0.788110 0.472866 0.394055
2 -1.24159 —0 250056 0.266743 -0.930763
3 —6.08121 -0.611733 —0.593143 0.523415
4 -9.50971 0.700557 0.583736 ~0.410455
5 -8 23499 -0.716752 —0.579514 0.387853
6 ~7.94591 0.720030 0.578443 -0.383353
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Ilpodosxenue maba. 8.1

Howmep

uTepa- ,\; 7] 11 k 1.12 k) ,ts )]
umn k

7 -7.88567 —0.720635 —0.578216 0.382446
8 -7.87462 0.720729 0.578174 —0.382446
9 -7.87294 —0.720739 —0.578167 0.382437
10 =1.87277 —0.720739 0.578167 —0.382437

XoTa Mbl Me MMeeM B NAHHOM clyvae 0GOCHOBAHHOTO KPHTEPUA OKOHYaHWS, No-
BUAMMOMY, NpH k = 10 crefyer npekpaTHTh BRIYMCIIEHUA W, OKDPYTIIAA PeayNbTaTht,
nonoxute X, 8 —7.873, ¢ ~ (—0.7207, 0.5782, —0.3824)".

BaxubiMM ZOCTOMHCTBAMM CTEMEHHOrO METO/A ABJAIOTCA €r0 MPOCTOTA,
BOAMOKHOCT: 3PPeKTUBHOre HENONb3OBAHMA PAIPEKEHHOCTH MATPMUN M
OTCYTCTBHE HEOOGXOAMMOCTH Npec6pa’oBaHuA MaTpunbl A.

HenocTaTok MeTOZa B MPHMEHEHMH K MHOTMM MPHKASAHLIM 3ala4aM —
AOBONABLHO MeAJIeHHAN cxoAnMOocTb. YacTo B npnaokeHuax 3navenmne |A,|
OKa3biBaeTeA GnH3KMM K |A[|. Tak KaKk ¢KOPOCTh ¢XOAMMOCTM CTENEHHOTO

A
METOJIa ompeaenAeTca BeAHUHHOA |f| % 1, TO B 3TOM cAy4se CXOAMMOCTb
I

GyneM oveHb MefneHHOA.
3. Crenempoft Meropt co capmramm. CyuiecTByer HECKOABKO ¢Noco6oB
NpeoRoNeHnA ykalaHHON TpyAnocTH. OOMN M3 HHX JAKJIIONAETCA B NpUMe-

HEHMH CTEMEMHOro MeTofa He K MaTphued, a k matpune A = A - oF, rxe

¢ — Hekoropoe 4Hcao. COGCTBEHHBIMM 3HAYCHMAMM MATPUUL A ABAAIOTCA

yMcna Ay — 0, NOAYYACMbIe CABHIFOM COGCTBEHHHX 3HAYEHMMIl A, Ha uMeno 4.

Ecan uncno | — ¢ no-npeXHeMy OCTAETCA MAKCHMANBHKM MO MOAYII0, TO

cllelyeT NOMLITATLCA MOJOGPATh ¢ TAK, 4TOOH CHENAT BEeJTHUHMRY
Ay - @

max
4\1—0

2<1<n
YEeHMA NONOKHUTSBHL, TO TAKOR MHUHMMYM focTHraercd mpuH ¢ = (A; +
+ Am)/2.

Iocne T0ro kak npubauxenne A; K cOGCTREHHOMY 3HAYEHHIO BRIUMCIE-

MuHAMansHOl. Ecnn, wanpumep, Bce cOGcTBEHHHE 3HA-

HO, CTeNMEHHOH MEeTO[ MOKHO MCIOVIBIOBATh A/A BbIYMCIEHHA OYepPefHOro
cobcTBennoro anavenua. OZMH M3 NPUEMOB TAKOTO MCAOJB3OBAHHA COCTO-
AT B capure coGcTeHHLX 3navenuit wa o = A’ B srom cayyae uncno
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A - AI‘ tTadeT MMMHMANBHBIM M0 MOAY/I, 8 MAKCHMMANBHHM M0 MOAY/AI

OK&KeTCA CABMI APYroro cOGCTBEHHOTO 3KAYECHHMA.

Cywecrsyer HeCKONBKO CNOCOGOB MIGABJIEHHA OT Yke BBIYMCIACHHBIX
COGCTBEHHBLIX YMCEN M COOTBETCTBYIOIINX COGCTBEHHBIX BEKTOPOB ¢ LENbIO
M36eKaTh MX MOBTOPHOTO BHIYMCAGHMA. DTH CMOCOGH MPHHATO HAILIBATH
ucxepnusanuen. Bonee noppobuyo undOpMaUMIO O HHUX MOXHO HalTH,
wanpumep, 8 [19], [62].

§ 8.3. Merox of6paTanx ETepammy

1. Buuncnense coGCTBEAHLX BOKTOPOB METONOM OGPATHEIX HTepAINi.
Muorne 3 Meronoe pewseHHs npoGieM cOGCTBEHHBLIX 3HAYEHMH nyuule
APHCNOCOGNEHH RAA BLIYMCIEHMA COGCTBEHHLIX 3HAYEHMH, YeM cOOCTBeH-
uuix BektTopos. [losTomy uenecoo6pasHo paceMOTperh 3aaauy BHIYMCICHHR
COGCTBEHHOTO BEKTOPA €, MPH YCNOBHM, YTO yke HANNEHO JNOCTATOYHO
TOYHOE NPUOANNKEHNE A; K COGCTBEHHOMY 3HBYEHMIO A;

Ecan uexonuts HENOCpeACTBEHHO H3 onpele/ieHuA cOGCTBeHHOrO BEKTO~

Pa, TO ¢; CreAYyeT UCKaTb KaK HEeTPUBHaNILROE pellenne opnopoanofl cucre-
Mbl YPABHEHMA

(A-3Ez=0 (8.24)

¢ BhipokaenHoRt Matpuuel A — \;E. Onnako ); M3BecTHO /MUle OpUGAH-
HEHHO M B AEHCTBUTE/ABHOCTH MPU TAKOM MOAXOAE BMEcTO cMcTeMn (8.24)-
NPUAETCA petlaTs cHeTeMy

(A - A;E)x =0. (8.25)
Tarx wak mMaTpuna A - A;E 38PCNOMO HEBLIPONKIEHR, TO pellleHHeM cHCTe-

Ml (8.25) seasercAa Tonpko £ = 0. CaemoBaTenbHO, MENOCPEXCTBEHHOE
upcnenHoe pewenne cucreMnl (8.25) we MaeT BO3MOXKHOCTE BHIMHCAHTB
¢O06CTBEHHB BEKTOP.

OnHuM 13 3QPEKTHBHLIX METOROB BLIMHCIEHHA COGCTBEHHBX BEKTOPOB
ApnAercA wemod obfpamwwr umepayuu. B 3roM MerOose npuGAMkenMA k
€OGCTBEHHOMY BEKTOpPY ONPefeNAIOT NMOCNEeNOBATE/LHBM PellleHHEM CHCTeM
ypapuennii

(A- A;Ejyﬂ*l’ = gtk (8.26)

€ Nocnieayiouiell HOpMHPOBKON PeLleHNA:
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= [y - (8.27)

B xauecTse nayansHoro npnbanmenua GepyT Hemyneso#t pexTop 'Y ¢
APOH3BONBHO BRIGMPAEMLIMU MAN flaxke cny4yaflHLIMH KoMnoHentammu. Yacro
YIOBNETBOPHTENLHEM ABNAeTca BuiGop (9 = (1, 1, ..., 1)T.

Y7066 NOHATH MEXBHU3M AellcTBMA METOAA, PACCMOTPUM cay4all, Korga
A — MaTpuua NPOCTOR CTPYKTYPH, & A; — NpocTOe cOGCTBEMHOE 3HAYEHME.
NpencTasum BekTOphl {0 u y'!) B BuOe Auueflunx KOMOMHaumit cobeT-
BEHHHX BEKTOpOB €, €3, ..., Cn:

0 = 'EI cie, ¢y’ = 'El aje;.

Tak rak (A - ‘\;E)'l" = Ela,(}li - A;)q, TO cHcTeny ypastennit (8.26)
“

apu k = ( MOXkHO 3a0McaTb B BHAE

E af X - A;)e.- = 'E. ¢e;.
inl

i=]

llpupasunban ko3 PHUUHENTH NpH €;, MONYIHM &; = c‘—,— . Cnenosa-

A= ,\J.
TeNBHO,
Ll WD B
; 1 J ]
yo=f ey (egt L o ae). (828)
! J J ] o0 )
-3

Eenm |3 - A7 < |Ai = Aj| Ans veex i # j, TO BTOpOE cnAraeMoe B MPABOM
qactH ¢opuyan (8.28) mano mo cpasnennio ¢ nepeuM. Ilostomy gtl) =

24
# ,\_J—A‘ ¢; n BeKTOp §'!) okasuBaeTcA GAM3IKMM MO HANPABNEHHIO K

b
BEKTOPY ¢j.
MoxB0 moKa3aTh, uTO BekTOp 'K, BRHuMcaAemmi ua k-fi mTepanmu,
HMMeeT B,
mia - ANk
_ Y J ]
gtk = gih cjej -+ )2 T‘—:—:\-;;] c,-e,],
i3
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rze [0 | » | ¢}'| npy k + «. Bekrop ='*) exommTca K ¢; no wanparienmio
€0 CKOpPOCTHIO reoOMeTpMuYEecKOH nporpeccHH, 3nameHaTeNls KOTOpORt ¢ =

- X
_ max “'J' AJl
T i) A, - «\,’-I'
Ecnar aGconioTHaa NOrpelliHOCTL 3MAUEHMA A; MHOIO MEHbllie PACCTO-

AHUA OT A; RO GAMXKBILIIETO M3 OCTANBHHX COGCTBEHHBIX YMCen (4TO IKBH-
BANEGHTHO BLINONHEHMIO YCNOBUA |A; - A;| < |Ai- ,\;I ANA BeeX 1 # J), 10

METOZ, OGPATHRIX MTEPAUUll CXOAMTCA OYeHh 6meTpo. Unwe Bcero pocra-
TOYHO cAenaTsh 1—3 uTepauuy.

Mpuuep 8.6. Ucnonbaya werop obpaTHelx MTepauuf, HaffeMm H8 G-paapapmont
necamsHofl IBM coberBeHHMA BexTop Matpuum (8.4), orBevaromwun coGCTBEHHOMY

aHavetinio A; 8 A" = -7.8728.

Boapmen 0 = (1, 1, 1)T. Torna cucrema (8.26) npu k = 0 npumer Bua

9.8728n - 91 + 53
1.2 + 2.47203 + 633

1,
l!
n - w+ 037281 = 1.

Buiuuensns ee pelreiHe Meroaod [aycca, noaAyuMM y{" = -123909, yg“

= 09398.3, y%” = 65749. TMocne HOPMHPOBKH wNEEM z}“ = —0.720736, 1'5"
= —0.578166, z{1’ = 0.382440.

Toncrasnss B npasyio YacTb cucteMbl (8.26) BMecto Bektopa () pextop z(1)
M BbIMWCAAA pellenve, Haxommw y{2) = -B96TLS, yi» = —47867.7, ¥ =

= 31663.1. Tonyuennnie nocne HOPMMPOBKW 3JHaueHus I| D = ~.720737, z{?

= —0.578166, z{?) = 0.382440 ¢ MawWuHHOR TONHOCTBIO COBNAJAIOT CO 3HAYEHHMH,

NoMyyeHHbMM Ha NepsoR urepaumw. Mrepauuum cresyer NpepBaTs M CuwraTh pe-

Jynetatom Bekrop & % (—0.720737, —0.578166, 0.382440)T.

| 3amevanne |. Tak kak JL; NOYTH COBMANACT €O IHAYEHHEM Aj,
npu KoropoM det(A - )\,E) = 0, 70 MaTpuna A - A;E OYeHb MJIOXO

obycnosnena. BoaHukaer ecTecTBeHHOE ONAaceHMe, YTO GONbLIME MO~
rpelwHOcT, Henabextbie NpH peanvaalMy BHYHUCIMTENbLROrO Opouecca
(8.26), (8.27) na IBM, moryr cymecTBeHHO NOBAMAT: MA cBOHCTBA
npubanxednit. K c4actbio, 3T0 He TaK, OWIHGKA, BO3HMKANKILAA NpPH
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YMceHHOM pelllerHn cHeteMn (8.26) (koTopas moxer 6bTh NO BeAMYM-
He cpasnMMa ¢ ‘X)), okaamBaeTcA MOYTH MPONOPUMOHANBHOR BEKTOPY
¢;. B ZanuoM cayuase nnoxan o6ycNOBACHHOCTh CHCTEMb HE yXyALIAeT, a
yAy4uaeT CHTYauHIo.

B cnpaBedMBOCTH CKA3AHHOCO NECKO yGEAMTHCA, €C/IM MOBTOPHTH
BLIYAC/EHHA M3 mpuMepa 8.5, mcnons3ys mukpokaaskynstop. Mony-
yeHune 3paveHua 1) u y(2) gapepuAka GYAYT MMETL wMano o6wIEro ¢
YKa3BHALIMM B ApHMepe. Tew He Menee mpubanmenna 1) n 2
ApAKTHYECKN COBMALYT ¢ BHIMHCACHHBMH Bhillle, OTNUYAACH, BO3MONKHO,
TONBKO 3HAKOM.
3amevaunune 2. 3anucap pasencreo (8.26) B Bume gl =
=(A- ,\;E)'Ix'*', 3aMevaeM, YTO MeToA OGPATHRIX MTEpPAUMIA — 3TO

ApOCTO cTeneHHOR MeTOA, NpHMeHeHHb K MaTphue (A - A;E’)'l.

2. Meroa ofpatHnix mrTepammil ¢ McnoAL3OBaEMeM oTHOWleHRMA Panes.
Onuoft M3 npobfneM NPUMEHEHMA MeTOfA OGpaTHmX HTepauMil AsjseTcs
HEOGXOAMMOCTL MOAYYEHMA XOpOollero npHbnMxkeHUA Kk cobcTBenHOMY
auavenno. B cayuse, koras A — cMMMETpMYHAS MATPHUR, MOXHO MONL-
TATLCA MCMOABL3OBATL ANA Ouewku X, ornowenne Pones 3tor nomxon
MPHUBOANT K clefyrolieMy KOMGHHHPOBAHHOMY METOAY.

Al = p(eth) = (Asth  gtbr) k30, (8.29)
(A= dth Bygtkety = gthr (8.30)
gD y oo

= WI- . (8-31]

Mpeanonaraerca, 4T0 HayanbHbiA BeKTOp x(?' Mopumposan, T.e. 20| =
=1.

Ecnan HauaneHOe npHGAMMEHHe XOpOUIO anmpoOKcHMHPYeT MO HANpAaBJe-
HHIO BEKTOp ¢), T0 MeTox (8.29) — (8.31) cxonmrea ouens Guicrpo. Hanpn-
Mep, €cAM A; — NpOCTOe COGCTBEHHOE 3HAYEHHE, TO CXONUMOCTh OKA3bBAeT-
€A Ky6HuyeckoR. OmHMMM H3 cmOcO60B MONMYYEHMA YAOBJIETBOPHTENLHOTO
HAYanbHOrO nNpubmmkenua 2(°) ABNAETCA BHIMONHEHME HECKOABKMX MTe-
pBuMA CTeNeHHOro MeToma.

3ameuaHHe. B cayuae, koraa ueron (8.29) — (8.31) cxoauntes, on
MO3PO/IAET OANOBpeMEHHO 3hGEeKTHBHO BLIMHCAATE M COGCTBEHMHOE
anayenMe A; ¥ cOOTBETCTBYIOUMA cOGCTBEHHBI BEKTOD ;.
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§ 8.4. QR-anropuTM

B macToAmlee BpeMs NYYIUMM METOROM BRIYMCNIEHHS BteX COSCTBEMHBIX
3HAYEHHMI KBAJPATHHIX 3AMONHEHHBIX MATPHL, O0wWero BuAa (yMepeHHOro
nopaaka) aeasgerca QR-anropurm!.

1. OcHosroit QR-anroperm. Onuwen HTEPAnHONNYIO APOUEAYPY, ABNA-
10ILYI0CA OCHOBOM anropuTMa. OHa CYIIECTBEHHO MCMONBAYET BO3MOXKHOCTL
PA3NOKEHNA TMPOM3BONLHON MATPHOW B TMPOH3BEACHME OPTOTOHANBHON M
BepXHefl TpeyroibHOM MATPML, T.€. Tak HalmbBaemoe QR-paanokenue (cuM.
§ 5.10).

Ha 1-fi uTepauMn ¢ NOMOMBIO METOAA OTPAXERMA WM MeTONA BpAlle~
uuil BeiuMcnAT QR-pasnoxkenne MatpHun A9 = A umelomee pupg

A0 = QR,. (8.32)
3aren crpoar matpuuy A= R, Q. 3amerum, yto u3 pasexcrsa (8.32)
caenyer, 40 By = Q'A'® n nosromy A = QlA® Q. Takum o6pa-

30M, MBRTPHOM A1) 1 A(®) nopobSum (cm. § 8.1) n moaromy umeror oSmun
HaGop cOGCTBEHMBIX 3HAYEHHURA A[, Az, ..., Ap.

Ha 2-i1 urepaumu naxopar QR-pasnoxenue marpuunn A1 uMerouwee
Bug AV = Ry, ¥ suunensior Matpuny A2 = R,Q,, nopobryio MaT-
puue AV,

Ha (k + 1)t nrepauun Brumcasnor padioxenne AF = Qo Riv 1
crpoaT Matpuily A% = Ry, Qu. Heorpanuuennoe npoponkenne 3roro
npolecca A8eT MOCAENOBATENEHOCTE MaTpun A, A2 . A(»),
nogo6HMX MaTphue A.

K coxanennio, B o6meN clyuae, KOraa cOSCTBEHHHE 3HAYEHHA MATPH-
U MOFYT GbITh KPBTHLIMH MM KOMILUIEKCHBIMM, CTPOTO@ M3IJNOXKEHWe npe-
JeabHBIX cBOMeTB mocnemoBaTensioctn AKX porpeGosano 6 BBENERMA
PAAR AOBOMLHO CNOXKHEIX MaTemaTHYeckux mouatnit. [loatoMmy orpasmunm-
€A YKA3IAHMEM HAa TO, YTO NPH ONPEfETCHHMHX YCTOBHAX B c/lyyae, KOTHAB
cOGCTBEHHBIE 3HAYEHHUA MATPHIE A BElIECTBEHWH M PalIMYHB N0 MOOYJIO,
apuuen |A| > |A2] > ... > |Anl|, nocaenoBaTensHocTs A(™ cxomMTCR K
BepxHell TpeyronuHON MaTpuue A Buaa

A| x was x
0 1\2 x - X

A=lo o0 a .. x| (8.33)
0 0 0 .. X

I 3ror Meron HesamucMmo Gbin npeanoxed B 1960 r. B Poccun matemaTHKOM
B.H.Ky6aanosckon U B 1961 r. B AHraiM cHeTenHbiM nporpammkcron Jx. @potcen-~
COM.
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3meck KpecTMKAMM NOMEYEHH! 3NEeMeHTh, B OGiueM ciyuae He paBHbie
HyJII0.
UasecTHO, 4YTO B pPAacCMATPHBAGMOM CAYYae BNEMEHTH “':}’ MaTPHLL

AUk cToMmMe HMXKe rA3BHOM AMAFOHANM, CXORATCA K HYJIO €O CKOPOCTBIO
reOMeTpMYeckoil MpOrpeceHH, MpUYeM

Ak :
lath] < € |I;| L3> g (8.34)

T.€. CKOPOCTh CXOAMMOCTH a'l.!f' K Hyni0 onpefienfeTci BeAHUNHOA oTHOUWE-

HHA A, K ); (3aMeTuM, uTO I%l < 1 npu i>j).
7

Cnenyer nofuepkiyTs, uro QR-anropuTM He oGecneuMsaerT OGHIYHON
MO3NEMEHTHOR CXOAMMOCTH H peub MIAET 0 crodusocmu K TPeyYronbHoOH
Matpuue (8.33) no gdopaue. Ona xapakTepusyeTcAd CXORMMOCTHEIO K HYNEO
NOAAMAroHANBLHLIX 3NIeMEHTOB, TOLAa KaK HANMATOHANBHBLIE 3JIEMENTH OT
MTepalMK K MTEPALMH MOTYT CYLUECTBEHHO M3IMEHATBCA.

2. Ycropesme QR-anropurda. llpupenennniit puiwe sapuaur QR-anro-
puTMa ouenb HedddexkTHBeH MO ABYM OcHOsHbM mpHunHaM. Ilepsasa n3
HUX COCTOMT B TOM, HTO ANA Peaiy3aUHH TOAbKO JIMLIE OAHOM MTEpalUUH
3TOr0 MeTofia TpelyercA BHIOAHNTL NOpAAKa m? apudmerHyecKknx onepa-
uuf, ecan A — naTpHna obuiero snaa. Bropas npuunea 3akmoyaeTcA B
TOM, YTO APH HAIHYMH ABYX G/IM3KMX COGCTBEHHbLIX 3HaveHmit A, & A
METOl CXONUTCA OYEHb MENEHHO, TAK KaK, HANpUMep, 3JeMeHT “‘:f':-l
CXOAMTCH K HYJMIO CO CKOPOCTHIO MeOMETPMYEcKON MpPOrpPeccHMH, 3MAMEHA-
Teb KOTOPO#t ¢ = I%l &1

Jdna 1oro yrobpl yMeHbIWHUTE YHCA0 apuPMeTHUYecKHMX onepanuil, MaT-
puny A MpPeXBADHMTENBLHO ¢ NOMOWBIO MOAZOGHBIX npeobpa3osaHuil OTpake-
HMA UK BPAIEHMA NPHBOIAT K TAK Ha3nibaemofl Popae Xeccenbepral:

by ka2 oo Ry Bim
hy k... hy ey ham

H=10 hs .. hym hgm|. (8.35)
0 0 .. hymi hum

Marpyua H, 8 KOTOpPOH paBHLl RYNIO BCe INEMENTH by, Takme, yT0 1 > j +

! Fepxapn Xeccenbepr (1874 — 1925) — nemeuKHA MaTeMaTHK.
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+ I (T.e. Bce 3/EeMEHTRI, PACTIONOKEHN LI HHKE IHATORATH, HENOCPeACTBEN-
HO NpHMBIKSIOUENd K [MIaBRON AMATOHAIH), HaduBaeTcA uampuyed Xeccen-
bepra. Cymeersyior 3¢ PekTHBEBE CTAHAAPTHEIC NpoUeAYPH npeobpa3oBa-
una Marpuusl A k suay (8.35), moaromy Mu He 6yfEeM OCTAHARJIHBATHCA
noapo6GHO Ha 3TOM npeoGpazopanuu. JInA ganbHeRIIET0 BAXHO TO, YTO
maTpuul A 1 H nopo6um u ofnagsior O6mMM HAGOPOM COOGCTBEHHMIX
3aHAYEHHI, 8 MATPULA NOKO6HA P, Ana KOTOPO#H BLINOAHAETCH paBeHCTBO

H= PAP, (8.36)

OpPTOroHaNbNA,

Mocne npeo6pasosauna MaTpuunl A k suay (8.35) k Marpuue H npume-
nawT QR-anroputd. DddexTHBROCTE TAKOTO NOAXOA3 OGYCNOBNEHA Ha-
ANUMEM CNeAYIOUHX NBYX 3aMEUYBTEIbHLIX CBOACTE MATPHL, XecceHGepra.

19, Mampuyw H'®, nopoxdacume QR-astopumamos us uampuywm
HO = H, camu sesswmcs mampuyawu Xeccenbepra, m.e. das wuzr

Y =0 npus>j+ 1.

20, flas emnoaxenus odnod umepayuu QR-amopumma das mampuym
Xeccenfepra mpebyemcs wucko apuguemuvecxur onepayud, RPOROPYU-
onasrnoe m?,

Onnako, kak yxe 610 OTMEYEHO, flae AOCTHIHYTaA GAaroaaps npeg-
BAPHTENLHOMY NpeobpadosaHmnio MaTpuib A K suay (8.35) cywecTrennan
IKOHOMHSA YHMCNIR apHPMETHYECKMX omepallUft HeNOcTATO4YHA ANA npakTH-
YecKoro Mcnons3osauus QR-anropursma. [eno B TOM, YTO NpH HanU4MK
GIHM3KNX COCEARNX COOCTBEHHBIX 3HAYEHMA A, R A,.; DNeMeHT Mt"",] yOnipa-

A
eT oueHb MeNNienHo mponopumokansHo ¢k, rae ¢ = |1—| ~ 1. Ina pewe-
t-1

HHA 3TOR upoGneMb McHOABIYIOT pA3JIMYHbIE BapHBHTH (QR-astopumaa co
cdourauu.

Moscunm ¢yt 2710r0 noaxopa. JIomycTMM, 4YTO ANA A, W3IBECTHO
xopotee npu6ankenne A7. Toraa coGeTBeHHNMH 3HAYEHMAMH MAaTpHIMI

Bk = Atk - X2E asasiorea X; = A, - A, j=1,2 .., m B srom cay-
Yyae BMECTO OTHOUIEHMA -x'\—‘ & 1 CKOpOCThL YOLIBAHMA NOLAMArOHANLHOrO
el

A - A
t ) !

FNEeMEenTa ?:"*',,l onpefenaeT BeNAHYHHA =3 N s (. [locne
' ) T

HECKONBKHUX HTepallil QR-anropnTMa, KOTOpHIE NpaKTH4ecKH CaenaloT
anement h{%) | pasHLM Y7o, cAeLyeT BHINONKNTL OGPATHMI CABAT, NONA-
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raa B'® = Fb 4 A E. Tlocne BunonHeRHS 3TOM onepanuy matpuun A

u H'X cnoba MmMeloT 06iuMi HAGOP COGCTBERHKX 3HAYEHHUA,
IlocnepoBaTelbAOE OCYIECTRAEHHE CABHIOB OAA t = m, m — 1, ..., 1,
CONPOBOXAAEMEIX MTEPALUMAMA N0 QR-anropuTMy, A8eT BOIMOKHOCTEH
Grretpo npueectd matpuny A k suay (8.33). Ocraolumics HeBHACHEHHBIM
BOMPOC O TOM, KAK MONYYHTh MPUGIHkKeHHLe 3HadeHna A’ & A, cHnMaer-

CA, ecAM yyecTh, YTO B xofie QR-anropuTMa fHAroNanbHble 3/IeMEHTH h“fl
cxonATcA K A, NpH k » . CrenoBarensno, B KauecTse A’ MOXHO, HBNpH-
Mep, 6paTb anementn! h{5 .

Urak, npexae uem npHMeHaTs QR-aNrOpHTM, clleyer nNpeoSpa3oBaTh
Hcxoanyio MaTpHuy A k ¢dopme Xeccenbepra. Bea Takoro npeo6paszoeanns
QR-anrOpHTM NpaKTHYeCKM He NpHMMeHAETCA. JaTeM LEnecoo6pa3Ho He-
no/b30BATH OBHE M3 BapHaNTOB QR-anropuTMa co cABMraMy.

Myere Tenepe coGcTBenHbie 3HAYEMMA MAlAEHH M TPeOGyeTcs HalTH
OnMH COGCTBEHHHIA BEKTOp ¢, MATPHMUM A, OTBEUalOMWIMA COGCTBEHHOMY
3HBYEHMIO );, MIM HOCKONLKO cOGCTBOHHLIX BekTOpoR. Torza nemecoo6pas-
HO cHAYANAA HAATH COOTBETCTBYIOWIMA COGCTBERMBIA BEKTOP v MATPHUH B
(nanpumep, MeTOnOM OGPATHRIX HTEpallMil), a 3aTeM BLUMECAMTE € 0O
¢dopuyne ¢, = P-v), rae P — matpuna nopobna ua (8.36).

3amMeuannel BuuHcneune co6CTBEHHOrO BEKTOpa €; HENMOCPENCT-
BEeHHLIM TpHMEHERHEM MeTofa OGpaTHHX HTepaUHA K MaTpuue A Boa-
MOXHO, HO noTpebyer Gonmbllero wncAa apudMeTMUECKHX ONepaulHi Ao
CPBBHEHMK) ¢ YKA3AHALIM BHIUIE NOAXOA0M.

3ameuanne 2. lposenennce B 210oM naparpade obcyxpenue
aNropHTMa HOCWIO B 3HAYMTENABHOM CTeNeHH O3HAKOMMTENBHBLIA Xapak-
Tep. IlpakTHuecKM He OHIT 2ATPORYT caydall, KOrfia MATPHMIS MMeeT
KpPaTHHE WM KOMIUIeKcHHe cofcrbennbie 3uauvennd. He pacemarpuea-
Auth U OCOGeHHOCTH npHUMeneHHA QR-anropUTMA AAA KOMAASKCHHX
MATpHL.

3eaumevanune 3. QR-anropurm obaameer xopouleft O6yc/aOBAEH-
Hoctoio. Hanpumep, kak nokasawo B [19), B onnom M3 ero BapnaHTOoB
nocse yucia MTEpanRit, He NpeBoCXopAuiero §, ANA KaxAOro co6eTpeH-
HOMO 3HAYEHHA MONYHAlOTCA NpnGAuxenus A7, Aj, .., A, Asnfomm-

! Yawe Bcerc B GHGNMOTeuMBIX NporpaMMax Menonbayerca Anbo ykasaHHan
crparerda casuros (cdeutos no Paaew), nubo crpaterus cdeutos no Yusxuncony
[84]).
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ocAd TOUHLIMH COGCTBEHHBIMH 3HAYEHHMAMM HEKOTOPOft MATpMnM A,

TaKkoO#fl, 4TO

14- A le < 30 m%,|Ale

(310 yreepxkAenue cPOPMYAMPOBAHO B TEPMMHAX OGPATHOTO AHANH3A
omnbok).

§ 85. Jlononawrensane 3aMeaammn

1. B nanHOA KHMre e PACCMOTDEHBI HEKOTOphIE BechbMa NONYASpHbie METOML!
pelllest npobieMbl cobGcTBennblx 3HavdeHHA. Hanomenme wemode Gucexyut,
aemoda opawenutd Axobu, Ql-earopumma (arnsomerocs papuantom QR-
anroputda), LR-aAz0pumaie M NpyrMx MeTofoB Maxmo HaATH, wanphmep B [19],
(20], [62). (83]. [84].

ABTOpDEI COBETYIOT 06paTHTL BHMMaHue Ha kHury [41), conepxawyro nanosenme
coBpeMeHHbIX “MCAeHHbIX MerofoB pellleUa npoblleMbl CcoBCTBEHHEIX 3IHaYeHUR,
BRoVIHe AOCTYTIHOE QIS CTYAEHTa WIM BHIIYCKHMKA TEXHMYecKoro By3a.

2. Ecnn A — zanonveHHan Matpuua oblwerc BUAA YMEDEHHOTO NOPAAKE, TO
JYYIIHM BHIGOPOM ANA BLIMHCIEHHA BCeX CODCTBEHHBIX 3MAYEHMA CITYKMT ORMH M3
BapuaktoB QR-anroputMa ¢o caBMraMH. HeobXoaMMO TOMbKO fApefBAPHTENLHO
npeobpaaobath MaTpMUy k dopMe Xeccenbepra.

3. B oiyvae, xorna A — CHMNETPHMYHAA NaTpHMLa YMEPEHHOTO NOpAIKA, ee
06BIYHO NPMBOAAT CHAYANA € MONOULBIO MOCAENOBATENBHLIX NpeobpasopaHuit Xayc-
XONOepa K TpexAuaronanboMy BUAY. InA BLIYMCTeHHA COGCTBEHMBIX 3HAYEHUN
nonyyeHnofl TPeXAMAroHaNbMOM MATPHULE MOXKHO MCNoNb3oBaTh (QR-anroputd, Ho
no-BHAMNONY, Yalile GofMlee NPeANOYTMTEILHBDM ABAsieTcs Meton Gucexumn. OpHo
M3 [OCTOMHCTB 3TONO ANTOPHTMA COCTOMT B TOM, YTO OH MOIBOVISET HAXONMTH He Bce
cOBCTBEHHBIE 3HaveHMs, 8 ONHMO MK IPYTNY HYXHBIX COOCTBEHHBIX 3HaYeHMM.

4. Ecan npubnmxennoe 3HaveHHe cOBCTBEHMOrO YHCNa HalleHo, TO NOAXOAA-
LMM NETONON BBIMMCAEHMSA COOTBETCTBYIOWENO COGCTBEHHOTO BeKTOopa ABIfAETCA
metoql o6paTHEIX MTepauui.

5. Meronnl, KOTOphle HCNOVIB3YIOTCS B HACTOALLEE BpeMsl AAA pelueHHa npobne-
Mbl COGCTBEHHBIX 3HAYEHHI B cnyvae, koria A — paapemeHHana MaTpuua Gonbuwoh
pPaaMepHOCTH, MOXHO pa3leliMTh Ha HBe OCHOBHble IDYNNH: Alemodu ooxospemen-
Nuz umepayui (WM umepupoeanus nodnpocmpancmea) ¥ uemods muna Jlawyo-
wa. Hx ofcyxneHne Moxwuo HaittH, anpuMep, B [41). OnuH w3 npocreAumx
BO3NOXHLIX DOAXONOB — CTefleHHOM Merol — Gein paccuotpel B § 8.2,



lxaea 9

METO/Ii ONHOMEPHOR MHUHHMM3ALMH

Opuo M3 BaxHENWIMX HanpasiieAMA B KOBCTPYMpOBAHMM Mafennfl, a
TakKe MNPOSKTUPOBBHMH M JIKCOAYATANMM TeXHOIOMHYOCKHMX NpONeccos
COCTOMT B ONTUMHM3AUMM (MUHMMH3AOMH MAM MAKCHMM3AUMH) HeKOTOPOH
xapakrepucTukh f(z). @yakumio f(z) 98CTO HA3HBAIOT yeseood Pynxyued.
3aMerdM, 9TO OCHOBHOE BHHMAHHE MOXeT OGTh yAeNneno MMEMMHIAUMM
uenepoit PYHKOMM, TAK KAR MAKCHMMHIAUMA CBOAMTCA K MHHMMM3AUMM c

MOMOWIBIO BBefeHMA HOBOA uenesoit dyukumn f(z) = -f(z). B cnyuse,
KOTla BAPLHPYETCA OBMH CKANAPHLIA MapaMeTp z, BO3HHK8ET 3adava oduo-
Lepuoll MUNULUIAYUU.

Heo6x0AMMOCTD M3Y4YeHHMA METGROB pelleHMA 3aJAYH  OZHOMepHO
MIUHUMM3AUMHU ONpefiendercd He TONLKO TeM, YTO 3JA[AYA MOKET HMeTh
CAMOCTOATENLHOE 3HAYCHHE, HO M B 3HAYMTEALHOH Mepe TeM, YTO aJropHT-
MH MMHHMHM3AOHH ABAAIOTCA CYILECTBEHHON cOCTABHOM 4acTLIO ANrOPHTMOB

pewleHUA 3aflay MHOTOMephON MUHUMMAaMK (cM. ra. 10), a Takwe Apyrux
BHIYMCAMTENbHLIX 38/18Y.

§ 9.1. 3aaaua oasoMepROl MEHNMNIAINE

1. Hocranosxa 3apa1a. Oupepencumn. [lycts f(z) — meRcTBUTENbRAN
¢yaruna onHof nepemennofl, onpezenchnan Ha maokecrse X C ( —w, «).

HanoMHHM, 9TO TOUKa £ € X HadWBAETCA MOYX00 1406aAMNOL0 AUNUAYAQ
¢yrkwuu fua MaOXecTBE X, ecau AN Beex £ € X BLINONHACTCA @epaBeHC-

10 f(z) € f(z). B 310M cayuse 3ravenne f(z) NASHIBASTCA HUNULIADNUM
amavenuen Pywxyuu fua X.

Touka z € X HA3HBBETCA MONKOG AOKGANOLO Aluxusysug QyRKumKH f
OCNTM CYLIECTBYET TAKAA 0-OKPECTHOCTH 2TOM TOYKM, UTO AAA BeeX T W3
meaoxecTBA X, coflepkAlMXcA B YKA3AHAOR S-OKpeCTHOCTH, BMMONHAETCA

Hepapentcteo f(z) € f(z). Ecan xe ana peex TakuX z, He cOBNAMAIOMMX C
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Z, BunNONEACTCH HepaseacTso f(z) < f(z), TO T Ha3MBAeTCA movxod empo-
1010 AOKQAMNOLOD MUNUAYUA.

Nipssep 9.1. Ona dpyuxuuy, rpaduk koropofd uaobpaken ua puc. 9.1, rouru
Z3 U 74 ABAMIOTCA TOYKAMM CTPOPO JIOKATLHONO MHNUMYMA, 2 B TOUKAX 7, YAOBNET-

BOPAIOUMX HEPaBeHCTBY 7y < I & 1), PEATHOYETCA HECTPOTUR JOKANHHBIA MMIM-
WyM.

] | T,
7] PR

T S
"~

-
3

Puc. 9.1

Hapectno, 410 HEOGXOAMMBLIM yCJIOBHEM TOTO, 4TOOH BHYTPEMHMAR AAR

MHOXecTBA X TOuKAa Z OuiJa TOuKOA JOKANBHOrO MUAMMYMa Anddepenuy-
pyemoil GyHKUMH f, ABNAETCA BHNONHEHNE papeHcTBa

f(z)=0. (9.1)
YucI0 Z, YAOBIETBOPAIOMEE 3TOMY PABEHCTBY, HAILIBACTCA CMALUONGPNOY

mosxod Pynxyuu f. Koreuno, ne BcAKan cTaumoRapHAA TOYKa £ 06A3aHA
GLiTh TOUKOR NOKanbHOrOe MMHMMYMs. Jlna apakan MenpepbiBHO AUPPe-~
penuupyemot GyHKUMM [OCTATOYHBIM YCROBMEM TOrO, 9TOGH CTADMOHAp-

HadA TOYKA ; Guina TOYKON CTPOrOro JNOKANBHOMO MHAMMYMA, ABAACTCA

eunonHenve aepasenctsa f7(z) > 0.

CywecTsyloT paidinuAnie NOCTAROBKHM 3aAadH MWHUMM3auun. B camoit
MNPOKOH MOCTAHOBKE Tpebyercs HAHTH BCe TOYKH JIOKBABMOr0 MMHMMYMa
A OoTBEvaIolMe HM 3HaYeMuA oyukown f B npunomkenmax gawe scero
BOBHMKAET 3498 BHYMCICHHA KOHKPETHO! TOYKM NIOKANBHOTO MHUHMMYMa
BAM TOuUKHM raobansHoro MHERMMYMa. Miorga npencTaBnser murepec TONb-
KO ML MMHMMANBHOE 3HAYEHME NeNeBOil (YHKUMMH, HE3ABHCHMO OT TOro,
B Kakoft HMEHMO TOYKE OHO JIOCTHIAETCA.

2. Orpeaox moxamssamwa. [ofo680 TOMY, Kak ANMOPHTME pemieHMA
HeIMBERHLIX YPABHEHHIt BACTPOSHMH Ma OThiCKSHME ONMONO M3GJIMPOBAHHO-
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ro KOpHA (eM. ra. 4), GONBUIMHCTBO ANTOPHTMOB MHUHMMH3BLUMHN OCYLIECTB-
JAfeT AWML NOMCK TOYKH JIOKAJBHOTO MHHHMYMa yukuuM f Jlna Toro
9T06H MPUMEHHTb OAMM M3 TAKHX AITOPHTMOB MHHHMHIAUMM, cACAyer

OpeaBapHTEeALHO HARTH COACPXAUMA TOYKY z orpedok [a, b], Ha xoropom
OHAa ABJIAETCA eANHCTBERHON TOYKON JIOKATBHONO MUHMMYM8., JTOT OTPE30K

B AanbHelinleM OyfieM HAJLIBATH OmMpeIxox AoxaAusayuu! TOUKK z. K
COXANCHHIO, He CYLUECTBYeT KAKMX-TH60 OGmMX peHenToB OTHOCHTENbHO
TOro, Kak MaiTH OTpe3OK JOKANH3ammMu. B opmomeproM cnyuae nomeanmun
MOXET OKa3aTbcA TayIupoBaHue PYHKIUMM ¢ ZOCTATOYHO MEIKHUM LIArOM M
(nnu) mocrpoenne rpaduxa. Orpesok [a, b] momer 6uTL nasecTen ua du-
3M9ecKUX COOGPAXeHMA, M3 ONHTA PeMicHUA AHANOTMYHLIX 38784 M T. N1
Jna sexoTopHX anropuTdos (Manpumep, ans meroxa Helorons) nocraTou-
HO MMETb He OTPeAOK JOKANM3ALMM, a XOpolIee HaqanbHOe NMpPHOANKEHNO

0 g 7.

Tpiwep 9.2. lna dynkumm f(1) = 8 —
— 7 + €T npoussefen NOKATHIAUKIO TO-
YeK JIOKANBUOIO MMHHMYMA.

Ua rpaduxa dynxuuu, uaoSpaxeHHoro
ua puc. 9.2, Buamo, uro dynkuus f(z)

MMeET NPe TOYKH NOKANLHOTO MMMHMYMAa Iy
M I, MepBaf M3 KOTODBIX FABASETCA M TOY-

Koft rnoSambhoro MumMyMa. s Touku 1
34 OTPedOK NMOKANMH3IALMM MOXHO ﬂp”“mb

otpeaok |4, -3], 3 A1A TouKM I — oTpe-
a0k [0, 1].

Jlokanem Tenepb, wro Ha orpeske [0, 1]
AEHCTBUTENLHO CONEPKHTCA TOMKA JIOKANL-
noro Mutumyma. Jlns atoro sameru, uto
Puc 9.2 J(H=32~=1=¢€%u f(0)=-2<0,
f{l) = 2 = ¢! > 0. Tak wax suavenus

£7(0) u (1) wmeror pasibie anaky, To ua orpeske [0, 1] conepxmutcs Towka 7, ans
Kotopo#t f'(z) = 0. Ho f°(2) = 6z + €Z > 0 nna Boex £ € [0, 1). Cnenosatenso,

f(z) > 0 n rouxa z ua orpeske [0, 1] ectb enMMCTBEHHAR TOUKA NIOKATBKOTO MM-

| B Teopnn onMTMMMIALHM OTPedoK (4, b] Walle HAILIBAIOT MHTEPBANOM heONpe-
peneHHocTH. MK MoMMMAeM HHTEPBAN HeoNpefenexuocth hnave (eu. § 9.2).
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HMyus. AHanorMyHo AoKadbBaercs, 4to orpesok [~4, —3] Taxxe smaserca orpes-
KOM JIOKATH3ALKM,

3. Yamsopamaue ¢pysxmmm. Mycts [ — dynkumua, onpefenesnas Ma
orpeake [a, b]. Tipeanonoxkmu, 9T0 Ma ITOM OTpPe3Ke COAEPKHUTCA EAHMCT-

PEHHAS TOYKE I JIOKANBHOrO MUHMMYMa GyEHKUMHM f npHueM GyRKnMaA

cTporo y6uiBaeT NpH z < Z N CTPOTO BO3pAcTaeT npu z » z. Taxas dynk-
MR HMA3HBASTCA ynu.wodassnot!. BoamOnHE Tpu cayuas pacnonomenus

TOYKH Z Ha OTpeske (a, §]: TOYKA 7 ABAMETCA BHYTpeuHell IAA OTPe3KA, T

cOopNagaeT ¢ NeBbiM KOHIOM OTpO3Ka K ; COBNRAARET ¢ NPABLIM KOMUOM
orpeska. CooTeTcTBeHHO M rpadnKk YHUMORANENON DYHKUMM MOXET MMETH
onny H3 $opM, CXeMATUIHO HIOGpANKeHHLIX Ha pHe. 9.3.

/\

i '}
f bx 2 by a

N

a
Puc. 9.3

II
[ 1 Xy

1
s b & Puc.'94
3ameuaHH e YAUMoganbHan GyEknMa, Boobie robopsa, He 06A3a-

A8 ObTL menpepuiBHON. Hanpumep, ¢pyExmusa, musobpaxenuas Ha pMc.
9.4, YHUMOAANEHA W HMEET TPH TOYKH PAa3phLiBa.

Mpusenem pocTaTouHOE yenoBMe YHUMOAeNbHOCTH QYHKUMA Ha OTpe3Ke
[a, 8)-

Dpennoxenme 9.1. Ecau das ocez z € [a, b] ennoaneno ycrooue
F(2) > 0, mo ynryus ynuaodaasxa xa ompeaxe [a, b].

NMpsmep 9.3. Oyuxumsa f(2) = £ — £ + €T ynuuomansua Ha KamnoM M3
otpesxos [4, —3] u [0, 1]. Yro6u yGemstbc B 270M, AOCTATOYMO 3AMETHTH, YTO

1 Uworaa Takyo GHYHKIHIO HASLIBAIOT CTPONO YHHMOAAILHOA, 8 YHHMOAANLHOMN
MASLIBAIOT PYHKIMIO, KOTODAR CTPoro yGumsaer npH 7 & :\ paBMa MOCTOAMMON NpH

) € 7€ 2 1 cTporo Bospactaer npu z 7 1 [18].
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f(2) =6z + e7 >0 ana peex £ € [4, -3], € [0, 1], u Bocnom3oBaTLCA NMpen-~
noxexned 9.1,

JInA cymenua OTPE3Ks JOKANMIAUMM TOYKHM MHUHMMNYMA YHHMOZANbHOM
GYHKIUMH NONE3HO UCNIONB3OBATE C/IEAYIONICe YTREpMAACHNE.

Dpeanoxenmme 9.2. ycms f— yuumodassnas na ompesxe [a, b
pyuxyuzs s al a< y< < b. Torda:

19) ecau f(a) < f(B), moz€|a A);
29) ecau f(a) > f(B), moz€[a, b;
39) ecau f(a) > f(4), v f(N) < F(B), moz€|a, A

o 1°. Mpeanonoxum npotweroce: z > f. Toraa BeAencTBHE YHUMONATH-
noctu fnonyunm f(a) > f(f), 4T0 NPOTUBOPEYHT YCITOBHIO.

20. IpeanonoxuM NpPOTHBHOE: 7 < a. Torna BenemcTehe YHUMOZAND
nocry [ nonyunu f(a) < f(f), 4T0 NPOTHBOPEYMT YCNOBHIO.

30. B cnay n. 1° nmeem z € [a, f], 8 B cuny 0. 20 nmeen z € [a, b]

Cnenoearensuo, z € [a, g).
TeoMerpHueckas namocTpauus nn. 19 u 20 npusenena na puc. 9 5. M

N/

T Ta_ » 1 28 B « ~ b 7
Hollstd ompesox Holsd ompesox
a) &

Puc. 85

Fixn

f%a)

fixg)
flts)y
1 1 1 1
'l Xy X z Xy }-—
L



MHoOrse anropHTME OZROMEPHON MMHHMM3ALHMHM TMOCTPOSHH B pacyere
Ha TO, YTO HA OTPe3Ke /OKANHAUMA UesleBad PYHKUMA yHUMOZanbka. B
YA4THOCTH, TAKMMH ABAAIOTCA ANFOPATMH, paccMaTpHusasMnie b § 9.3,

4. 06 oaBOM HOAXOAE K NOKAMEAANHE TOYWH WAwuMyma. Ha npokThke
4YACcTO GHBAET HEM3BECTHO, ABNAETCA NHM AaHHAA PYHKIHA YRHMOZANBHOMN.
OnHako BO MHOTHMX CAYSAAX M3 JIOMOAHMTENBHHX coobGpaskkenufl cnepyer,
YTO NPH T ? 7y QYHKUMA fcHAuana YOHIBEET, 8 3aTeM, H4YYHAA C HCKOTO-

pOro 3HAYEHMA T = I, CTRHOBMTCA BO3PACTAIOILEN {nparaa, He McKIIOYEHO,
YTO aNnce OHA CHOBA MOMET cTarh yYOmbaiomefl). Jlas Toro 4to6ul B TAKOM

Cy4se JOKAZM3IOBATD TOYKY 7, MHCHONB3YNIT PAMIMYHKE HECTPOTHe
smeroin. OAME M3 pacnpOCTPaHEHRIX MOAXOAOB COCTOMT B CJEAYIOIIEM.
BLi6MpaioT navadsHEIA mar A > 0, B HEeCKOALKO PA3 MeALUWIMA npeanona-

raeMOro paccTOSIHMA OT TOYKH Z A0 TOUKH . 3aTeM BLIMMCAAIOT M CpPaB-
HHUBAIOT 3lialenna fiz) M f(z;)), cpe 2y = z¢c + A

Ecan oka3wiBaercs, uro f(z5) > f(z)), TO mocnea0BATEILHO BHYHEAAIOT
anavennaA PyukumM f B TOYKaX 7} = 7o + 251h gaa k > 2. Hocae o6uapy-
meRnA neppofl Xxe ToykH, ana koropoht f(zx) € f(zp), 3a oTpesok noka-
NM3BUNH MPHHUMAIOT OTPe30K [fky, Tiw]. B cavuae, maoGpaxkenuom ua
puc. 9.6, a, 38 OTPEIOK IOKANHIBUMNM NPHHAT OTPE3OK (T2, T4]

Ecau xe flz) € f(z;), TO 1OCNIeAOBATENLHO BEITUCAAIOT 3HAYEHHA B
TOuKax zx = zy + hf2%!, k 3 2. Mocne o6HApYKeHHA NepBOfl XKe TOUKK Ik,
paa koropoft f(zx) < f(zp), 38 OTPE3OK NOKANHIAUHM NMPHHHMAIOT OTpe-
30K [y, Zx-1). B cnyuae, nao6paxennos wa puc 9 6, 4, 3a OTpeaok NMOKATH-
3aUMHU NIPUKAT OTPE3OK [zy, 1)

Onucannufl MeTOn HC ABNAETCA CTPOTHM M He FapAaRTHDYET, 410 OTpe-
30K AOKATH3aUMK Beerfa 6yAer HaineH. Hanpumep, ana dbywxumm, rpa-
¢uk KoTOpot M306paxel nynkTHpoM Ha puc. 9.6, ¢, npy sHGpanHOM mare
k cnpasennuen wepasenctsa f(r)) > f(z) > f(z) > f(z) > f(zy) m

NO3TOMY OTPE30K JOKATH3ARLNMN TOYKH z 06uapyxen yxe ne 6yner Tem e
MEHEe 2TOT MM GNH3KHA K HeMy METOIB YacTO MCOOTB3YIOTCA HA NPAaKTH-
Ke. '

NMpsasep 9.4. JlokanuayeM ykadaHHbIM Bbillle 06PadoM TOMKY JIOKATBbHOIO MWHM-
uMywa dymwym f(z) = B8 — 2+ 7.

Boabnem my = -5, A = 0.2 u tionokum n = » + h = 4.8, Tak kax f(n)
& 28.4 > f(x) % 15.7, 0 6ynen NocnenoBaTeNbHO BHYUCAATE llaveHksa QYHKUMM
fB TouKax I = » + 2XTh Ma ra6bn. 9.1 enano, wto npu & = 1 Bnepshbie BRMON-
HAerca HepabectBo f{zx) < f(ake;). TloostoNy 3a oTpedoi noxaInaauMi chenyer
MPHHATE OTPedOK (23, ) = [4.2, -1.8].
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Tabauua 9.1

k 0 1 2 3 4 5

Y 5 48 46 42 -34 -18
Flm) 284 157 6.74 -3.30 -594 202

§ 9.2. OGycacascanocYs 30M0WS MNENMH AN

Oyers T — TouKa CTPOrore JOKALHOIO MHERMYMa GYRKUMH f, BEIYMC-
naemoit ¢ norpemHOcTHI. Bysem cuwTaTh, 4TO B MEKOTOPON OKPECTHOCTH

TOYKH T BHYHCAAEMEe NpPHOAMMERHHE 3Hauenus [*(z) YHOBNETBOPAIOT
nepasenctey |f(z) — f(2)| < & = A (J*), 1. e. MuetoT rparKmy aGcomoT-
BOA morpemmocTs, pasHyio A. Kak HeTpyaHO MORATS, cyliecTsyer TaKas

Manas OKpeCcTHOCTh (2 — €, T4+ E) TOUKH MUBMMYMA 7, V1A KOTOpOR,
Yot OCHOBBLIBAAICH HA CPABHEMWH BBIYMCIA-

eMux 3uavdeHui [*(z), Henb3IR ROCTO-

PEPHO ONpefeiHTh Ty TOYKY, B KOTO-

POt NEeRCTBUTENLHO AOCTHISLTCH MM-

ot EMMYM QyHkmun f DTa  CHTYAUMA
CXeMATHYHO Haolpaxena Ha puc. 9.7.

R ~ Hurepean (z — €, z + €) Gynem Ma3ni-
Pé P BATD UNMEPOGAOH NeonpedeAennocmu

-

ra
i-&

>y

Puc. 9.7 TOYKH I NOKAIBROTO MHMHMYMA,

OneanM BenMuHHy € panHyca MHTepBAna HeONpefeNneHHOCTH B
ApeNOAOKeHUH, 9TO GYHKOUA [ DBaAM menpepusac auddepeunupyema

n sunoaneno yenosme f(z) > 0. B sroM ciyyse ¢ yyerom T0ro, H4TO
f(z) = 0, nna smaucAnh GyRKOMH fB TOUKAX £, GAMIKNX K Z, CIPABEA/IN-
B8O NpUGANMEHHEOE PABEHCTBO

s @+ L2

OuoHMM MMMMMANTEMO® PACCTORMUE MEXAY TOYKAMM £ W %, HAYHHAA ¢

KOTODOrO 3aBefoMo GyZeT BHNONHEHO Hepasenctso f*(z) > f*(z), T. e

TOYKA 7 NepecTaneT NONanaTs B METEpBAn HeonpeaenenaocTH. Hueeu
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FO-F@=/@-fG) + (D) - D) - ()~ f3) >
af(;)—f(;)—zaa@(z—;)z-za

Cneposarensro, f*(z) — f*(z) > !%}) (z — 7)2 — 28 1 uepaBeHcTBO

f*(2) > f*(z) punonueno, ecan (z — z)? 2 42 /1 (z). Takum o6pasom,

EwN2 J A/f (). (9.2)

3ameTnu, uTO A1060€ NpUGAMKERHe £° K 7, NONABIICE B MNTEPBaN Heonpe~

DENERHOCTH, HeL3A OTIMUMTL OT TOYHONO 3HAYEHMA I TOUKH MHHHMYMS,
HCOOAb3YA TONKO BuuHciAemble 3HaueHA [* dyHkunn f. Moaromy

Az~ ?l A1 ). (9.3)

Hrak, paccMaTpHBaeMylo 3afavy MMHHMM3aUWH Helb3R Ha3BATL XOPO-
wo o6ycnornennof. Eciu 3afiaua XOpoulo MacwitaGupoBaRa, T. €. r ~ 1,

(2] ~ 1, f(z) ~ 1, T0 coornomenne (9.3) MOXHO 3AMMCATL B TEPMMHAAX
OTHOCHUTE/ILHLIX NOTpellirocTeft Tak:

&(z") ~ 45(f).
Orcioza caeayer, uto ecau 5(f*) ~ 10°™, 10 5(z*) ~ 10 ulz. Hunuu cnosa-
MM, ecTM 3HAYCHMA PYHKIMM BHYHCIAIOTCA ¢ M BEPHRIMM 3HAYALIMMM
uudpaun, T0 NpUGAHKERAHOE 3HRYCHME TOYKYN MMWHUNYMA MOXHO HANTH
APMMEpPHO AW ¢ m/2 pepHuIMH 3HavamuMy BUbPpamy.

Taxkum 06pa3oM, TOUHOCTD ONPEAeNeHHA MONOKEHHA TOYKH MMHHUMYMa
rnafkofl GyHKUMM cyluecTBeHANM OGPa30OM 3ABMCHT OT TOYHOCTM BRIYMCAe-

AuA yukuun f Ilpn 3tOoM ecain gna noucka T MCHOMB3YIOTCA TONMBKO
opn6avxkennne 3uavenna [f*(z), BHuYMCIAeMBE JAA PAMIMYHBIX Z, TO
HeM36exkna NOTEPA APHUMSPHO MONOBMHL BEPHLIX 3HauamMx nudp.
IlpepnoiokuM Tenepb, 9T0 AR OTHCKAHMA TOYKH JIOKAJBHOTO MHHH-
MYM2 MOXHO MCMONB3OBATH BHIYMCAAEMBle KaKUM-THGo obpalom npubau-
wennne 3uavenus (f') *(z) nponasognon pyuxumn f Kak yxe ormevanocs
B § 9.1, B paccMaTpHBaeMOM CAyuae 3agauB MMHMMM3AHMHM IKBHBANCHTHA

3ajaue OTHICKAHWA KOPHA z HenMHeMHoro ypasHenua f(z) = 0. Ua pe-
3ynbTaTOB § 4.2 BHTEKAET, YTO MOCAGAHAA 3aHaqa OGAANAET IHAYHTEABHO
243



MeHblllel YYBCTBMTENbHOCTBIO K omu6kam. B wuacTmoe™d, cnpamepnusa
CIeAYIOULan ONEHKA MPAHMUL 6COMIOTHON NMOTPEIMHOCTH:

LA (9.4)

f(z)

Cparnenne (9.4) ¢ ouenxoit (9.3) nokaawsaer, 910 ANrOpUTME, MCAMIb-

A(z*) »

3YIOWMe ANA OTHICKBHHSA PEIIeNHA Z YPABHEaMA (9.1) BHancnenne 3mave-
RHf NPOM3BORMONA, MOTYT ACCTHTATL GONee BLICOKOA TOYHOCTH, 9EM anro-
PHTMH, MCAONbAYIOWME ANA MUENMUANKN GyHKOUY [ TONLKO BRYMCTeKHE
ee anavennf.

Mpsosep 9.5.0uennM paanyc MMNTEpPBANA HEOMPERENEHHOCTH MAIA KAXAOA W3

Touek 1) & -3,7, T, & 0.7 noKanbHOMO MuMMMYMa dyxuun () = 22 —z+ e T B
cnydae, Koria BelYMcheHMe GYHKUKM NMPOH3BoAMTcA Ha 8-paspanHoft Necatnpioh
JBML

3auerimm, wro f(ny) ® f(-3.7) & 6.5, f(:) ¥ £(0.7) » 0.14. Tax kak mnn
ucnonbsyemot IBM? €, = 5-10°7, 10 B MANON OKPeCTHOCTH TOYRM ;1 BEPXHASR
TPsHMUa A; abCOMOTHON TOrpelINOCTH BLIMHCTEMHA [ NPMOMHUXEHHO paBHA

gu |f(@)] % 5-10°7-65 = 3.25-10°6. Amanormuno, By 8 €y |f(z)|
5107014 = 7-10°8.

BeluKcAss aHAYeHMA BTopodt mpouasonnoR f7(z) = 6r + 7 npu 1 = n, =

=7, nonywaen f(a) 8 18, f(:) ® 47. B cuny dopuymu (9.2) paanycni
MHUTEPBANIOB HEOTIPENENCHHOCTH OLIEHHBAIOTCA CTIGNYIONHNM 06pa3oM:

g zJE./r(E.) 8 2 325-10°5/18 » 8-10°4,
£y zlﬁ,/r&,) 82 fT108/47 & 2-10°0.

CnenoBatenbho, TOMKY r; MOXHO MAATH ¢ 6ONBLICR TOMHOCTEIO, YeM TOYKY 1), €CTH
MCMONB30BATE CPABHEHWE BLMMCAeNbIX Ha 6-paspsnmoR necarnuiod OBM 3uave-

I Hanommwu, wro G-paspanmoll necAtuol IBM MH YyCNOBHAMCGE MB3ILIBATH
runoreritieckvio IBM, wueniyo § peCATHYHBIX PAIPANOB MAHTHCCHL H TIPOMDI-
BOAAIOULYIC OKDYT/IEHHE MO AOMONHEHHIO.

2 HanowHuM, 4to uepe’ €, OGOGHAMEHO MAIIMHHOE HNICHIOH — BENHWYMNH3, XA-
PAKTEPHIYIOWAA OTHOCHTEILHYIO TOMHOCTL Npencrasnewus uucen B IBM.
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wit dynkuny £ [py 2roM Kaxayo M3 ToYeX MOXHO HAfiTM ¢ ToyHoctbio £ = 1073,
HO BPAL MK YABCTCA HAATH ¢ TOMHOCThIO € = 1079,

Mpioeep 9.6. [lycre Temeph TOUKM ) M B; MOKAABLHOTO MMHMMYMB YHKUMM
J(z) = £ < 24 €T MuyTca Kak pelieHHA HeMUHEAHONO YpasHeHnA
f(H=38-1-e7=0. (95)

Ouennu B 5TOM Cydae PafMyc HHTEpPBAZa MeompefiefieHHoc™M ANA Kaxpol M3

TOYeK I), 75, €CM BLMMCAEHMS BeayTcd Ha Tofi xe IBM, 410 M B mpemmayuien
npHMepe.

OueHmM cHavala rpavvuy abcomoTHOR MOTPEIIHOCTH BRIVMCICHUA TPOMABORHOA
HexoAA M3 NMpHGAMMEHHONO paBeHCTBA

A=A4()=80@R) + A(1) + A(e?) % e, (37 + 1),

Torna

A%, (38 + e‘;‘) 84-10°, A, n e, (38 + e';*) 51076,

Ha ocvoBaymn dopuynst (9.4) umeen
a8 B/ f () 8 2:10°8, €38 Boff(z) % 21077, (9.6)

3ameTHM, WTO MOTPeltHOCTH MpPeACTABNEHMA Wicenl 2, r; Ha G-paspamiodt
necaruurot IBM rexomsi: €| 7| & 2-10°, £, | & 4-10°7. Mootouy nanyves-
Hute ouenxu (0.6) oaHAYaIOT, YT0, pewan ypasheite (9.5), MOXHO HAATH TOMKM 7y

M ) ¢ MAKCUMANBHOR AN1A MCNOMbayesoR DBM TOMHOCTEIO, DABHOA COOTBETCTBEHHO
2:100 11 4:10°7 (cp. ¢ peayNLTATOM MpeAbIAYIWETO MPHMEPa).

§ 9.3. Meromu npamoro somexa.
Ourmmamauh aaccusaull DONCK.
Meron AeneEEA OTPE3KA HONONAM.
Meroas ©OwGoEaTun H 30807010 COEENN

Pag MeTONOB MHBMMM3ANHM OCHOBAH HS CPABHOHMH 3HaYeHHA yHkuun

J, BHIYMCAAEMBX B TOWKAX Zj, I3, ..., TN JTH METOAKW 4&CTO HA3LIBANOT
Aemodass APIAOLO NOYCKE, 8 TOUKH T, — NPOSNMHAY MOEKIuN.

Mpexne uem nepefiTH K MAIOXKEEMIO HEKOTOPHWX M3 HAHGONEE M3BECT-

HEIX METOZOB NMPAMOrC MOHCKA, YTOYHHM OOCTAHOBKY 3aaa4yn. Bymem cam-
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TATh, 4TO TpebyercA HalTH NpHGAHXKeHHe z* K T04Ke MMAHMYMB T YHUMO~
nansHoR ma otpeske [a, 8] dywkuum f [peznonoxmm Takke, 4TO uMeno

npo6ukix To4ek N 3apanee PMKcHMpyercAa M 3a npHONMKEHHMe z° K TOuke
MMHHNYMB NPHEMMBETCA OZHB N3 ITHX TOYEK.

1. Orranamaul BaccRBEME DomeK. MeTOR peileHMA NOCTABJICHHON
3a7a4M, B KOTOPOM 3alaeTCA MPaBMJO BHIYMC/AEHMA cpPasy BceX NPOGHBX

TOYeK I}, Z3, ..., IN M 38 Z° NPHHUMAETCA Ta TOYKA 2z}, ANA KOTOPOR
f(zx) = min  f(z,), Ha3mBaeTcA wemodom naccuexoto noucxa. Coor-
1€ KN
BETCTBYIOLIAA FeOMETPHUYeCKAA WNIOCTpannA Npusenena Ha puc. 9.8.
Oneanu nOrpemiHOCTE 23TOCO
werons. Jlna yaoGeTea nonoxkin
2o = a, zpp = b. B cuny subo-

Pa TOUKH Z°* = Zj cHpaBeAHBH
RepaBeHeTea f(zi-) 2 f(2x) M
f{ze) < f(ziet). Toaromy us
n. 3% npennoxenma 9.2 cmeayer,

a x n At Kp Xpu X b X

Puc. 9.8 - -
4TO z € ()1, Zhe1]. 3HaunT, |2 —
— 7| < max {zx — zicy, 7k — 2x}. TR KBK NONOXEHHE TOYUKH MMHHMYMA

z ma otpeske [a, b] sapamuee wemdmecTHO, TO AR z* = zx cMpaBenHBA
AW CASAYIOWIAS FAPARTHPOBAHHAA OLEHKA NOTPEIIHOCTH:

|z-z°| < max |-zl (9.7)
1< i<V

MoxHO DOKA3ATH, YTO BeNMYMHA, CTOAMAS B MPABOR YACTH HEPABEHCT-
sa (9.7), cTaMeT MWHAMANBHON, €CAW TOYKM 2|, I3, ..., ZN¥ PAcmloNIOXHMTh Ha
orpeske [a, ] pasHOMepHO B cooTBeTCTBMM ¢ bOpMYNOH z, = a + ik, rae
h= Af(N + 1), A = b — a. MeToa ¢ TakuM BHI6OPOM MPOGHLIX TOYEK
HA3LIBAETCH ONMUUGAMNLMAL NACCUONM AU ROUCKOM. rﬂpﬂ.l'lmponﬂﬂllu onen-
K8 NOrPEUIHOCTU JJIA HEro BHIAALUT TakK:

b—a_ A
-2l < =7eT ©8)

Mpieep 9.7. Ucnontayek ONTHMATLULIN MACCMBHLI NOMCK AAR Toro, 41obbl

HafATH ¢ TOD0CTbIO € = 0.1 TOYKY 7 JOKANBHOMO MuHuMyMa dynruuy f(z) = 28 —
— £+ €T, NOKATHI0BAHHYIO M otpeske [0, 1].

Ha dopuymmt (9.8) crenyer, yte ns peulenna saaawi notpebyercA BbMHUCIAKTE
aHaYeHUA PYHRUMH B AeBATH NpobHBLIX TOYkax BHAs z; = 0.l4 rae i=1, 2, ..., 9
Mpueegen TabmMuUy 3THX 3HAYCHMIL
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Ta6auua 9.2
r 01 02 03 04 08 06 07 038 0.9

y 081 063 047 033 023 0.17 0.14 016 024 -
Tak Kak MMHMMAITBHOE 3HBYEHHe NOCTHraercA B touke ny= 0.7, 1o 7 = 0.740.1.

Ecmi 66 MB NOMBITATHCE HAATH T ¢ TOMHOCTRIO € = 10°2, 70 ONTHMANLHBE

MACCHBHBIA MOHCK NOTPeGoBAN OHl BLIMMCMEHMA 3HAMEHHMA GYHKUMK Ywe B 99
TOYKaX.

2. Meron peneama orpeaxa nounonaM. flycrs nnfd pelleHMA mocTaBneH-
HOI 3afaYH MOC/SNOBATENLHO BHIYMCAAIOTCA 3HAYCHMA ynknmu fe N
OpOGHLIX TOYKAX Zj, I3, ..., IN, MPHYEM AJIA ONpefe/eMHA KAXAOR M3
TOUYEK Ij MOXKHO MenoNL30BaTh HHGOPMAIMIO O 3uayeuMAX PYHKIMM BO
BCeX MPefbiNymMMX TOYKAX 1), I3, ..., Zj-|- COOTRETCTRYIOmMMUE METOAN HA3bI-
BAIOT 4eModamy NocAeIo8aAMEALNOLO Rouckd. PaccMOTPUM npocTemMi K3
METONOB 3TOr0 cemeficTBa — Memod deaenus ompedxa nonoaas. B mem, Kak
H B ABYX APYTHX PaccMaTPHBAEMHX B 3TOM naparpade meromax (Meroaax
DOu6oHAYSH M 30/I0TOTO CeYEHMA), HCMONB3YeTCA NPUALMA NOCASAOBATENb-
HOIO COKpAlLeHHA OTPe3KA JOKANTH3ANMH, OCHOBAHMHA Ha NPEeRAOKeaEMH
9.2 1 Ba caeay0OleM NPOCTOM YTBOPXKACHHH.

ODpeannomenne 93. Eciv gynxyus ywumodaasna xa ompeaxe
fa, 8], mo ona ywumodassna « xa ar0b6om ompeaxe [c, d) C [a, 8]

Jins ynoGerea MaokeHHA 0603HaTMM OTpe3ok (a, b] wepea (a(®), §(O)].
Houck MMEMMYMa HaYHHAIOT ¢ BHGOpa Ha orpeske [a!®), B(O] xByx cnm-

L 5, po =

METPHMYHO PACMOMOKEHHHIX Todek a!O) 2

) (0 -

=ﬁ+&——l+ 8. 3mecs 0 < 5(676. § — napamerp merona. [Manee
suunensnior suavenun f(a'%') u f(B(9)). CpapHemme 3Tux 3Ha4YeHMA B
CHNy NpesioxesHa 9.2 NO3BONACT COKPATMTL OTPE3OK JIOKANM3AUMM cle-
AYI0mMMM 06pa3oM: )

ecnn f(al®) £ f(BN), 10z€ (at?, BID] = [atO), BLOV];
ecan f(a'®) > f(1O), 10 z€[all}, B1] = [a®, $10),

Ecnu onmMcaRuylo npoueAypy NpUMATL 38 OAMY HTEPRLMIO METOAs M
DPOJO/MXKUTE AHANOTMYHBIE ONEPaUMH AAA OGPa3OBAHMA MOCHENOBATE/b-
HOCTH COKDAMIAMLIMXCA OTPEIKOB JIOKANM3AIKH, TO MOBYYHM HTEpPAlHOH-
auft Meron. OnMimeM OYEpeAHyI0 €ro MTEpARMIO MCXOAA M3 TOro, 410
OTpeaok noxanusanmu [a¢F, b(K)] yxe Hatinen. Bunonusior creayomue
AeficTBMA:
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(k) (k) (k) (k)
1°. Buyncnawor ath = “—.-12'_."_ -5 ptb = i ; b + 6

20. Haxopat snagenna f(a'®) n f(f(0).
30, HoBuiil OTpe3ok JIOKANMIAOMM Ol peeNAsor NO NPaBPHAY:
ecau f(atk) < f(pB), 10

28

- R lalhl}, ubn] = {a' kgt h];
AT B e f(ath) > f(AB), 1o

: ! |¢|k~n' [ l-on] = [ath | bhr].
! altly q*n gl pikes) B pepsom cnyyae 3a ogepenHoOe
! i mg NPHGANKEHHE K TOYKe MHHHMYMA
gt gl gitey g(w,l NPHAHMAIOT e = alh, a BO
i BTOpOM cayyse z!H1 = BIK) (pue.

9.9).

Puc. 9.9 O6oanaunm gepea AlM = p(R) —

— a'® paumy orpeaka [a(m), (™),
Kak HeTpyZHO 38MEeTHTh, CNpaBe/lJINBO PABEHCTBO

L % + 6. (9.9)

Ioaromy, ecnn napameTp § pocTaToyHo man (§ € A(™), 7O AnNMHA BHOBBL
NOMy4eBHOrO OTPe3KAa NMOYTH BABOS MEHbINEG JJHHHE MpelHAYIUErO OTPE3Ka.
Orciofa — U HasBAHEME METORA.

Henonsaya pasencTeo (9.9), ¢ nmoMoInpio meropa maTeMaTH4eckol MH-
AYKIMMH NECKO MOKA3aTH, 4TO

Am) =£AT:2_6)+26'

3amernM, uTo A(R) y6uBaeT M NpPM n - « CTPEMMTCA K BeHunBe 26,
ocTaBafich MpH KaxzaoMm n Sonbwie 1of Beanuuuel. IlosTomy coenatrs OpH
HexoropoM n anury A!™ orpeska noxanusaumm [a(?), $(7)] wenbue
3aflagHOro € > 0 MOXHO auume, Bu6pae § < €/2. B a1OoM cayuae ua oue-

BHAHOA Ouerkn morpemnoctn |z(™ — z| < A(® cnepyer, 4TO 3HAYEHME
; DeACTBHTENbHO MOXHO HAIUTH ¢ TOYHOCTBLIO € W CAPABEAJINB CJACAYIONHA
KpHTepMil OKOMYAHMS HTEPALMOHHONO nponecca. Buumenenna cneayer
DPEeKPATUTE, KAK TONHKO OKAXETCA BLINONHEHHLIM HEPABEHCTBO

Atm e, (9.10)
Toraa 2a NPHOAMKEHHE K 7 ¢ TOTHOCTBIO £ MOXKHO NPHHATH z° = z(N).
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3ameaanme. llpn peanmsaumm meroza wa IBM meobxoammo
YYMTHIBATb, YTO BHUYMCACHHA 3HadYeHMA QyHKuMM f GyayT npousso-
AMTbCA ¢ mOrpemHocTsio. JIna Toro wrobu 3Hak paswocTd f*(al™) —
~ f*(B'™) cosnanan co amakom pasmoctd f(a! ™) — f(B(™) neobxo-

AMMO, 9TOGH BHMONHANOCH ycaoBHe § > € (cm. paeeacrpo (9.2)). Mo~

aToMy § MenbaR 3aA8BATH CAMIIKOM MANLIM.

TMpiunep 9.8. [Ipiuenan ueron neneHus oTpeaxa MOMONANM, HANZIEM ¢ TOUHOCTLIO

€ = 102 Touky z NoKaTBHOTO MIGTAMYMa yHKIUMK f(2) = 2 — I + €T, noKanu-
30BaNHYI10 Ha otpeake [0, 1]. Bormcenesua Gyrem mectss Ma B-paspanvoit pecsruy-
Hoft SBM.

Sagaguu § = 1073, 2l =90, B0 =1,

(0 )
I nrepauusa 1. Burmomu al® = E—-;—b— — § = 0.499,
0 (0)
po =°___';.;b_+ § = 0.501.

2. Onpenemvu 3navenun f(al0') = 0.232389, £(B!°?) » 0.230676.
3. Tak xax f(al®) > f(B(0), ro cneayer nmonoxmuts [ a'l’, B =
= [0.499, 1].

PeayabTathl crenylolux HTepausA npubenextl B Taba. 9.3.
Tabnuua 9.3

(n) (n)
a B

n at m) p f{a( - ) I(ﬁl - ) Aln)

0 0.000000 1.000000 0.499000 0.501000 1.000
0.232389 0.230676

1 0.499000 1.000000 0.748500 0.750500 0.501
0.143924 0.144350

2 0.499000 0.750500 0.623750 0.625750 0.252
. 0.154860  0.154131

3 0.623750 0.750500 0.686125 0.888125 0.125
0.140403 0.140230

4 0.686125 0.750500 0.717088 0.719088 0.063
0.139821 0.139940

5 0.686125 0.719088 0.701607 0.703607 0.033
0.139549 0.139520

] 0.701607 0.719088 0.708348 0.711348 0.017
0.130543 0.139587

7 0.710141 0.719813 0.010
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Tak kak A!T) € €, To NpM n = 7 HTepALMM NMpekpaTHM M MONOKMM I N

8 At = 0.711348. Tamum obpasos, r = 0.71 & 0.01. 3amerum, 4ro s
[OCTHXEHHA TouMocTH £ = 1072 norpeSosanock 14 BRMMCTEHMA QYHKUMK.

3. Merox ®uboraqvn. 3aMeTHM, YTO METOA, AGNEHHA OTPE3KA MONONaM
TpeOyeT Ha KAXKIOM MTEpanNM BHYMCNEHMA OBYX HOBHIX 3Haveumh Gynk-
UMM, TaK Kok HalileHABEe Ha nNpeAHAyWeR WTepauuy B TOYKAX a'n n
'R 3HadeHuA panee He ucnonbaylored. OGpaTHM Teneph BHMMaHHE MA TO,
910 OofiNa M3 3TUX Todek (0GO3naueHNan B MpeabAymeM naparpade depes
(™) apnaeTcA BUYyTpenHeR AAA oTpeska (a(™, (™) u noITOMY mANBHER-
mee COKPAILICHNE OTPO3KA MOKHO HNPOH3BECTH, BHIYHMCAMB HONWIHMTENBHO
3HaueHHe GYHRKOMM AMWb B OAHOA HOBOR TOuke. ITO HabjKOAEMHe® OpPHBO-
AT K MeTOfaM, TPeGYIOmuM Ha KanaoR mrepauuu (Kpome mepboft) pacue-
Ta JAMIIB OAHOIO HOBOrO 3uavenna yHwunmn f Jlpa nanGonee MIBECTHLIX
cpean Mux — meroan PUGOHaUUHN M IONOTONO ceNeHMA.

Memod Qubonavvy! ABNAETCA ONTHMATBMBIM MOC/ENOBATE/IBREIM METO-
AOM, T. € MerTofoM, obecnedMBalOIMM MAaKCHMANLHOE rApAaHTHPOBAHHMOE
coKpallleMie OTpe3Ka NOKANM3ALMM NpH 3aIaHHOM 4Mcie N BHYMCACHMA
byRkmnun. DTOT MeTON OCMOBAH HMA McNONL3OBAHMM vucexs Pubomawuu Fy,
3aaBaeMulX peKyppentHoft dopuynof

Fn= Fpy + Fn2 (n22)

H HaualbHEMKM 3naueHuAMu Fy = 1, Fi = 1. Ykaxem HOCKONBKO mepBHIX
gucen: Fo=1, =1, L, =2 F3=3,Fy=5, Fs=8, Fg =13, F; =21,
F‘ = 34, Fs = 55, Fm = 89, F" = 144,

Merox ®n6onawun cocromt u3 N — 1 wmaros. Ouepepmont (k + 1)
WAr BHMOOMHAIOT 3feck aHanornyHo (k 4 1)-f uTepauyuM Merofla feneHus
oTpeaka nonosiam. B otanume or wero T™oukn atkt, (N 3pech maxoaaT no
dopuyaan

atky = gtk +&£‘l Atk gk = gtk .|.£5_‘.‘3_A(k|_
Fpri1 Frint

Hobuit oTpeaok NoOKANN3aUMM ONPEAEAIOT N0 TOMY Ke Npasuny:

ecnn f(al®) < fF(FR), 10 [athD) ptken] = [athr k),
ecan f(at®) > f(Bh), 10 ([atkn), 5(&411] = [atk, 5(&:]_

! @nbonawuu (Neonapno Mnaancknn) (1180—1240) — HTanbANCKUA MATENBTHK.
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B nepBoM cayuae 3a OuepefiHOe NpHG-
AMKEHHE K TOUKe MHMAHMYMB MPHHH-
mator z(F1 = otk 5 po BTOpOM cny-
qae z(&*1) = gl (pue. 9.10).

T fpm Tw
I |
1 ] 1

a™n « P plkert

I %

Baxuno 10, 9T0 B 71060M €Ayyae TOUKa b i Dendud
(k1) copnagaer ¢ ogHOR M3 TOYEK * i ‘t
atkn o ﬂﬂ"f}' i)
Fyk2 mopod
atkn = glheny T Akt sl
B = gtbD 4 _‘F‘Fﬁ Atk Puc. 9.10
N-k

IloaTOMy Ha OuepeAHOM (iare KOCTATOYHO BRIYMCAMTE 3HAYEHHEe PYRKUMM
AHIOIBE B OAHOH HefocTalOmeER TOuke.

B peaynvrate puinonneuna N — 1 maroB oTpe3oK JOKANH3AUMM YMEHB-
waerca B Fp /2 pas, a Touka z(¥1) okaanpaeTca nenTpanbroft AAf moc-
nepnero oTpeska nokanudauum [et¥D - HN¥D] Mlosromy ans z(NMD
cnpaBeinMBa CAEAYIOUAA OLEHKA NOTPEIIHOCTH:

|z-z(¥0 | ‘1"!5.?‘3‘ (9.11)

Mpumep 9.9. Tpumensin neron PuboHawum, waknenw ¢ Toumoctsio € = 10°2

TOMKY T NOKATLHOMO MMHMMYMa byHKUMM f(2) = 28 — z + €7, NOKANM3ORAHHYIO
na orpeake [0, 1). Bormcnenns 6yziem sectn ua §-paspagnoht aecaruunon IBM.

Mepeond cpenu 'mcen DubomawuM, INA KOTOPOro BHINONHAETCA YCNOBHE
AfFyy < € (rhe & = 1), apnserca wieno Fiy = 144, orsevaowee N = 10.
3amanuu a!l® =0, b0 =1,

Mepsu#t war l. Borowmu al® = gt + (O —

Fo _ 89
1t

Fy 55
(0) =
R 5

. 4
¥ (.381944, g10) = qt0) 4 (YO _ gl T 14 & (.618056.

2. Onpenennn anavenma f(a') & 0.356308, f(B!0}) & 0.157028.

3. Tax xak f(a(®) > f(B(O), 1o nonoxkuwn [al!?, b1V] = [al0?, p(O)],

Bropon war L Yuuresas, yro all? = g0 m (.618056, BLIMHCIMM
AL = gl 4 (b1 — a1 )Fy/Fip % 0.763889.

2. Buuncnus anavenue f(f(11) w8 0.147712.

3. Tak kak f(a'l?) > f(A(1), 10 nonoxux [a(2), H 2] = [alD, 1],

PeayibTathl OCTAJNIBMLIX WIATOB NPHBENSHH B Tabun. 9.4.
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Tabnuua 94

n at n M '™ pm Atm
f(atm) f(gm™)
0 0.000000 1.000000 0.381944 0.618056 1.000
0.356308 0.157028
| 0.381944 1.000000 0.618056 0.763889 0.618
0.157028 0.147712
2 0.618056 1.000000 0.70:3589 0.854167 0.382
0.147712 0.194672
3 0.618056 0.854167 0.708334 0.763889 0.236
0.139527 0.147712
4 0.618056 0.763889 0.673611 0.708334 0.119
0.141905 0.139527
5 0.673611 0.763889 0.708334 0.729167 0.090
0.139527 0.140839
6 0.673611 0.729167 0.694445 0.708334 0.056
0.139805 0.139527
7 0.694445 0.720167 0.7083M 0.715278 0.035
0.130527 0.139731
8 0.694445 0.715278 0.701389 0.708334 0.021
0.139553 0.139527
9 0.701389 0.715278 0.7083M 0.708334 0.014

Mocne 9 wWaroB BLMMCNEHHA NpeKpalllacd u nonaraen z 8 J(8) = 0.708334. Ta-

KuM 06pasom, T = 0.71 t 0.01. 3aMerun, 4To LN AOCTHXEHUA TOYHOCTH € = 1072
norpefosanoch 10 BoMMcNeHHA 3HAYEHHA GYHKUMM, B TO BpeMA KaK 1IpM MCNOib~
30BANHH MeTOAB AeNeHMA OTPeaKa MofiofaM HeolxonuMo 14 BuivMcNeHHR.

Xora meron ®HGOMAYYM ¥ ONTHMANEH B YKA3AHHOM BHILE CMBLICTe,
38YacTyI0 OB HeynoGeH O Mcnonb30BakuA. B vacTHOCTH, 2TO Kacaercs
BOIMONHOro mpuMeHcHHR moucka Pnbomayyu ANA peileHMs OAMOMEPHMX
noA3anad B AANOPUTMAX MHOTOMEPHON MMMMUMM3AUMH. 371ech HEPesKo
a¢peKTHBHOCTL B/ITOPUTMA OTHOMEPHON MHAWMMH3AUXH OLCHWBAETCA He NO

TOMY, KAKAS TOYHOCTh B JHBYEHWM Z noayyena, & cOBCeM MO APYTHM KpH-
TEPUAM, K KOTOpbIM MeTOA nnoxo apucnocoGnen. Hanpumep, GuiBaer Bax-
HO [OCTHIb MUEHMMANBROTO 3HATEHMA QyHKUMM fc HEKOTOPO# OTHOCHTENb-
MOR TOYHOCTBIO § 16O YMEHBIINTH 3HaqYeHMe [ Ha onpefiefiecHAYI0 Beauun-
HY.

4. Morox 20m0TOr0 cedemmA. [13-30a yKASAHAKWX HEJOCTATHKOB BMECTO
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smerona OuGOHaYYM 4Yame HMCOOIb3YETCA TEOPETHYECKH NOYTH CTOAb XKe
addexTuBaLIt Memod 3040Mot0 ceveNus.

HanounrnM, 9TO 3040muis cevenuea' OTPe3KA HAILIBAGTCA TaKoe pais-
Guerue OTpe3ka Ha fABE MEPABABLIE YacTM, YTO OTHOLOEHME JJIMHEL Brero
OTpe3KA K AJHHE ero Gonswefl 4acTH PABHO OTHOUICHMIO AJMHH GoAbmed
Y8CTH K JJHHE MeHblicl YacTH OTPE3KaA.

3onotoe ceyerMe oTpeska [e, § ocymecTBAACTCA KaXIOR M3 ABYX CHM-
METPHYHO PACAGIOKEMHLIX OTHOCHTENLAO HEHTPA OTPE3KA TOYEK

2 (b_“)l ﬂ=¢+
3+ 5 1+

oa=a-+

(4~ q)

(puc. 9.11). [eficTBuTeNbHO, KAK HETPYAHO MPOBEPHTS,

b—a_b—a_ 1+ % b—-—a_f—a_ 1+
b—a a—a~ 2 ' f—a b-p" 2 ’

3ameusTenbHO TO, 9T0 TOYKE « OCYUISCTRASACT 30J0T0€ ceyeHHe We
Tonbko orpeska [a, B], HO M orpesxa (o, f]. m
B—a_oa—a_1+ 45 a « P
a—-a f~—-a 2 Puc. 9.11
To4yHO TAK ke TOUKa J OCYLUSCTBANET 30J0TO
cevenye He TOILKO OTpe3ka [a, b|, RO u orpeska [a, b). Iror dakT mance
CYLSCTBEHMO MCTIONb3YeTeA.

Ouepennast (k + 1)-7 uTepauusa serofia 30M0TOrO CEYEHMA NPOMIBO-
Aurcs apanoruyno (k 4+ 1)-ft uTepaunm merosa feneHUA OTpe3Ka NOMONAM.
B orauune or mero Touku al ¥, §LB) gaxoparea mo gpopuynam

HefkcTBUTENBHO,

alky = gtk 4 Atk

Atk gt = gtk 4

3+ B 1 + B

Baxuo 10, 410 KaKof 6wl M3 otpeskos [atk), (K1) yan (atk), B(0] ne
6ein Gl BMOpaEH 3a OuepeHON OTpe3OK JoKanM3aammuy, Touka z!FD) (g
mepeom cayuae z¢#) = ok} a Bo sTOpOM cayuae z(F'1) = Bk)) comna-
Aaer ¢ omHON M3 Touek alk*1), UL TloazoMy Ha ouepenHOM ware NOC-

| Tepunn "30n010e ceyenne" Been Jleonapao na Bumwum. [puHuunst soseroro
CeuEHHA WIMPOKO MWCMOMLIOBAINCE NP  KOMNOSHILMOMHOM TOCTPOEHMH MHOTVX
MpokaBenieHMl MUPOBONO MCKYCCTBA (B OCOBEMMOCTH, BPXUTEKTYPHBIX COODYKeHWA

anTHyKoctH U 3noxu Boapoxpenna).
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TATOYHO BLIYMCJINTLE 3HAYEHNE qaymuum AHWIL B OAHOH HeAocTalowedt
TOYKe.

3ameTnM, 4TO TOYKa 2™ OTCTOMT OT KOHLOB OTpe3Ka [a(™, b(™)] na

BENMYMHY, He NpeBuUIAlomYIO A | [lo3Tomy Bepua Onenka

1 + 5

[ztm -Z| < Alm = Aty {9.12)

1+ 5

KOTOPYIO MOXHO HCAONB3OBATH [AJIA ANOCTEpHOPHOM OLEHKH MOCPeUIHOCTH.
3&“&1‘"“, YTO K8KAAA HTepalHA CcOKpamaeT AJAHNHY OTpPpeiKa JNOKANH3AOMH

® (5 + 1)/2 pas. Hoaromy b'™ — gtmt = Atnd = (2/(5F + 1))"A u
CMpaBeA/INBA CEAYIOWAN ANPHOPHAA OEHKA NOrPEeUIHOCTH:

n+

|otm -3 < | =2 A. (9.13)
145

Taxum 06pa3oM, METOZ 300TONO CEYERHA CXONMTCA €O CKOPOCTBIO FeoMeT-

puueckoll mporpecchu, 3HaMeRaTenb KoTopoh ¢ = 2/(V5 + 1) » 0.62.

flpumep 9.10. Halnen metoon 30710TOTO CedeHuR ¢ TOYHOCTBIO € = 1072 Touky

I NOKAMBHOrO uunﬁma dynruvu f(z) = B — 7 + €7, NoKanUIOBAHKYIO Ha
otpeake [0, 1].

Monosuu al® =0, HO =1,

2
3+ 45

(b0 — gt01) & 0.618034.

I nrtepaunas L Boroenns al® = gt@ ¢ (310 — al®) w

2

1 + 5
2. Boiunenunn f(al®) » 0.356280, f(B19) » 0.157037. )
3. Tak mf(atol) > f(ﬂ(ol}' 10 MOIOMHM [B'“. b(l]] — [alol. b(o’].
II urepauna 1. YVurew, yro alld = 1O & 0618034, ¥ BHIUUCKAM

g = qthh 4 2 (&1 — all}) % 0.763936.

1 + 5
2. Berunemn f(B¢1) & 0.147725.
3. Tox wax J(ath) = f(BO) > (1), 10 nerown [a?), 4] =
= [atD, p(1],
Peaynbrathl ocTalibHBIX MTepauMil NpuBefeHn: B Tabm. 9.5.

24
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Tabnuna 95

n at B alm pem Atnel)
f(a'™) f(B™)

0 0.000000 1.000000 0.381968 0.618034 0.618
0.356280 0.157037

1 0.381966 1.000000 0.618034 0.763936 0.382
0.157037 0.147725

2 0.618034 1.000000 0.763936 0.854102 0.238
0.147725 0.194622

3 0.618034 0.854102 0.708204 0.763936 0.146
0.139526 0.147725

4 0.618034 0.763936 0.673764 0.708204 0.090
0.141883 0.139526

5 0.673764 0.763936 0.708204 0.729493 0.056
0.130526 0.140868

6 0.673764 0.729493 0.695051 0.708204 0.034
0.139774 0.139526

7 0.695051 0.720493 0.708204 0.716337 0.021
0.130526 0.139782

8 0.695051 0.716337 0.703182 0.708204 0.013
0.130525 0.139528

9 0.695051 0.708204 0.008

Tax kax Al10) < £, 70 UTePAUMM CNEAYeT NPEKPATHTH M MONOMMT £ B al®) &

§ 0.703182. Taxuu o6pasom, = = 0.70 2 0.01. O1MeTHM, ¥TO ANA AOCTHREMMA TON~
moctn € = 1072 notpeGopanock 10 BaMMCneHMA 3HaYeHMRt GYHKUMM, Kak M B
uerone OuboHaM.

5. OddexTunnocTs METOROS NPAMOre DOMCKA. DPPEKTUBHOCTL YKA3ZAH-
HHX METOJ0B MOXHO OLEHMBATH, HANPUMEp, TeM, BO CKOMBKO pa3 yMeHb-
MIAeTCA MocNe McnOnb30BaHMA N BuuMcienuit 3vaueHnf GyMkuuM mepso-
BaYanbuan Aauna A oTpesKa Jokanmzauud. JIpyroR Kputepuit — pennun-
H& rapaHTHpOBAHHMOA OLeHKHM norpewHocTd. Tabn. 9.6 no3sonAerT cpaBUHTL
U0 3THM KDHTEpHAM paccMOTpeHHble Bhiule Metoan. Kak sMano, odens
sedpdexTuben naccuBABIN nonck. Meroa nenennma OTpe3xka nomonam
YCTYMAeT MOYTH SKBMBANEGHTHHIM IO pderTusuocTH MeTosaM Pubonauun
H 30110TOT0 ceyeHu.
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Tabnuus 9.6

Meron npAMoro noucka Jnnba orpeska Benn4nHa rapaHTHpoban-
NOKANY 3AUKH Holl OlleHKH NOrpelinoccTH
OnrTuManbHLE NACCUBHBIR 2 A 1 A
nou ¢k N+1 N+1

Meron penenua orpeska 1ono-
nam (N - yeTHoe, Besuuntolt § 1

N. . .
npene6peracu) -?7; A w(0.7T1)V-A % 0.5-(0.TLN- A
Meron Duboraswn ?,N-% A s 1.7-(062N- A 5 0.85-(0.62)V- A
g 1M
Meton 3on0Toru ceyeHnA [ﬁ_ A ®16-(0.62)N-A % (0.62)N- A
+1

NMpusenen cime oany Tabnmuy (Taba. 9.7), M3 KOTOPOR BMAHO, cKOALKO
BHIYKCACHHA QyHKUMM fHYXHO cASNaTL ANA TOKO, YTOOH NOCTHYL TOYHOC-
™ €. Tlpegnonaraercsi, YyTO HAYANBMHA OTPEIOK NOKANHUIAUKMM UMEET
CAHHUYHYIO JUIMHY.

Tabnuua 9.7

Yucno N npu sanaxnon £
Meron npAworo noMcka

E=107 =102 =107 e=104% £=10"%

OnNTHMANBHLI NACCHSHBLY 9 929 999 9999 99999
noncK

Meron neneHusA 01pesKa 6 12 18 26 32
nonoviam { & € €)

Meron OuboHavun 5 10 15 19 A

Meron sonotoro ceMeHWA 5 10 15 20 A4

6. Bausase norpemmocw Buvmcnesm@i. OnHa M3 caMbiX PacmpOCTPB-
HeHHKX OWHGOK tipH OOpalIEHHN K cTAHAAPTHLIM NMPOTpPAMMAM, peanuayio-
IWHM TOT KAl MHOA Metof, Ha DBM, coctomT B 3aBmillennn TpeGyemon
toynoctt Heo6XoaMMO 1OHMMATB, YTC NP HATMYMH NOrpemIHOCTER B
BLYMcNeH N 3RaYeHMA PYyHROMM f JOCTMXHMAN TOYROCTH £ METOJOB MpA-
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MOTO MOMCKA OTPAHMYEHA CHMM3Y BEAMYMHON € N 2]5(!‘)/)"(;), rme € —
pajnyc MHTeppana HeompeseneMHocTH (cM. § 9.2). D10 o3Hauaer, manpu-
MEp, YTO MpAMLE METOAW He NO3BOMAIOT MaltTH Ba 6-paspAaHOf necATHMY-

goit IBM TOuKy z, NOKANBROrO SKcTpeMyma dyuxnun f(z) = 2! —z 4+ €T

¢ TOYROCTBIO £ < €3 ¥ 2-1074. 3anmanue € < Ez npuBefeT Anms Kk Gecnoaea-
HOMl TPATE MALIMAHOTO BpeMeHH.

§ 9.4. Moroa Hewroma g apyree meToan
MEHEME3ALEN rasakax Gymrapmil

OrMeTHM, 9TO NpHMEHEHME pAactMOTpeHMHIX BhHIIe METOROB NEACHUA
oTpeska nonoviaM, PubOHAYIM K JONOTONG cedeEHA HE NO3IBONAET HIBJeYb
HHKAKOR BHIOAB M3 BOIMMKHON raankoctH GymkuuM. CylmecTsyioT MeTO-
Bhl, KOTOpHE MOTYT OKa3aThC Gosiee 3pPeKTHBHHIMY, €cIH MHMAMMMANpYe-
uan QYHKUMA NOCTATOYHO raAafKad. YacTh M3 MHX ABIAETCA OPOCTO MOAM-
GUKALMAMM M3BECTHRIX METOI0B pellleRMA HeJMHeABHX ypabneMmil (cm.
ra. 4) NpHMERHTENBHO K YPaBHEHMIO

f(z) =0. (9.14)

1. Meron Gacesapum. Mycts f— ynumogansuan senpepusio guddepen-
unpyemas Ha orpeske [a'®), (0] = [a, 8] PpyHkuus u Ha oTpeske [a, })

T09Ka I ABJAETCA CAMHCTBEMHOA cTauMOHApHON TOYKOA. IlpHMeHMTENBHO
K pelienuio ypasHenvua (9.14) onHa urepauma memoda Sucexyuu BHTAAANT
cAeaAyIoInM 06pa3oM.

Myets orpesok nokanu3zauuu [a' ™, "] papecTeH M nafiaeHo 3Hade-
Hue (") = (al™ 4 b(n})/2 Torpa NpoOMaBORAT cneAylOMne AeMcTBUR.

1°. Bmumcnsior anavenme f'(z( ™).

20, Ecam f'(z!™) < 0, 10 noaarator [a¢!n*D), ptmD)] = [gtm) p(m). B
DPOTHBHOM cayaae monaraiot [a( '), (] = [atm, z(n)],

30, Buuneagior 2! ™D = (g(n*1) 4 ptneD) /2,

B paccMaTprBaeMOM C/1y48€ METOJ, CXOAMTCA ¢ OLEHKOR MorpemmocTi

fgtm -Z| € %‘ (9.19)

R ofnanmeT BceMM NPUCYIIMMM METORY GMCEKIMM PElIeRMA HenuEelMBX
YPaBREHMI NOCTOMHCTBAMM M HemocTaTkaMu (em. § 4.3). Boanmkaer anum
JAONONHHTENbHAA NpoGNeMa, CBAJAHMAA ¢ HEOOXOAMMOCTHI) BHIUMCIIEHAMA
@iponspomaoh f'.
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2. Merox Husoroma. /Ina pemenus ypasneana (9.14) moxao nonsTath-
ca BocnonbaosaThed Merofion Heworoma (cm. § 4.6), pacuerwas dopuyna
KOTOPOrO B IAHHOM CJIY4a€ NPUHMMaeT BHJ

AmD = g -%%%, n>0. (9.16)

Cnepcreuem TeopeMn 4.6 ARNAETCA cleAyiomee yTsepiaeHHe,

Teopema 9.1. MMyems o xexomopou oxpecmuocmu mouxu £ Pyux-
yuz f mpumodm wuenpepmano Jufdepenyupyena u ENNOANIEMCK YCAOOUE

F(2) > 0. Torda naidemes maxas masas g-oxpecmnocms %opus T, wmo
RPU RPOUIEOANON OMEOPE NANAAMNOL0 npubauxexus ') w3 s3mod g-ox-
pecmunocmu memod Hywomona (9.16) czodumcs xeadpamuxno.

B cuay ceepxauaeilroft cxoaumoct aaAa wmeropa HpiomoHa moxHo
MCOONB3OBATD CAEAYIOUINA KPHTePHA OKOHYAHHA MTEPAUMA:

I:lm -zin) ‘ < E. (9_17)

. . Npmsep 9.11. Ucnonbays weton Gucexumu, wafnen ¢ ToyHocThio € = 1072
TOUKY NOKANBHOMO MIGGIMYKa dywxunn f(z) = 2 — 7 + €T, ToKATM30BAHHYIO Ha
orpeake [0, 1].

Monowum a'® =0, B0 =1, £ = (gt® + b01)/2 = 0.5. 3amernn, yro
f(D)=32 -1 —¢€1.
I nrtepaumwna 1. Burmemoa f/(x(0) s —0.856531.
2. Tak kax f((9) < 0, 10 [al}), B D] = (£, O],
3. Borotemid £ = (a4 b1)/2 = (.75,
PeaymbTaThl OCTa/LHEIX MTepalMA NPHBefeHn B Tabn. 9.8.
Tabawuua 9.8

n al n b rin) f’(,(m) (b m_dtm),z
0 0.000000 1.000000 0.500000 -0.856531 0.500
i 0.500000 1.000000 0.750000 0.215133 0.250
2 0.500000 0.750000 0.625000 -0.363386 0.125
3 0.625000 0.750000 0.687500 -0.084863 0.063
4 0.687500 0.750000 0.718750 0.082444 0.031
5 0.687500 0.718750 0.703125 -0.011882 0.016
6 0.703125 0.718750 0.710938 0.008

Tocne BLmMONHEHMA LlECTH HMTEPAUMA BbMHCICHWA MOKHO NpeKpaTiTh ¥ NoJo-

aauth 7 ¥ 206 Tam o6pas3om, T=0.71 £ 0.01. OTwernm, Y0 ANA NOCTHKEUHS
roumoct € = 1072 porpefoBanock WeCTh BHIYUCHAGHMA 3HAYEHWA TNPOMABONHON
' (2).
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Mpuep 9.12. Ucnoaesys weron HsulotoHs, Hafpew ¢ rtoumocreio € = 106
TOUKY JoKanEioro MMHuMYMa dynkunn f(2) = £ — 2 + €7, noxkanmaosaHKy10 U3
otpeake [0, ).

Monoxcun x(0 = 0.5. Peaympratn Borntcnenuft no popuyne (9.16), wmerowen
B NaHHOM Clyuae BMA

2 n
3(:'“)) —-_1l-eT
6:‘ n 4 e‘t‘n.

(n*l) = g

npuBeneHL! B Tabn. 9.9.
Ta6nunua 9.9

n zin |rlnl-r(n-lb|
¢ 0.5000000

1 0.73714944 2:10!

2 0.7062126 3-102

3 0.7056421 6-10°¢

4 0.7056419 2:1077

Tipu » = 4 nrepaunm npepumatorcsi. Mowno cumTath, wro z = 0.705642 = 1076
3aueruun, 4ro rounoets £ = 1072 6nina HOCTMIHYTA YXKe Nocie BLOIOMHEHWA ABYX
Krepalun.

3. Merop nmocaenossvensEofl mapaGonmdockoll EETepmoAsINE. JTOT
METOS NpenHa3HBYEM ANA MMHMMM3AUMM raagkux $yaxkuufl, HO B OTANYME
or MeTo0B 6ucexumn M HuioToHA He TpeGyeT BHIYHMCACHMA NPOMIBOZARBIX.

Onuwenm oany UTepannio npocreftirero sapHaHTa TOr0 Merofa. Ipen-
HONMOKHM, HYTO Yke WIBECTHH TPH NpeALAYHMX MpUGAMxenus z!k2),

g0 gtk ko rouke z. Hlyers g = Py(z) = m® 4 ntkb(g — z(h) 4
+ p'R(z — 710 )2 — ypapuenne napaGonki, NpoXoaAmeR 4epea TPH TOUKM
MAOCKOCTH € KOOPOHHATAMH (z‘ k2) . f(z( k-2) ))‘ (:l k- . f(:‘ k-1 l))’
(PILIN f(zt®)). 3necs

Y 3 Y .f(:(kl) - f (k)

mh = f(z'R), ath = AFD — fFD b — gkt
gk k-2 (k) — f(2t0)
D gk T gk — gk
5 = 1 [(#kD) — f(zB) f(eh)— f(s22)
P =FD_ gk | fAFD — gk By T p— =3 .

%9



3a ogepepnnoe npuGanxenne z! ki) k1 MPMHUMAETCA TR TOYKA, B KOTO-
poit bynkumua Pi(z) mocruraer mumumyma. Ha ypasneuns

Pé(zlbll) = gplh(,lhn —zth) 4 pth =9
nonyyserca ¢opuyna

atk
ke = gt - g FT (9.18)
EcrecTBeHHO, 4T0 JN1A Haualla pAGOTH ITOrO MeTOfa Tpebyerca BHGOp Tpex
HBYAIBHMX NpHGAUKeHnft (0 z(D) (2}

Mycrs byuwxuma f rpuxast Menpepwsac anddepeHuMpyeMa B HEKOTO-

POt OKPECTHOCTH TOMKM T W YHOBJeTBOpseT B MeRt ycaosmio [(z) > 0.
MoxXHO NOKA3ATb, YTO B 3ITOM cAy48e BHGOD Ma9aNbHHX NpPUGAHKERNH

z(0 | z(1 | (D) y3 ROCTATOMHO MANOW OKDOCTHOCTM TOYKH Z CADAHTHPYET,
aro p'® 2 0 mas Becex k M MeTon mocnenoBaTeNbHON MapaGOANTECKON
HHTepPNOAALMH CXOAMTCA CBEPXAMHEANO, ¢ MOPAAKOM, MPHOAMKEHNO paB-
Mum 1.324. Mo3TOMy B KauecTBE KPMTEpUA OKOHUAHMA MTEPANMOMHOro
npouecca MOXHO NPHHATL BepapencTBo (9.17).

OrMeTHM, YTO B ONMCAHHOM METOZE MCOONL3YIOTCA TOABKO 3HAYEHUA
bynxumn £ puancasemsie B Toukax z! k. Nostomy (kak M ans meronoe
OpAMOrO MOMCKAa) mpH ero peanu3anuy Ha IBM pocTukumas ToauocTs

METO/la OrpaHMYEHa CHM3Y BeAMGMHON, papEON pajMycy € WHTEpBANA
ueonpeaenentoery. Ilocne Toro Kak ouepeance npubnmxenne z{(M nona-

HeT B MHTepBAN (T — €, 7 + €), NafbHEAINE BHYHCICHUS TEPAIOT CMBICT
(cm. § 9.2).

Cymecteytlor paanuunbie NMOANDHKAUMH MOTONa NOCAEHOBATENBHON
napa6onuueckoh untepnoaauuu. Onma ma mux, nanpuumep, obecneamsaer
APHHALNENKHOCTE OYEPEAHOTO MPUGRHKEHHA NPEALAYIIEMY OTPEIKY JOKA-

AM3AUMKM K JAET NOCACLOBATENLHOCTD CTATHBAIOIMXCA K TOYKE Z OTPESKOB.
4. M'mGpupmse aaroparsl. Jlyumuwu cpesn yMupepcanbEhX METOAOB
ONHOMEPHON MMHHMH3AUMHM CYMTAIOTCA TAK MalblBaeMble tufpudnsie (Mau
peryaspuzoeannsie) anropuTMel. OHM APEACTABAAIOT COGOA KOMGMMaMM
HAZEKHKIX, HO ME/JIEHHO CXONAINMXCA SArOPHTMOB TWNa GMcexkumH (ecau
BO3MOXEO BHuMcaenne f'(z)) uan 30/M0TOrO ceveums ¢ GLICTPO CXOAAILM-
MHCA METOlaMHM THOA MOCNEAOBATE/LHON napaGoAuwecKo HHTepIONALME
nan HeiotoRa. 3mH airopnTMBl 0GNIALBIOT BEICOKOA MAZeKHOCTHIO H MapaH-
THPOBAHHON CXOOHMOCTBIO, MPHYEM CXOOMMOCTb CTAHOBUTCA CBEpXJaMHeR-
HOM, CJIH B OKPECTHOCTH TOYKM CTPOroro MunMmyma dynxkusa f(z) pocra-
TOYHO IANKaNA.
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Ipunepou 3¢pderTHBHONO rHGPHAHOrO MITOPHTMA ABJIAECTCA ANIFOPHTM
FMIN, uanoxenunitt B [86). Anropuru FMIN ocymectensier nosex mmuu-
MyMa MeTOaOM 3JONOTOrC CEYEHHA, MEPeKIIOYAACH MO BOIMOKMOCTH M8
mapaGonMIecKylo MHTEPIONALHIO.

§ 9.5. lonoamwrremaue 3aMOTANRA

I. Jonomurenshyio undOpMALMIO O METONAX ONHOMEPHOM MMMMMM3IAUMH
MOXHO HaAtH, HanpHMep, B nocobum (18].

2. OmcanHble Bhillle MeTOAb ripHenocobaetbl, KaK NPaBio, BAA MHHHMMIALMK
" yrnmonambmbx GyHKuMA. EciM 9TH MeTOAbI NPIMeNHTE ANA MUNHMHIALUMHM Henpe-
pemtoft byHKUMM, He ABRLMOWERCca YHMMOMATIBHOA HA PACCMATPMBASNON OTpE3Ke,
10 Mbl NOAY4HM, Boollle ToBOPS, /WIS TOYKY JoKambHoro okcrpeMyma. [lootomy
aKME MeTOAbl YACTO HA3LIBAKT JIOKAJLHBIMM MeTONAMM MuMMMMdauMu. K nacroa-
WeMy BpeMeHW pa3paboraH pAN MeTONOB, KOTOphie NMpENMA3HAYEHM ONA MOMCKA
rA068ILHOMO MUHMMYMS, C HEKOTOPBIMM M3 HAX MOXHO O3HAKOMHTHCA B [18].

3. Peulenue 3a83MM MMHMMM3AUMH CYWECTBEHHO YCAOKHACTCA, €C/IM H3 aHatie-
HUMA DYHMUMH HAKNANLBAIOTCA CTydaAHBle omiubku (momexm). Tak Obmaer, Ma-
nNpWMep, Torha, korfa anaMeHMA GYHKUMH MOMYMAIOT B pedynbrate HaMepeHKA
KaKoA-mn6o uamveckoft pemuuMHb. B ToM enyvae, Korja ommGxM sRImOTCA
CTY4AAHBIMH BEJIMUYKHAMM H OGNANBIOT ONPENeNeHHLIMH BEPOATHOCTHLIMH XapaKTe-
PHCTHKAMM, ANA NMOMCKA MMHMMYMA MOXHO MCTIONLIOBATH Aemod cmoracmuséecxod
ennpoxcuasyuw. TonaTue 06 3moM Merolie MOXHO NOAYYHTE M3 [18]; Tam xe conep-
MATCA CCHUTKM HB COOTBETCTBYIOULYIO JIMTEPSTYDY.



Taaoca 10
METOAH MHOMNOMEPHOR MUHHUMH3AIIUK

OpnoA M3 HanGONee YACTO BETPEYAIOMMXCA B HHKEHEPHLX pacyeTax M
HayYHBIX MCC/I€0BAHMAX BHIYMCIMTE/IBRLIX 337189 ABRAACTCA 387848 MMRH-
musauun! GyEKHUMN M peficTBMTeNbHuX nepeMeHMnX f(z;, 23, ..., Zm).
Oyukmua f(yeaeas Gynryus) MMHUMUIMPYETCA Ha HEKOTODOM MHONKECTBE
X C R*. B cayuae, korna X = R™ (T. e. OrpaHM4eHHA HA MEpeMEHHbIe I,
73, ..., Tw OTCYTCTBYIOT) MPHHATO FOBOPHTL O 3adaxe 6eIycAoonot AuUNuAU-
sayuu. B npetmBroM cnyuse (T. e. Torpa, koraa X # R™) rosopaT 0 sadave
YcA00NO08 AUNUAUIAYUYU.

B nzamnoft rnase paccMATPMBAIOTCA METOAW pelleHMA 38Za4H 6e3ycsioB-
HOM MuHMMM3auuu. MHOMe M3 HMX ABJIAOTCA OCHOBOR JANA mepexona K
GoJlee CIOKHBIM METONAM PEuICHHA 3aJay YCAOBHOA MMHHMH3aUMH.

§ 10.1. 3anaua Geaycnoenoll MENMMEIANNA
PyRKIAE MEOMHX NepeMesiHbX

1. Hocramosxa 3anawn. Oupepencama. lyems f(z) = f(x, 2 ..., Tm) —
nelcTBHTENbHRAA quBKIllUl MHOIHX NepeMeHHLIX, onpeaenceHHaA Ha MHO-

xecte X C R™. Touka r € X REJLBACTCA MOXXO® LAOGGANOLO MUNUAYAL
$ynkumn fua MHOKecTRe X, ecan ANA Beex 2 € X BLNONHACTCA HepaBeHC-

80 f(2) € f(2). B 5TOM cnyuse anauenMe f(T) HAINBACTCA AMUNULLINML
anavenuen fynuxyuu fua X.

Touka T € X HAJHBACTCA MOVXOU AOKGABKOLO MUNUAYAD ¢yukuun f
eclM cymiecTByer Takaa G-okpecTHoets U 310#l TOUKM, 4TO AnA Beex

! Kak u B cryqae ofiHOM NEpeMeHHOM, 33034R MAKCHMM3AUKK CBOAMTCA K 3a-
ABYe MMHMMHIAIMK 3ameHoN yHxumuk fHa -f
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£€ X; = XN Uy sunonnserca HepasencTso f(3) < f(2). Ecnn xe pns

ncex x€ X; (z # 7) BunonRAETC cTpOroe Hepasenctso f(x) < f(s), 10 =

HA3BHBAETCA mouxod cm.posoao AOKQADNCLO LUKUAYNUA.

Hopaensiomee GOMBUMIHHCTBO METONOB peleHHA 3ana4y Geayc/OBHON
MMHMMM3aUMKN B ACHCTBHTENBHOCTH ABJAIOTCA METORAMM MOMCKA TOYKM
NMOKATIBHOTO MHHHMYMA. 338 MCKJIOYEHHEeM BOCbMA PERKHX CJIy9seB AJA
HAXOKAEHHA TOYKM TFNobSalbHONO MMHHMYyMa, BoOGile roBOpA, AE OCTACTEA
HEMYET0 HHOIO, KAk HaliTH Bce TOYKH JOKWILMOTO MHEMMYMA M, CDABMMBAN
BHIYHC/CHHEIE B ITHX TOUKAX JEAYEHHA DYHKOMW f, BHOSIHTL cpeAH BMX
TOYKY ra06anbHOrO MyruMyMa. OIMAKO TAKOA MOAXO[ CBA3AH ¢ 4Ypeamep-
HO GOJIBIIMMM BRIYMCIHTENLHBIMH 38TPATAMH M BpAA A# nepcnexkrused. Ha
OPaKTHKE 4alle MCNoAblyercd APYrOR NOAXOA K HAXCKAEHHIO TOYKH
rao6aNnbEOr0 MMHHMYMB, KOTOPHIM COCTOMT B TOM, 9TOOH onpenennTs ee
NECTONONOKEHHE M3 BHAIN3R CAMON pellaeMol 3aKaduM, A 38TeM NPUMEHMTL
AJA BHIYNCJIEHHA OIMH M3 METONOB MOHCKA TOYKH JIOKAMIBHONO MMHHMYMA.,

2. MomsepxmocTs yposan, rpaameaT B marpans [ecce. HeoGxoamase m
AROCTATOMHLIO YCNOBRA JAOKAMLEONO MEEmMyMa. Hanommum mexorophe
onpepeneaua H GAKTH, MIBECTHHE M3 CTAHAAPTHOIO Kypra Teopuu ¢yHK-
OMA MHOTHX NepeMeHRbIX.

MuoxkecTsO TOuYeK, JAAA KOTOPHX
uenesas QYRKUMA NPHMHMMAET NOCTOAH-
Boe 3naYenme f(2) = c, Ha3LBAGTCA
nogeprndcmaro ypoers. B caywae m =
= 2 370 MHOXKECTBO HABJILBAIOT suNued
ypoens. Ha puc. 10.1 nokazaso, Kak

NONYHAalOTCA AMHMM YPOBHA AnA (PyHK-
oMM AByX mepemeHHunX. @DyHkuMA
J(z, ) 3anaer B TpexMepHOM NpOCT-
PaHCTBE HEKOTOPYI0 MOBEPXHOCTb ¥ =
= f(z;, 1), HM31AR TOUKA KOTOPOR M
Jaer pelleHMe 3afauM MMHUMH3AOMM.
Jns Toro 9roSm M306pasute peabed Puc. 10.1
3TO MOBEPXHOCTH, MPOBEAEN HECKO/IBKO
PaBHOOTCTOAINMX MNAOCKOCTER 8 =
= const. lpoekuun wa mnockoers Oz7; NMHHA NepeceYeRns 3ITMX NAoC-
KOCTER ¢ NOBEPXHOCTBIO M AAIOT AMHHHM YPOBHA.

IOns nnddepeunupyemoit ¢GyHKUMM onpenenes BeKTOP M3 NEPBHX
NACTHHX MPOM3BORHBIX

1@ =@ = (2@ Lo (z)]',

in)

X



KOTOPHIt Ha3LBAETCA ipaduenmon.

Ecnn B TOuKe £ CPaMeuT He pasen

HYAI0, TO OM, KBK M3BecTHO, mep-

OeAANKYNAPEH NpoXoaAmet dHepe’

)%2%"““ 3TY TOYKY NOBEPXHOCTH YPOBHA H

YKA3LHBAET B TOUKE I ManpaBjienHe

Puc. 10.2 HaucKopefiwero Bo3pacTaHus ¢yu-

kuun. Bektop — ¢ (z) naduiBaerca

anmutpaduenmons ¥ YKA3HIBACT MANpaBneHMe HAHCKOpeANliero yGhBaHMA
dynxuun (puc. 10.2).

HapecTHO Takke, UTO PaBeHCTBO HYMIO FPAMEHTA B TOYKE £ ABJIAETCA
BeOOX0OAMMEM YCAOBHEM TOrO, YTOOH BHYTPeHHAA ANA MuoxecTsa X TOYKA
2 GHNA TOUKON NIOKANLHOIO MEHUMYMa Audrdepenumpyemoit dynkuum f
Touxa £, nAa KOTOPO#!t BHIMONHAETCHA PABEHCTBO

AuwuR

f(s) =0, (10.1)

Ha3BIBAETCA cmayuoNaprod mouxod dyukumu f Paseucrso (10.1) npepc-
TaBNAET ¢0GOA cHCTeMy M BENWHEAHBIX ypaBHeHMA OTHOCMTENBHO KOMMIO-
HENT Zy, T3, ..., Ty BEKTOPA T, HMEIOMYIO BHA

............. (10.2)
g(:ﬂ 2y =y zﬂ) =0.

Opnako me BCAKAA CTAUMORAPHAA TOYKA ABIAETCA TOYKOR JIOKANBLROIO
munanuyda. [ycre dyuxkuua f ppaxpan wenpepusuo auddepennupyema.
Toraa nOCTATOYALIM YCIOBHEM TOrO, YTO6H CTAllHOHApHAA TOYka £ Gbi-
Nia TOYKOH JIOKANBLHONG MMHEMMYMA, ABJIAETCA NOMOKMTENbHAH Ol peaeneH-
BOCTE! MATPHIH

2f RS
a2 (» .. o, (2)
CG(o=f(x)= . s (10.3)

o @ 5@

1 Onpenenerite MONOKNTEMLHO OfPeNleNieHHOR CHMMETPHYHOR MABTPMULI CM. B
§5.3.
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COCTABJEHHO! M3 BTOPHIX YACTHHIX NPOM3BOAEMX yukuun f Matpuny
(10.3) npuAATO HA3bBaTh uampuyed Iecce!.

3. Bunywmie ¢pysxkmun. [lonatie BENYKIOCTH
HCPAeT 3HAYMTENBHYIO PONb B TEOPHH METOM0B m
sunAnMndanun. Oynxups f na3sBaeTca cmpoto
eunyxaod, eciu ana mobux £ ¢y, 0 < A < 1 W

X3

BLNO/THACTCA HEPABSHCTBO

y
JOs+ Q=) <X @A+ A=N S0 ,/
910 onpeneneMHe HMeeT HAMMALHLIN IeOMETpPH- X
geckufi cMpct — rpaduk bynkumm f Ha Ha-
TepBasie, COENMHAIOMEM TOYKH £ M J, JIEKMT Puc. 10.8

CTPOLO HHXKE XOpAH, npoxopAwmel Tepe3d TOUKH
(=, /(2) u (9 f(9) (puc. 10.3). ina ABaxAn
senpepuiBo auddepennnpyemon PyHKIMH NONOKHTENBHAA ONpeaeNes-
mocTe MaTpuus [ecce f'(f) ABNAETcA AOCTATOUHLIM YCNOBHEM CTPOrOfl BHI-
DYKJIOCTH.

OyHKUMA [ HA3LIBAETCA CUAMKO OMNYKAof ¢ MOCTOAHHEON 2 > 0, ecam
AnA nwobux 1, ¥, 0 < A < 1 BLNOAMEHO HepaBeHCTBO

FOz+(1-2)g) <Af(s) +(1-2) f(n) -a—; AL -2)|z-yl2 (10.4)

Jpaxnn HenpepuBHO Duddepenumpyeman Qyukous [ ssnfercs cHABRO
BHINYKI0H TOrAA M TONBKO TOLAA, KOrQa AR Becex # Matpula lecce ymos-
AIeTBOpAET YCNOBHIO

(@& &) >= (€2 £ € R

rae & > () — NOCcTOANHAA, BXOAAWAA B HepasencTeo (10.4).

4. 3anaua MEEMMESAIH kKpanpaTEUEOR ¢yExmEm. YacTo nepBoMa-
qWIbHOE Mce/IEiOBAHHE CBOMCTE METONOB Ge3ycnOBHOR MMHMMM3aUMM Npo-
POAUTCA APHMEAUTENLHO K 3ajaue MUHHUMHIAUMM KBAZPATHYHOR PyHKuUMU

1
Pz 2, ot = 5 E. E' ayriz, - 'gl biz, (10.5)
X03PPUUMEHTH @,y KOTOPOR ABNAIOTCA AEMEHTAMH CHMMETPHIHON noJo-
XHTeNIbHO onpepeneHHoN maTpHunl A. Hcnonbays wmaTpuumule oGosuave-
BHA, 3anuwen GyHkuHo F Tax:

! Thopsitr Orto Tecoe (1811—1874) — HemelKHA MaTEMATHK.



F(s) = 5 (A2, ) - (b, 9). (106)

Buunenum rpanueHt u Mmatpuny lecce ana dymxumn (10.5). JIndde-
peHuMpoBagMe £ no xx Jaer

_1 1
d:k 2 ,?1 J+ E aukti — by

l'lnm.ayacb cummerpuell matpuun A, nonyunu ¢opuyny

m ,?u a2 - by (10.7)
Taxunm o6pa3om,
F'(2) = Az-b. (10.8)

Jnddepenumpya o6e uactu pasescrsa (10.7) no zj, nonyunm c-?-i%i =

310 o3maveer, 410 AAA KeanpaTManolt PyHkuuu (10.5) matpuna Cecce He
38BHCHT OT 7 M paBHa A.

3ana4a MUHHMH3ALMH KBAZDATHIHOA (YBKOHM NpeAcTABIAET MHTepec
fio mAorMM npuunHaM. OTMETMM NOBe OCHOBHLE M3 HMX. Bo-nepsux, B
MaIOfl OKPECTHOCTH TOYKH MMHHMYMA FNafKaR nenesad QyHKUHA XOpOmIO
ANOPOKCHMHPYETCA cyMMON NepBHX TpeX CNAraeMhX ee PalIokeHuA mo
dopuyne Teitnopa:

F() s Fo(n) = f(2°) +(g(s%), 3-2")+ %(G(t')(t- z%), - 27) (10.9)

¢ uenTpoM B Touke z* & r. Oynxuma F, ¢ TOUMOCTHIO 0 MOCTOAMMOTO
CNIAraeMoro Moxer 6uiTb 3anucana B uae (10.6) ¢ matpunet A = G (z°) »

8 G (z). Mo3TOMY MOXKHO OXKHABTH, 9TO BOAM3N TOYKH MHHHMYMB KAIOCT-
PORHHA XapaKTep NOBENCHMA NOCIEAOBATEJNLHOCTH Z'™, remepupyemoft
METOROM MMHEUMM3AOMM, AN YRKUMM fOKAaXeTCA NOYTH TAKHUM XKe, KAK W
AnA ksaapaTHanol Gynkuum F.

Bo-BTOpLIX, XOpPOILIO M3BECTHO, YTO B CIYy4ae, KOorda A — cHMMeTpHYHAA
DONOXKHTENbHO ONpefe/ICHHAA MATPHILA, 347898 MHHHUMHIALUMM KBANPATHY-
uott pyuxnuu (10.6) 3KPMBANCHTHA 3ajade pelICRHA CHCTeMb AMHENHBIX
anre6paR4ecKHX ypaBHeHH

Az = b ) (10.10)

Bonee Toro, pemenue 22 cucremtl (10.10) gaer Touky MMHMMYMa GyHKOMM
m .



(10.6). Metcmourensno, F'(#) = A® — b = 0, T. e. 2° aBngerca crauno-
mapHoft Toukoh ynkuun F. Tak kak matpuua Fecce F°(22) = A nono-
XHTeIBHO ONpefiefieNa, TO B TOYKe 2° BHLINOJHEHH ROCTATOYHEIE YC/NOBMA

MEHMMYMa W, 3B8YUT, 2 = 1.

Taxnu 06pasom, BcAKHA MeTOn Ge3ycNOBHOM MMEMMM3aOMH, GYMydH
OpMMENEeHHEIM K MOHCKY MHAMMyMa dysaxnun (10.6), nopoxaser mexoro-
puit MeTon pemsemua cmcTemu (10.10).

OTuerum, 4TO NOBEpXHOCTAMM YpOBHA keafpaTHunon Qynxmmu (10.6)
CAYXAT m-MepHMe MAnncoMan (npM m = 2 — 3AAMNCH) ¢ UEMTPOM B

rouke r. OTROwreMMe GoAbWeR OCH KAXAONO M3 ITHX SNAMACOMAOB (/-
auncos) K mensuwieft ocu paBuo conds(A) = Apax/Amin — 4UMcRy o6ycaos-
NCHHOCTH MaTpuus A. 386ch Apay M Apin — MBKCHMANBHOE M MHMHMMANBHOS
coGcTeenanie 3HaveaMs MaTpunul A. Yem Gonbme orHowenne Apax/Amin,
TeM CHABbMee BHTAMYTH MOBEpPXHOCTH (AMHHMM) YPOBHA.

§. O6ycaoaneasocTs 3anaTm vmmuMuasmpmm. B § 9.2 nocrarouno moa-
poduo obcyxnanach 06YCNOBICHHOCTh 3884y NOMCKAE CTPOrOro JOKaIbHO-
ro MuMMmyMa Gynkumn onHol nepemenHoit. Tak kak cHTyanua B Mmuoro-
MEpHOM CJIy4se AHATOTMYHA, TO 3[6Ch MANOKUM COOTBETCTRYIOUIAE MOMONE~
BnA Goslee KpaTkO.

[lycTs 2 — TOYKA CTPOTO JOKANBHONO MHHMMYMB ABAXIHN HENpPEPHBHO

anddepenunpyemot pyaxuyn f, matpuna Fecce KOTOpoRt B TOYKe T Mono-
xurensHo onpepenicHa. [IpegnonoxnM, 970 B HEKOTOpON OKPECTHOCTH
TOUKH MHUEMMYMa BHYHMCIAembe NpUGIMkKeHHHe 3Hayenus [*(z) yaomner-

popsior mepasesctsy |f(x) — f%(x)] € A = A(f*). Torna nas paanyca
COOTBETCTBYIOMIC OGNACTH HEONPEAENEeHUOCTH cnpaBeinBa rpySest oueaxa

€ 21 E/,\m. rae Amn > 0 — MMHHMAnbHOE COGCTBEHHOE JHaYeHME

metpunn Tecce f(3).
Orciona crrenyer, YT0 METOAH NPUGANKEHHOro PemeRMA 3a0a9M MHEN-
MH3AUMMM, B KOTOPHX MCAONLAYIOTCA TONLKO 3uaueHEMA f°, HE MOryT,

2006IIE MOBOPS, FADAHTHPOBATb NONYYeHHe MPHGIHAKEHHOrO pemeans £° ¢

HOrpelrHocThIO MeHbed Yewm A(r®) # 2] A/\min. D10 oO3mauaer, ma-
OpMMep, YTO OA&KEe AAA XOpowo MAcMTA6MpPOBAHHHX 38Aad (T. €. mpu

I2] ~ 1, |f(3)] ~ 1, Apin ~ 1) Hen3GEXHA NOTEPA NPUMEPHO NOJOBHHEI W3
TOrO 4Mc/a BOPHHX 3HAYAIMX WH(P, KOTOpHE colepxkaiuch b npuéau-

MeHHuX 3maveHunx f*(z).
Nycrs Teneps ans pemenna 3aaa9M MMRMMMIARMHM AOCTYDHH mpué-
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Auxenasle 3HaueMua rpaamenta (f)°. Toraa cpemeEMe 3agaqn NOMCKA

TOYKH MMMMMYMB % K JKBMBANCHTHOM 3a/laYe POmEHMA cHCTeMb ypaBHe-
uuik f(5) = 0 cymecTseHHO yayywaer 06yc/nORNEeHHOCTh 3a4aun. B gacr-
HOCTH, CIPABEAANBA TAKSA OLENKA FPARMLLI A5COMOTHON NOrPemHOCTH:

@) =5 B (1))

3necs A ((f)*) — rpanuna a6CONIOTROA NOrpemmAOCTY 3Havenni (f')°,
CYMTAIOmAACA ROCTATONHO Manoft senmannofi. [MoaTomy ecan XaA euiamc-

JICANA ; MOXHO HCNTONbLIOBATL INAYEHHA rpagmnedaTa, TO TAKON PO3MOXHOC-
THIO HE cJleayeT OpeHeSperars.

§ 10.2. DNoasTEe 0 METORAX CIYCKS.
Hoxoopamnarmull cuyek

1. Meroau emyexa. BosbWIMHCTBO MTEpaIBMOHHBIX METOROB, MPHMEHA-
eMBIX A7IA petieMna 3aJa49H Ge3ycNOBHOA MMHHMHM3aunM GyHKOMA MHOCMX
NepeMEHMHX, OTHOCATCA K KIaccy uemodoe CAYcKa, T. €. TAKHX METONOB,
ANA KOTOPHIX Kaxaad HTepaunf (IIAr) NpUMBOANT K yMEHBIUSHWIO 3Hade-
aua uenesoit pymkumuu: f(2(?*) < f(2{") gna seex n 3 0.

OnMmem cTpykTypy Tunuamoit (n + 1)<t MTepanMM MeTOlA cmycKa B
NPeANOJOXKEHHN, YTO NpUGANXKEANEe £ ™ K TOYKe MMHMMYMA yxe HaRaeHo

uan g
10. HaxoanaTt Hemynepo#t ektop p! ") Ha3mpaeMmi NERpCoseNucH CRyC-

xa. ITOT BEHTOp AONKEH OBITH TAKHM, 9TOSH MpPH BCEX [OCTATOYMO MANKIX
a > (0 PHNONAANOCH HEPABEHCTBO

f(z™ + apt) < f(2(™). (10.11)
Ecau pBect PyHKIMIO ONEON NEpeMenRoR «, MMEIOULYIO BMJ,
ea(0) = f(2'™ + ap'™), (10.12)

10 HepapeRcTpo (10.11) MoXHO 3anucaTs Tak: wa(a) < ¢q(0).
20, BUSMCARIOT MONOKNTENBHOE YHCNO ap (Wat cnycxa), AR KOTOPOro
BLIMONHACTCA MOPABEHCTBO

f(#™ + anp'™) < f(2'™), (10.13)

WIH, 9TO TO Xe caMoe, HepaBEHCTBO @n(an) < ¥n(0).
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3°. 3a ouepeanoe npUGIHXKEHNE K TOUKS MHMMMYMA NPMHMUMAIOT
gnt) = g(n) 4 g gt

4°. [IpoBepAIOT BHNOAHEHHWE KPHMTEPUA OKOMYAHHMA MTepaumit. Ecan

KpUTEPHl BLIDQMHACTCA, TO MHTEpPAUMM NpeKpalalOT W NONaraloT T W
o g(n*1) B QpOTHBHOM cAy4se HTEepaUHM NPOAOKAIOT faiee.

MocaenosatenbrocTs TOwek 0 (1) gt reyepupyemyo
MeTOMIOM CMYcKA, MHOT/A HA3KBAIOT mpaexmopuei cRycxa.

2. Hanpaanemme coycka. 3aMeTiM, YTO BeKTOp p'™ He MOXeT GHTB
safaH npou3sonsno. B emny rtpeGosanua (10.11) ¢pynkuns gq(a), onpene-
aneman ¢opuyacir (10.12), nonxua y6usath B Touke @ = (. Jiaa Toro
9TOGH 23TO yc/A0BME BHINOAHANOCH, AOCTATOYHO NOTPEGOBATE BLIMONHEHHA
sepabercTBa ¢ (0) < 0. Tax kak ¢ (a) = (f'(s'™ + ap'™), p'™), 0

peKTOp Pp'®'  ABNAETCA HaNpap/i€éHMeM cnycka, T. €. YROBJETBOpAET
ycaosuio (10.11), ecan .

(f (™), ™) <0 (10.14)

MoxHO nOKAa3aTh, YTO AMA CTPOrO BHNYKMGH QyHKUMM [ 3TO HEPABREGHCTBO
BHIOMAETCA TOTNA M TOABKO TOrAA, KOKA BEKTOp {7 3anaeT Manpasie-
BEHe CNYCKS.

OGEYHO MMEHHO cnoco6 BHIGOpA HanpapneMMa cnycka pl ™) onpepenser
KOHKPETHbHIA UHCNenHWil METOR, a PA3NIMYHHE BADHAHTH MeTOIa Oonpene-
MAIOTCA [anee airOpHTMOM BHIYMCAEHMA INara cOycka apn. Hanpumep,
suGop B KawecTse p' ' auTHrpammenta p'™ = —f'(2(")) aanaer rpaament-
auit meron (cm. § 10.3). B atom cayuae (f(z(™), p(®) = =|f(zM)|2 <
< 0, T. e. yenosne (10.14) unonnaerca.

3. Bu6op mara cuycka. Crefyer uMeThb B BMAY, 9TO WAL ay cOYycKa
onpenenaer “ucTMHuyi0" BenMuMHy wara h, = [si?*) — g™} =
= ap|p'™ |, RO coBnamaer ¢ Hefl TONBLKO TOTAA, KOrAa BEKTOp p! ™ HMeeT
@AMHHUYHYIO AJHRY.

B kKavyecTBe an MOXKHO BHIGHMPATbL 3HMAYEHMe MApDAMETpa «, KOTOpoe
obecnedHBAeT JOCTHXKOHNE HAMMEHbBIIEro 3payeuns GyHKkuun fBAOAL Ayda
g=z(" 4 api® a3 (. B aroM cnyuae A8 BHYMCIEHHA apn TPeSyeTcs
pelienne OXHOMEPHOA 3a48YM MUHMMM3AUMHM PyMKUMM pn(a). OTOT ayTs
ROCTATOYHO HANENKER, OXHAKO MOXET ONTH cBA3AH ¢ GOABUIMMH BLIYHCIHM-
TOALHLIMH 3aTpATaMH.

CymmecTsyioT M S8KTUBHO NPUMEHAIOTCA APyrue MOAXOAH K BHOOPY an,
rapanTHpyloupe BumonRerue ycaosua (10.13). Oamn na mpocrefmmx
DOAXORO0B, MA3LIBAeMEI dpoSsexues Wata, COCTONT B caenytomen. DPukcu-
PYOT HaYaNbHOE 3HAYEHME WATAR « M BRIGMpaloT napamerp 7, 0 < v < 1
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(q8cro ¥ = 1/,). 3a war cnycka NpUHHMAKOT an = a- 1'%, rae 1, — nepsuif
M3 HomepoB t = 0, 1, 2, .., AnA KOTOPOrO BHINOJIHEHO YCIOBHE

@M 4 apiptm) - f(aM) < fra p(f (M), ). (10.15)

3pecs 0 < < 1, f — nekoTOpHIl AOMOAHNUTENBHLI MAPAMETD.
4. Kparepum oxomvanma wrepanmi. Ha npaxriKe 4acTOo HEOONBIYIOT
cNeAyIoniHe KPHTEpHH OKOHYBHNUA UTepanmil:

[gtne) - gm | < g, (10.16)
| f(z(m1)) - f(=tR))] < g3, (10.17)
()] < g, (10.18)

rne €, €2, £3 — 3aaHube noNoXMTeNbube uMciaa. Hepenko uenoassyior
PalINYHBIe HX COYETAHMA, HanpHuMep TPeOYIOT, YTOOL ONHOBPEMEHHO
punoauanuce ycnosus (10.16) m (10.17) wunm paxe Bce TpM ycnopMs
(10.16)—~(10.18).

Hepenko emecto kpurepmes (10.16), (10.17) npumensior nx amanorm,
OCHOBAHHLIE HA COYETAHWM MOHATHA OTHOCHMTE/NBHOA M a6COMIOTHOA mor-
pemiHocTeN:

[P0 gt | < §i(1 + |2tnD ], (10.19)
(& m0) - f(##)] < 81 + [ f(&™1)]), (10.20)

B TBKXKE [pPYrAe KPUTEpPHH.

K coxanenuio, Hafl@kHEe KPHTEPHMH OKOHYAHMA cyeTa, KOTOphe Ghan
Gul NPUMERMME K UIMPOKOMY Kjlaccy 3aay M FapaHTHPOBAIN 6Bl AOCTHXE-
HME RYXHOA TOYHOCTH, NOKA HE MABECTHH.

§. HoxooppuBarenill coyck. B wmeToze noKoOpAMHATHOrO cnycka B
KadJecTbe 09E€PeAHOro HaNpaBleMHA cnycka BHGMPAIOT HANpaBleHHe ONROR
M3 KOOpAMHATHHX ocell. HanGonee napecTHLM ABNAeTeA memod yuKAuvec-
xo0to noxoopdunamuotoe cnycxa. Onniem ovepearoft (n + 1)-A nukn oauo-
ro M3 BapMaHMTOB 3TOr0 METOfla, CYMTaA NpHGAKkeHne zi™ ywxe HalzeH-
HbIM. )

[Inkn ¢ HoMepoM n + 1 cocToMT u3 m waros. Ha nepsom ware npoma-
BOAAT CAYCK N0 KOOPAMHATE Z;. 3HaYeHHA Ip = ™, .., Tm = zZ{M oOc-

TalIbHLIX KOOPAMHAT PUKCHPYIOT, a z{™!) BGHpAIOT H3 YCNOBHA
fz{mv, 4™, ., zt™) = mi:? f(m, 4™, .., (™).

(aKTHYECKH PpelllaeTcA 3aAaYa MMHUMHAauuHM GYHKUMM ORHON nNepemen-
HOM

fi(a) = f(=., &™, ..., zL™).
210



Ha BTOpOM 11are NpOM3BOAAT cnYCK NO KOOPAMRATE ;. JHAYEHHR I; =
= 2™, 2y = ", ..., In = z{® OCTANBHHX KOOPAMHAT PUKCHPYIOT M

z{™1) BLGMPAIOT KAK peuleHie 3a[aYH OHOMEPHON MUHHMMIALMM
flzynn, mby gl glar) = m'}g (™0, o, zLm).

AHAJIOTHYHO OCYHIECTBARIOT ocTanbHule warn. Ha nocneanem m-u mare
KOOpAMHaTY z\ ™!} onpemensaioT M3 yenosua

f(‘f ey :;:3:11’ :(.mn) = mjtn f(zimu' ey z’{.{:;n‘ :.)_
m

B peaynsTaTe noayuaercs ouepeamoe npuGamkenue z!m*ll g TOYKe
muyunMyma. Jlanee nyka Merosa cHOBa DOBTOPSAIOT.

Ha puc. 10.4 naoGpamxena reoMeTpudecKas WLNIOCTPANUA UMKIHYEC-
KOr0 NOKOOPANHATHOrO CHYCKA.

ofx K= 1)

111

L“-u.’". "

Puc 10.4

MprMernM METOX UMKIMYECKOrO NOKOODAMMATHOIO COYCKA AJA MHHH-
umaanuy kbagparuynolt ¢yakumu (10.5). Tak kax Ha k-m ware ouepeauo-
ro uMkia aHayeane KOOPAWHATH z"“’“ onpeaenAercA M3 YCAOBMA MHHEM-

Mazanuu GyHKuMM F 00 HANPAEBIEAMIO Ii, TO HEOGXORMMO, YTOGH B TOUKE
(x{me1), L, 2f 20, gm0, g7, ..., zL®)T npouseonsan oF/dzy opama-

nach B HyAb. Yuutesan ¢opuyay (10.7), nonyqaem ypasaeuue

() 4 B (ny — b = 0,
Jg nk’zJ +J.t01ak’zj &

2mn



OTHKYAA HAXOAHUM

k-1
‘Lm” = “I.:L (h'-,:?l “"Jx}m“ -rgﬂak’:;m ) (1021)

llocnenopatenshbie Buunenenua no dopuyne (10.21) ana k=1, 2, ...,
m H COCTABAAIOT OAMH UMK METOA MNOKOOPAMHATHONO cNycka. JAaMETHM,
YTO 3TOT MeTO/l NPUMEHHTEbHO K PEINCHNIO CHCTeMH NHHeAHLIX anreGpan-
4ecKHX ypaBHeHHMA Az = b ¢ cHMMETPHYHOR NONOXKUTENLRO ONpeReneHrOM
MaTpuueft naeT M3BecTHuA MTepauHOMHLA Meron 3eimens (cM. ra. 6),
CXOAAWMACA €O CKOPOCTBIO MreOMEeTPHRecKOoN MporpeccHH

§ 10.3. I'papmesranll MeTON

Pacemotpum 3agauy GeaycnoBHOR wmuuMMu3aumy auddepennmpyemodt
¢yuxkouu mHOrMX nepemeRAnx f(z). TlyeTs (" — ppuéanxenre K TOYKe

MHHEMMYNB T, 2 ¢(" = g¢(zl") — auauexue rpagMenta B TOuKe xi{N},
Buie yxe ormeuanoch, 4TO B Mayoff OKPeCTHOCTH TOukH z(M) wanpasne-
HHe naMckopelfimiero yGupadua ¢yBkumMn [ 3aaeTcqd AHTHUTPAZHEHTOM
—g'"' | 310 cBOACTBO CYIIECTBEHHO MCOOIB3YETCA B PAJZIE METOAOB MUHMMM-
3auun. B pacemaTpuBaeMom HMXe tpaduenmuom uemode 3a HANpaBNEeHHE
cnycka M3 TOYKH ! " HemocpelcTReHHO BuGHpaerca plM = —g(n) Takum
06pa3oM, cOrAacHO FPAANEHTHOMY METOAY

) = gl _ g, glm (10.22)

CymecTteyior paannunune cnocobul Bubopa mara a,, KaxAuwfl U3 KOTO-
PHIX 3a[86T ONPeRENCHHLA BAPHAHT [PAAMEATHOrO METOfA.

1. Merop mamckopelimero cuycka. PaccmoTpuM QyRKUMIO @p(@) =
= f(s™ — ag!™) onnol ckanApuo# nepemennoft « > 0 M pnGepem B
KAYecThe Oy TO 3HAYCHHE, AAA KOTOPOTro BHIMONKAETCA PABEHCTBO

¢nlan) = min pn(a). (10.23)
0<a

Oror Meron, nmpeanoxennnifA B 1845 r. O. Kommn!, nopuusaTo Tenepe Ha3dn-
BaTh Aemodoa naucxopetdweto cnycka.

! Orocren Jlyn Koumm (1789—1857) — cppaHuyscKMil MateMaTHK, OAMM U3
o371aTeNIeN COBPEMEHHONO MATEMATHYECKOIO aHANM3a, Teophh aMdrpepeHUMANBHBIX
YPaBHEHHA U Ap.
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Ha pue. 10.5 uaoc6paxena reomer-
PHYECKAR MLMIOCTPAUMA 3TOrO MeTosa
AN MMHHUMH3BOMM  QYHKUMM  EBYX
nepemenHux. Wa uHavanbHOl TOYkKHM
£{0) pepneHAMKYAAPHO AMHHMM YPOBHA
f(z) = f(2'9) p Hanpasacuun p'o =
= -¢!0 cayck MPOROAKAIT A0 TEX
nop, NoKa He 6yler HOCTHTHYTO MMHH-
ManbHOE® BAOAbL Jayya = 4 apl®
(a > 0) snavenne ¢ynxuum f B nan- Puc. 10.5
pennoil Touke z{!' 3TOT AYY Kacaercs
avann ypoera f(s) = f(£'1’). 3arem u3 Toukn x'!’ npoBoaAT cmyck B
AepOenAMKYIAPHOM JHMHUHM YpPOBHA HanpaBneunn p'l) = —g(1) xo rex nop,
NOKA COOTBETCTBYIOWMMA A4 He KOCHETCA B TOuKe £(2) mpoxoasmeft wepes
3Ty TOYKY JIHHMM YPOBHA, U T. I.

OrMeTnM, YTO HA KAaXIOA WTepauyy BHGOp WAra a&p DPeANOJIAraeT
pelnenue 3amauM  ofHoMepuont Mmuuumuasmmu  (10.23). Hnorpa sty
ONEPSUMI0  YAABRTCA  BHMOJAHMTD  AHAIMTHYECKH, HaNpuMep AaA
KBRJAPATHYHOH DYHKIHM.

MpyumennM METOR HAMCKOpeALIEro emycka AMA MHUMUMHM3AUMM KBaApa-
THYHON PyHKUMK

F(s)= % (As, 5) - (b, 2) (10.24)
€ cMMMeTpHUYHON NONOXKMTE/NLHO ONpefeeHrof MaTpuueh A,

Cornacro ¢opumyae (10.8), B a1oM cayqae gin) = Axl® — b [loatomy
dopuyna (10.22) surasaguT agecs Tak:

sinth = gln) - g (Agim) - §). (10.25)

3aueTnm, uTO
pn(@) = (A (5% — agM), M —agim) — (b, 5™ — agm) =

= % (A’(m. ’(m) a? — (gi™, g™) o+ .;. (Aztn), gin)) — (5' g(m)_

318 QpymKnmna ABAAETCA KBAnpeTHUHOA ymxumed mapaMerpa a M AOCTH-
F8eT MUHMMYMA IPH TAKOM 3HAYEHUMH @ = ap, AJA KOTOPOro

Polan) ='(Ag'™, ¢'™) ap — ('™, ¢¢V) = 0.

Taxuu 06pa30M, MPUMEHMTENBHO K MHHHMH3AOAM KBRAPATHYHOA (QYHK-
1



unn (10.24) meron manckopeilmero cnycka KBHBANCHTEH pacueTry no ¢op-
myne (10.25), roe

(n) n)
%l??;._';‘—'% . (10.26)

dp =
3amedaanne 1. Iockonbky Touka mumumyma ¢yukumu (10.24)
coBnafaeT ¢ peluenned cucTemsl Az = b, meros Hamckopeiwero chycka
(10.25), (10.26) moxeT NPHMEHATHCA M KAK HTEPALMOHHLIN MeTOR
PelIeHNA cHeTeM HEERHNX anreGpaudeckHX YPaBHEHMH ¢ cHMMETpHu-
ALIMU MOMOKUTENLHO ONpefeNieHEEMH MATPHOAMM.

3ameuanue 2. Oruerum, w0 ap' = p(¢'™), roe p(2) =
= (Az, 1)/(s, 1) — otHOwWwenne Panen (cu. § 8.1).
Mpusep 10.1. Mpusenn werop HamckopeALIEro CRNYCKA LIS MHHHMA3IALMA

KBafpaTHuHOR dyIRaK f (1, ;) = A + 2 — d4n — 4o,
3amerun, wro f(n, m) = (g — 2)2 + Am; — 1)2 — 6. [losrouy TOUHOE

aHauenne = = (2, 1)T ToUKM MMHMMYMA Hau sapanee MIBecTHo. 3amHuIEM AAKHYIO

2 0] M sekrop b= (4, 4)T. Kax

dywxumio B Bupe (10.24), roe natpuua A = [ 04

HeTpynHo BuReTh, A = AT > 0.

Boakmen MavamsHoe npubmakeyue (0 = (0, 0)T u 6ynem BecTm BLHIUMCNENMA
no ¢gopuynau (10.25), (10.26).

I mrepaunsn ¢ = AfO _ = (4, 4)T — (g9, #9) _
p 1§ . - ’ y O (A"_o}' '(o')
2 + 42 1

=rEran_3 TV =Y — s = (43, /3"

gt ,n:z
II urepauus gll= AV b= (=4/3, 4/3), o =

(A,(n o)
2 4/3)2
=5 E:ﬁ;z : 2{3}3)? % #2 = g _ g g1 = (16/9, 8/9)T.

MokHO noKa3aTh, YTO 1A BCeXx B # | Ha n-f Mrepaiym GyNyT NOMyeHB!
BHAMEHM A

#W =T DY ap =3 w0 =T (2 (1)

ZaneTny, |,tm._.g‘_£-»0npnu-vau Taxumu o6pason, nocnenoBa-
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tenHocts = P) | nomyveNMas MeTONOM HaHcKopefUlero CNycKa, CXOAMTCA CO CKO~
POCTBIO NecMeTpHYecKoll NporpeccHk, 3HAMEHATENs Koropoft ¢ = 1/3.

Ha puc. 10.5 naobpameHa HMEHHO TB TPAEKTOPHA CNYCKa, KoTopas Gbula Noy-
YeHA B NAHHOM MpUMepe.

JAn cnydas MMAMMM3AUMHM KBANPATHYHOR QYHKUMM CAPABEA/IMB Cle-
aywowmuit o6mui pesynstar [ 18).

Teopema 10.1. Tyems A — cummempuunas RosoxuMessNO onpe-
JeAexNax MAMPUYA U MUNUMUSUPYeMcK xoadpamuwnas Gywxyus (10.24).
Totda npu awbom eubope HAYAALNOL0 RPUbAuXENus memod Naucxopedutero
enyexa (10.25), (10.26) czodumcs u eepua caedyrousas oyeNxe morpewNoc-
mu:

wn-a=|<|§l [“"*"‘ [sto - 7). (10.27)
min

30ect Amin ¥ Apaxy — HBUNULAABNOE U MEKCUNAAMNOE COOCIMOERNME INTUENUS
uampuys A,

OTMeTHM, YTO 3TOT METOHL CXOAMTCA €O CKOPOCTBIO reoMeTpHydecKol
nporpeccyy, 3aamenatelb kOTOpolt ¢ = (Amax — Amin)/(Amax + Amin), TPH-
qeM €cnaM Agip M Apax G/MBKHM, TO ¢ MANO M METOA CXOAWTCA AOCTATOYHO
6ucrpo. Hanpnumep, b npumepe 10.1 umeeM Apyn = 2, Apax = 4 ¥ no3tomy
¢4=(4—2)(4 + 2) =/;. Ecn xe Agp € Apax, ™ ¢ 8 1 1 cieayer oxu-
RaTb MEAIEHHOR CXOAHMOCTH MeTOZa HaHcKOopeiero cmycKa.,

Mpesep 10.2. TpiueteHMe WeTONA HAMCKOpeMlIETO CNMYCKa ANA MWHMMMIALKH
xBanpatuvholl dyixunu f(q, n) = zf + 10;3 — 41 — 4z NpH HAYANTLHOM

npubmuxesmu £ = (0, 0)T naer NOCNENOBATENLHOCTL NPHEIMKENUA £ ) = T —

- 2[— (1, (-1)7)%, rae T = (2, 0.2)". Tpaexropus crycka M3obpamena Ha
puc. 10.6.

X1

A +F 3

Pue. 10.6

MocnenopatessmocTs =™ CXORMTCA 3nech €O CKOPOCTBIO IeOMETPHWOCKOA
NPOrpeccHM, aHAMEHATENb Kotopoit paben ¢ = 9/11, T. e. cywecTBeHHO MenneHNes,
215



ves B npensiaywes npusepe. Tak Kak snecs A = [3 go]'m‘\““=2' Apax =

= 20, (Amax — Amin)/(Amax + Amin) = 9/11, ¥ noMyuenmbil peaysBTaT BNOMHE
cornacyeres ¢ olenkot (10.27).

Jamevanuue 1. Mu chpopuynuposanu TeopeMy O cXORMMOCTH
METOla HBMCKOpEMLIEro cnycKa B cilyuyae, KOraa nenesadn PyHKUMA
ABnAerca xeagpatMuHoR. B o6mem cnyuse, ecnrm MMHMMM3MpyeMas

QYHKUMS cTPOro BHMYIIAS M HMEET TOYKY MHHMMYMA %, TO TAKNKe
He3aBMCHMO OT BLI6OPA HAYANBHOrNO NpUGIMKEHUA MONYYESHHAA YKABAH-

HEIM METOZOM MOC/ENOBATENLHOCTE £(™) CXOAMTCR K T npu n + «. [Ipu
3TOM Nocie nonafasMa (") B OCTATOYHO MANYK) OKDECTHOCTh TOYKH
MMHMMYMB CXORHMOCTL CTAHOBHTCA ANHEAHOR M 3HAMEHATEH COOTBETC-
TBYIOUIE NeOMEeTpHYECKON MporpeccHH OLIEHHBAETCA CBEpXY BeJMYMHOR
¢ (Amax = Mmin)/(Amax + Amin), TA€ Amin M Apax — MMHMMANLMOE M

MaKcHManbiOe cobcTBennne yHean Matpuun lecce @G ().

Bameyanue 2. JIna xpagpatHunoR unenepoit ¢ynxkumm (10.24)
pemeHHe 3aflauu ORHOMepHOR MuHMMM3anum (10.23) ymeerea madttu B
enae npocroit Asuoft dopuynm (10.26). Opmaxo ana GonsuMMCTBa
BpYTHX HeJWHelHHX QYHKIMI TOr0 cIeNars HeNL3A M AR BHYRCAE-
HHA ay METOAOM HAMCKOPeAillero cCNycKa MPHXOAMTCA MPHMEMATL YHC-
JieHHHe MEeTOOH ONHOMepHOR MMUHMMM3AUMM THOA TEX, KOTOphle OHAM
PaccMOTPEHH B NpeAnAymel rnase.

2. DpoGneus "opparos®. Ha nposesennoro puinie o6eymAcHNA CIenyerT,
4YT0 FpaAMEHTHHA METOJ CXOAMTCA AOCTATOUHO OMICTPO, €CAM ANA MHHM-
MHaMpyemoit pyHKUMM MOBEPXHOCTH YPOBHA Ganakn K cdepam (npm m =
="2 NURHK YpoBHA G6NM3IKK K okpyxHocTAM). Jna takux Pynkuuh e =
= Ayax/Amin ® 1. Teopena 10.1, aamevanne 1, a Takke peaynsTaT npHMepa
10.2 yKa3WBAIOT HA TO, YTO CKOPOCTh CXOAMMOCTH PE3KO NafaeT NpM
yBeIM9eHNM penuyHHun fe. JleficTBMTENbHO, M3IBECTHO, 4TO CpAanMEeHTHBIA
MEeTOZ CXOOMTCA OYCHB ME[JICHHO, ©CAH MOBEPXHOCTH YPOBHA MWHM-
Mu3MpyeMoRl GyIKUAM CHIBHO BLITAHYTH B HEKOTOPHWX HanpasiesuAx. B
ABYMepHOM ciayuae penbed cOOTBETCTBYIOmECH moBepxHocTH ¥ = f(1), 1)
HanoMMHaeT penved Mecrwoctw ¢ osparom (puc. 10.7). Moaromy Takme
PYRKUMH NPHHATO HA3LIBATL cepaxKy.uu. Boons nanpasnewuit, xapaKkre-
puaylommx "zno oppara”, oBpaxkHan GYHKUMA MeMACTCA HEAHAYNTENbHO, &
B JpYraX HANPABMECHUAX, XapakTepuayiommx "ciion ospara”, npoucxonur
peakoe uaMeHenne QynaKIMN.
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Puc. 10.7

Ecnu nayansuan touka £/% nonapaer Ha "exnon ospara”, To manpas-
7icENe PPARHEATHOrO cNycka OKAILIBAETCA MOYTH NepnenauKynApasM "oy
ospara" u ouepennoe npuGauxese z'!) monazeeT Ma NPOTHBOMONOKMHIA
“cxaon ospara”. Crepylomuit mar B wanpasieHun ko "any ospara” soas-
pamaer npubanxenne r{2) Ha NepPOMAvANLHEIA "ckioH ospara”. B pe-
3y/AbTATEe BMECTO TOr0 4TOGH ABMIaTRCS BAGAL "AHA oBpara” B manpamne-
HHM K TOYKe MHHMMYMB, TPEEKTOPHS CHYCKS COBEPLUSET 3HT3IANOOSPA3IMEHE
ckavkH nonepek "oppara”, mouTH He npuGAMXKasics k nean (puc. 10.7).

Jna ycKOpeRHA cXOOMMOCTH FPaIMEHTHOrO METONa MPH MHEMMA3AMAN
oBpaXcHHX PyRKIMA pa3paboTaH pAj cneuManbMmX "oppamunx” meromos.
HMaaum npencraBnenue 06 OfHOM M3 npocrTehiuux npuemos. M3 nsyx 6an3-
KHX Ha9aibHEX Towek (00 p 21} copepiulator TpafiMENTHHEIl cOyCk Ha
*ano ospara”. Yepes HafneAnste TOukM £ u 1) npoBoaAT MpAMYIO,
BAOAL KOTOpOfi comepittaior Gonbmok "ospamnmit® war (puc. 10.8). Us
HaftneanoR TaKHM 06pa3oM TOUkM 2(2) cHOBA IENAIOT ORMH MIAr rpaaMeuT-
HOro cmycka B TOuUKy 32'. 3atem copepmaioT Bropoft "oppaxumft® miar
BI0NL NPAMON, NpoxopAueR Jeped 109k =1 u (2} u 1. a. B peaynbra-
Te ABMKEHME BAOAL "AMA OBpAra" K TOYKEe MHHHMYMA CYUICCTBEHHO YCKO-
paerca.

Pyc. 10.8

Bonee nozpobuyio nagopMaunio o npo6nene "osparos” 1 "ospaxanix”
MeTOnax MOKHO HaftTH, manphmep, b (9], [18).
mn



3. Jipyrme mogxoan K oupeAencEm0 mara cnyexa, Kak Herpygro
NOHATH, HA KAXAOA MTepaunn Guno Gbl XxeflaTe/ kMO BHIGHPATh HANpanjie-
BMe coycka p{") | 6AM3KOe K TOMY HANPABACHHIO, NEpeMElleHne BOOIb

KOTOpOTO MPHBOAMT M3 TOukH =™ B Touky z. K coxanennio, aHTArpaam-
enr pin! = —g(n} gandercA, KaK NpPaBMIO, HEYAAYHBIM MBNpaBjIeHHeM
coycka. Oco6eliE0 APKO 3TO MpOABAAETCA Aas oppaxHux dynkumi. Io-
ITOMY BOJHMKAET COMHEHME B [eNecOOGPA3IHOCTH TINATENLHONO MOMCKA
pemeuMa 3afauM OfHoMepHON mumumm3auun (10.23) u noamnserca xena-
HHe ceNaTs B Hanpaenenun p'"! nuums Takoil war, kKoTopuit 6u ofecne-
aun "cymectpensoe yGuiBanue" ¢Qyuxumm f Bonee TOro, Ha npakTHke
HMHOTZIA JOBOJNLCTBYIOTCA ONpeAe/leHHeM 3HBYEHHA ap > (, KOTOpoe mpocTo
ofecnevHBaeT yMeMblreHHe 3HAYEHHA nenepoft GyHKuuH.

B opHOM M3 npocTeANINX ANrOpUTMOB (THNA APOG/IEHMA WIAra) TAKOrO
BuGOpa mAra a, ¢PMKCHpYIOT Hadankuoe 3Hauenwe o > () M aHavenmMe

napamerpa 7, 0 < v < 1. 3a a, npuANMaIOT ap = a- Y™, rae i, — neppuf
M3 Homepos 1 = 0, 1, 2, ..., NN KOTOpOro BHIMNOJHEHO yenoBue yGLBaHUA

f(='m - aygt™) - f(sm) < 0. (10.28)

OnHaxo npH TaKOM BHIGOpe &n MET TapaHTHH, 9YTO MOCACAOBATE/1bHOCTb
2i7) GyneT CXORMTBLCA K TOYKE MMMMMYMa AaXe AAA NpOCTOR KBAApATHY-
soft pyuxkuun (10.24). Yenosue (10.28) apnsierea cammikom caaGuiM: moc-
NeAOBATE/ILAOCTE T{ ™), ME3HAUMTIHHO YMeHbUIad 3Ha4eHUA yHkuun f

MOXeT "OcTaHaBNMBaTHeA", He MOXOAA IO TOYKM z. Taxoe nosenecame
nNocAeNOBATNbHOCTH £ MOXKHO MPENOTBPATHTL, €CNNH IAMEHHTR YCJIOBHE
(10.28) ycnoemem "cymectsenHOro yGuipaHMA" dyukuum [ Ha Kaxaol
HTepanuM:

(2R - aygtm) - f(2(7) < =Bayt|gt™ |2. (10.29)

3neck B (0 < f < 1) — HONONRMTENBALIA NapaMeTp. 3aMeTHM, 9TO JIA
paccMaTpuBaeNoro mMerona pint = —gln) = —f'(2("}) n No3TOMY HepaBeHc-
T80 (10.29) B TO4UHOCTH coBDafaeT ¢ HepaseRcTBOM (10.15), NenonbIyeMBIM
B METOAAX CMYCKA NPH NPOGIeRHH LIara.

Mpineep 10.3. [IponesoncTpUpyen NpHMeHeHHe TPAIHEHTHONO MeToaa ¢ Apobie-

HMeM wWara Kk 3afiade MUHMUMM3IAUMH KBAAPSTHYHON YHKIUMH f(zb Q) = ’{ +

+ 2&% — 45y — 41, n3 npunepa 10.1. lns BuGopa anadenns wara Gynem ucnome—
aoBath ycnosme (10.29). Bocnonbayemcsa clenyloiltHMM KpaTHHMH 0GO3HAYEHMAMM:
& = ayt, sl = D _ a9, Jauerum, uro ¢! M = (22 — 4, 42{R) — 4)T.
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BuiGepen navuambuoe npubmaokenue 29" = (0, 0)T, HavanbHoe 3HAYenwe wara
a = oo = 1, sHayenns napamerpos y = 1/2, § = 3/4. BpMMCTMM 3HRYeHUA
f(£#9) =0, ¢ = (A4, ).

Inrtepauus Bermcnsen #001 = 201 _ g,g(0) = (4, 9)T, f(2100)) =
= 16. Tax kax znavenne GYRKUMH He YMEHBLUIKNOCH, TO CNEAYeT YMeHBLUIKTD LIAT:
o = /2 = 0.5,

Bormensen (01} = g0 _ g gl0) = (2, 2)T, f(st0) = 4. [lockomry
f(#01) — f(200) = 4 > -fay| # |2 = -12, ycnosue (10.29) ne Boinomiser-
€Al ¥ cfiefiyel CHOBA YMEHBUWWTD War: a; = a/2 = 0.25.

Beroicnaen 0?2 = g0 _ ae'® = (1, l)‘l‘. f(‘(o.ﬁ) = -5. Hueeu
f(=20D)) — f(50) = § > ~fay| 519’ |2 = -6, 1. e. yenobue (10.29) He Bamon-
nAerca. YumenbutaeM wer: az = a/2 = 0.125.

Bormmensien 20030 = #0) _ q,g0) = (0.5, 0.5)T, f(2403) = -3.25. Tax
xax f(£03)) — f(#N) = 325 < -Pag| ¢ |2 = -3, 10 ycnoshe (10.20)
BhITIVTHEHO.

Monowwum 21 = (0.5, 0.5)T; wanosamem, yro f(s!1') = -3.25. Berowomu
A1 = (-3, -2)T u nonomuum ap = 1.

Janee BLMNMCIEHMA CleflyeT MPOAOKUTL N0 BHIOIONHENWA KaKoro-nM60 MpMHA-
TONO KPHTEPHA OKOHYAHWA MrepalMA.

4. Bamaume norpenmocT auvHcyouml. ONMH K3 CYINECTBEHHRIX HEZOC-
TATHOB IPANMEHTHONO METONS CBA3AH C €r0 YYBCTBHTENBHOCTHIO K MOrpem-
HOCTAM BHYMceMit. OcOGEHHO CHILHO 3TOT HEJNOCTATOK CKA3LIBACTCA B
MAJIOf OKPEeCTHOCTH TOYKM MMHMMYMa, [Zle AHTMLDAAMEMT, 3a7aK0mult
Hanpasnenue noMcka, man no mopymio. [loaromy adpdexTmpaocTs rpanmes-
THOTO METO/la Ma 3APEPIUAIGINER CTAXMM NOHCKA CYIOCTBOHHO MMKE, FeM
Ha HavaibHON cTanMu.

§ 10.4. Mevoa Husoroma

1. Opocreimuik sapuasT MevoRs Hizoroma B weroa Huloroma ¢ gpoGro-

smen mars. [IycTs B HeKOTOPOH OKPECTHOCTH TOYKH MUMUMYMa T GYHKUMSA
f ABnAerca cuabMO BHIAYKNOR M ABAXIW BenpepuBEO Auddepenunpye-

woft. [laniee, mycTs s(™ — xopomiee mpuGMikenne K 2. Torma B manoR
OKpecTHOCTH TOYKH (™ QYHKUMA fAOCTATOYHO TOYHO ANNPOKCHMMpYETCH
Kxeappetuanoft Qyakuueir Fp() = f(21™) + (g, z — 2™) 4

+%(G““(l — (M) 2 — gin)  gepgomeficn CyuMMOR MEpBHIX Tpex

Wenop ee paanioxesna mo ¢opuyne Tefinopa (cp. ¢ dopuynon (10.9)).
3aecs gt ™ = f(gn), G = f(2t ™).
2m9



MoxHO OXHAATb, YTO TOYKA = nl B KOTOPON HOCTHraeTcA MMHMMYM

bynxuwm F,, GyZeT 38ATHTENBHO AYWUIMM NPUGAHKEHNEM K T, YeM ' ™),
Yuurusan, ato F () = ¢ + @™ (z — (™), 3aMeyseM, 9T0 TOYKa

2(N) MOXeT GHTL Onpefencan U3 HEOGXORUMOTO YCIOBHA JKCTpeMyMa:
g\ 4 Gim(ztn — gtm) =0,

TakuM 06Pa3OM, UTOGH MOMACT M3 TOUKM 27! B TOUKY '™, HYXKHO

NepeMecTHTHCA BAO/L BEKTOpa p{”™ = 2(n) — gln) KoTOpHIt ONpenenAer-
€A M3 cHCcTeMBl AMHEAHKX anre6paHyecKuX ypaBRenuit

G mptn) = —gim), (10.30)

Bektop p'"®) NPHHATO HAILIBATL N3OMONOGCKUM NENPAOAENUCA, B METOJ
cycKa

g7 = gl 4 goptm (10.31)

¢ TAKMM BHGOpoM p! " — uemodou Huromoxa.

OrueTuM, 4TO HBLICTOHOBCKOE HANPABACHHE ABJIACTCA HANPaBACHHEM
cnycka. B camom nene, B cuny pasencrsa (10.30) ana pt™ sepna Gopuyna
' = G m]igtn), Matpuma [G{™]! nonoxurtensHo onpepenesna (210
cllefyeT M3 NOJOKMTENsHOA onpefeneHHocTn MaTpHsl G(™ ). Toaromy

(f(ztm), ptn}) = (([GP]1gtn), gtm)) < 0.

Taxum obpaszom, ycaosue (10.14) punonaserca m p'™ aeAcTBHTENBHO
3aA8ET HANpaB/eHne COYCKA.

Paamiunuie sapruaaTh Merona (10.31), (10.30) cBA3aBH ¢ pasTHYMbLIMH
cnocoGamMy BEIGODA IIATOB ay. 38METHM, 9TO APH BHGOpe ap = 1 paccmar-
puBaeMblfi MeTON, B TOYHOCTH coBlanser ¢ metomoM HbloToHa pewenma
CHCTEM HeNHMelBHX YPAaBHEHHA, NPMMEHEMHMBIM K PpelIeHHIO CHCTeML
f(2) = 0. Orciona — 1 na3BaHMe METOAA.

lpocTein enefcTeMeM Teopemud 7.3 0 exomumoctH wmerons Helorona
peuieMna cHereM HelMHMeRnuX ypabHeHMA ABRIAETCA clIeAyiomwan TeopeMa.

Teopewma 10.2. fycms ¢ nexomopoti oxpecmuocmu U moxxu munu-

Ayua T Pynryus f g0agemces cuasKo onnyKaol u MPUKdM Nenpepuono
dugPepexyupyenot. Torda naddemes maxas waaas §-oxpecmuocms mowxu

X, N0 RPU NPOUIGOAVKON OMOOPE NAXAAWNOLO npubsuxexus (0 ua smod
oXpecmNacmu RoCAC0000MEAMKOCTRY X! M), GMAUCAZEALR C ROMOUMN0 ACTRO-
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da (10.30), (10.31) npu an, = 1, ne emzodum 3a npedesm §-oxpecmuocmu

movxu T u czodumcs x net xeadpamuuno.

3ameunnue KsagpaTmuHas cKOPOCTL CXONMMOCTH METOHS NO3BO-
JNIAET HCAOMBLIOBATE IPOCTON MpaKTHuYeckHii KpuTepnil OKOHYAHHA:

|stne) _gtmw | < g, (10.32)

Teopema 10.2 ykaaniBaeT Ha TO, 410 Meron HeloToma cxoamTca ogens
GBICTPO, M NPAKTHKA BhIYMcNEHMd 310 noaTeepxaseT. ONHAKO CYGCTBEN-
BbHM HEJOCTATKOM PACCMOTPeHHOrO BADHAHTA METONA ABNACTCA Meobxonu-
MOCTh BHGOPA HOCTATOYHO XOPOIIETO HAYANBROLO NpHOAKEHMA, KOTOpoe
HB HAYaNbHOA CTAOMM NOMCKA TOYKH MHHMMYMA, KaK NPABMO, OTCYTCTBY-
er. Mlosromy meron Heioroma ¢ BuGopom a, = 1 yame npUMEAAIOT Ha

J8PEPINAIOIIEM JTANE MOMCKA ¥, KOPKA C NOMOILBIO APYTHX METOROB Ye

HalIcHO AOCTATOUHO TOYHOE APHGAMMEnNe K TOUKE MUKMMYME.
YKa3aHHOTO HefOCTATKA B 3HAYMHTENBHON CTeNMeHHM AHUIEH BADHMAHT

merona HeloTOHA, B KOTOpOM B KAuecTBe MAra CNYCKA BHIGHPARTCA ap =

= 9'", rae 1, — nepeulit cpein HOMEpoB 1 3 0, ANA KOTOPHX BHINOIMAETCH
HEpaBeHCTBO f(’( n o 4 71'(m) - f(t‘“') 4 ﬁ'f'(l“": 'tnl)_ 3nech
0<7v1<1,0< f<1/2— napamerpn meropa. Meron Hetorona ¢ Takum
BHOGOpPOM & ANA WHPOKOro kiacch pyRKuuit cxoautTes npu mobom smGo-
pe HauanbHOro mpuGamxenna r'® € U W 2TMM BHITOANO OTAMYBETCA OT
MeToja ¢ BubOopoM ap = 1.

Teopewsa 10.3. MTycms mpumdu xenpepwuono dugdepenyupyenas o

R® fynxyus f umeem mouxy munumyua £ u ee mampuya Iecce f(z)noao-
xumeasno onpedesena. Toida npu awbou navessnom npubauxexuu 'O
nocaedogamessnocms (™ | guivucazeaias semodou Hwiomona c esibopon

ap = '™ czodumes x 2 ¢ xeadpamuxnot cxopocmarw. Boaee moio, naidem-
CS Nouep By Maxodl, ¥MO FAS 0CEI N # Ry OWUNOANIEMCS PROENCMOO &p = 1.

3aumeyanne Uenomssyor n apyrue cnocobu sxtbopa a,. Hanpu-

MEp, MHOLA ap BHIGHPAIOT U3 YCJIOBMA ¢n(ap) = Min ¢q(a), rae
0<afl

pn(a) = f(=(™ + ap'™).

Ksaaparuunas ckopocTs cxogumocTd Mmerofa HbioToHa, a Takke BO3-
MONHOCTb MCNOAB3OBaHUA MATPMUM [ecce ANA KORTPOAR 3a cobmiomennem
ROCTATOUHBIX YCAOBMI DKCTPEMyMa [eNaloT 3TOT MeToX vupesphivaftHo
NPHBNCKATE/IbHLIM MPH pellleHnn 3aayl GedaycTOBHON MMAHMMI3ALNH.
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Mpigep 10.4. Npunensna weron Huwotona (10.30), (10.31) ¢ ap = 1 ana

Moucka Touku NHHUMYMa bywkumu f (7, ) = B + 10(n, — sin 7)? ¢ TouHocTEIO
€ = 10°5. Bynew Mcnonb3oBaTh KpMTepH okoMdaHuA urepaumn (10.32) u mectu
BHIMMCTIEHWA Ha 8-paspanon pecsrmutof IBM. Oruerun, uto MMHMMaNLHOE M

DABHOE HYJO 3HaueHue QYHRUMA [ HOCTHTaeT B TOUKe = (0, O)T.
Hueeu

gm =f(,4lm' ,;m):
= (2:1[1" + 20(sin rim _,&n)).m ,_-([m. 20(:%'“ — 8in ,l'm))r‘

Gm = f(sm) = 2 + 20(cos 2z{™ + Z™ cginz{™) —2cos z{™ -
~20cos x{® 20

Bostuen 33 Mavatbkoe npuSmixemme stl! = (1, )T
I ntepauua Burmemn

40 = [o.mm] G = [ 10.5065 -10.8060
i & ' - ‘

17058 10.8060 20
Taknu o6pason, Npu n = 0 cucrena (10.30) MprMuMaer crelyromMA BHA:
10.5065p{® —10.8060p{® = -0.286928,
-10.8060p{® + 20p}?’ = -3.17058.

Pewan ee, nonyyaem p{“' = —0.428445, pi®’ = -0.300018. Jlance B cooTBercTBMM
c popuynon (10.31) nonaraen z{!) = z{® + p{0 = 0.571555, ) = {0 +
+ pi® = 0.609982. Tak kak |#1) — 2(®| ® 0.6 > €, 10 BEIYMCNEHUA crenyeT

MpoAONKNTL Naslee.
PeaynbTaThi cReNyOMX MTEpallMA npHBefednl B Tabn. 10.1.

Ta6anua 101

n ,(lm ,(zm l,(nl_,ln-l)l
0 1.0000000¢  1.00000000
1 0.57155400  0.60997200 6-10°1
2 0.15541900  0.19094400  6-107!
3 0.00824200  0.00939200 2-10
| 0.00000082  0.00000101 1-10°2
5 0.00000000  0.00000922 2-10°6
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Mlpy B = 3 KpHTepHA OKOHYAHUA BLINOMHAETCA M BLIMMCIEMMA clefyet Npexpa-
e, Mrax, =% (0.00000, 0.00000)7.

2. MloasTeEe 0 KBASMHEIOTOHOBCKEX METOAAX. Buicokas cKopocTe cxo-
anmocTH Merofa HbloTORA cBA3aHA ¢ TeM, YTO B HeM MCMOABIYETCA MATPH-
ma lecce, copepwaman nagopuanuio o kpusuanax Pyuxkunn f B pesym-
TAT® MMHMMM3NpYeMyl0 GYHKOMIO yAaeTcs AOCTATOYHO TOYHO ANMPOKCH-
MMpPOBaTh NOCAELOBATEJbHOCTBIO KBaApaTUURNX Pymkunit F,. B ueropax,
KOTOpEIE HAJHBAIOT Kéa3unstomoncocxumu!, Talcke PaKTHUECKM HemONb-
3yeTcA KBaJpATUYHAH annpokcuMaums ¢yHkuuu f Ho B oTIMuMe OT Me-
rona HuloToHa B HUX He NPUMEHACTCA BLIYMCACAME BTOPHX NPOM3BOAHHX.
Hudopmanus o kpusnanax ¢ywxknuu [ 3nech HAKANMBRETCA NOCTe-
NEHHO M ABAAETCA Pe3ynAbTATOM HAGAAEHHMA 38 MaMencHMMeM TpaMeHTa
PN

Hanpapneune cnycka B KBASHMLIOTOHOBCKHMX METOAX OfpeaeNAeTca
KaK pellleHMe CHCTeMbl ypaBHeHMit

B‘ﬂ],(ﬂ' =-“n'l

B koTopoit Bin' — tekymee npubinmenne k marppue lecce. Hayansmoe
opnbamxkenne B(?) o6HYHO nONAraloT paBHEIM e€AMHNYHOR Marpune. B
TaKOM cayyae pl® = —g(0) y nepBan nTepauMA COBNANAET ¢ OMHMM LIArOM
TPAAMEHTHOrO METOfIA.

MNocne T0ro, Kak Haipeno npubanxenne z{P*1} puyucnaor MarpHLy
B(m1) = Btm) 4 AB(m rpe AB'™ — gexoTOpas NONPABOYHAS MATDHUUA.
Bo Beex mpaBuiax nepecyeTa HEH3MEMHLIM ARNAETCA BHINOJIHEHME X6adu-
NSIOMONOOCKOLO YCAOIUS

Birt) (gin*) — gim) = glnel) — g(m),

HasecTHO, 97O NpH ONpefieNieHHWX YCNOBMAX KBA3WHBLIOTOMOBCKHE
MOTOAL CXOAATCA cpepxiuHeftHo. JIna KBaApPATHMYHNX Xe GYHKUMP OHM
AAIOT TOYHOe 3HAYCHME TOYKH MMHMMYMA MOcje KOHEYHOr0 4uciia WTepa-
ouit, KOTOPOe He NpeshllllaeT? m.

MepBufi M3 KPAa3MHBIOTOMOBCKMX METONOB Gul1 mpeanoxed B 1959 r.
Daenposom. C Tex nop 3TH METOAH HEMpEepHBHO COBEPUICHCTBOBANMCD M K
HACTOALIEMY BpPeMEHM CTaNM OAHMMM M3 HaHGO/ee NONYAAPHHX M LIMPOKO

1 l'lepsonaqmno 9TH MeTOObl Ha3bIBAJIN METONAMM NMepeMeHMON MEeTPMKN.

? EcrecrBelHo, 4TO 3T0 BepHO TONBKO NPH OTCYTCTEMM BbIMMCAMTENLHOA TNOT-
Dewrnoctn.
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npMMenseMiix Ba NpakTuke. BocbMa MuTepecHOe M cOflepxaTensHOe 06CYXK~
neHMe KBA3HHBIOTOMOBCKNX METONOB cofiepkuTea B KHurax [24], (32), [91].

3amxeqannne B Hexoroprx BapMaHTax KBA3MHBIOTOHOBCKMX METO-
JOB HampaBMeHHe ¢NYCKA BHYHcAAercA 0o ¢opuyne ptn = —Hinl gl
rae 1™ — yaTpMna, aNDPOKCHMUPYIOMIAA MATPUIY, OGPATHYIO MaTpH-
ue Cecce.

3. Meroa Huotoma B KBASEEBIOTOHOBCKREG METORM OPH HAANTHAN HO-
mex. Buancanrtensane omn6kn (nomMexsn) OKA3WBAIOT CYIIECTBEHMOE BJIM-
anue Ha noeepenue merona Hutorona. Npupoaa atux omnGok momer GHTHL
padnuuHoll (BHuncneHue ¢giR!, pelleHMe cucTeMnl ypaBHeHMAi G'P'pin) =
=-g'® yu pnp.). B peaynsTare pMecTO HLIOTOHOBCKOIC HANpPagAeHMA p!R)
nonydaerca Hanpapaewne piR) . [lycts [ptn! — pin!| < €. Kax nasectno,

meron, HuioToRa cxopuTca, BOOSme MOBOPA, /MIIL B HEKOTODPOA OKpecT-
Hoct U TouxkuM mmHuMMmyMa. B caywae, Korfla pamHyc 3TOH OKpecTHOCTM
MeRbllle €, ouepefHoe npubamkenne s ™1 = g(n) 4 g,p4") ckopee Bcero

OKAKETCA BHe OKpecTHOCTH U 1 meton Me 6ymeT cxoantbea. Takum o6pa-
3aom, Metol, HeiotoMa coxpaHseT cBOM MPEeHMyIIECTBa AHINL MPH BHCOKOM
TOYHOCTH BHIVMCAEHHIL.

KBa3sMHBIOTOHOBCKME METOIh OKAJIHBAIOTCA BEChbMa YYBCTBMTABMH K
omwrM6KaM B BRuMcAeHMHM rpaanents. IIpHuMHA 316Ch COCTOMT B TOM, YTO B
OCMOBE 3ITHX METONOB JeXKHT MaeA BoccTaHomlehMA MmaTpuuw Tecce mo
peaynbTaTaM BuuMcieana rpagventa f(£) B Toukax z(n', Kak m B MeTOne
Hbi0TOHA, 34ech HEOOXOAMMO O4eHb AKKYPATHOE BHYHCIeHMe IPAHEHTS.

§ 10.5. Meron conpmesmux IpaANeHTOB

Merozn HsioroMa M KBAaIMMBLIOTOHOBCKME MeTOAM, OOGCYMAABIIHECR B
npeanaymed naparpage, pecbMa IPPEKTHBHH KAK CPEACTBO pelleHMA
38/la4 GesycnoBHot MMHHMM3anMH. ONHAKO OHM NpPeABABIAIOT AOBONBHO
BEICOKHE TpeGOBaHUA K O6bemy Hcmoabayemolt namath DBM. Iro ceaszano
¢ TeM, 4yTO BWGOp HanpaBieHMA noucka pin) Tpebyer peutenua cucrTeM
AMHERHLIX YpPaBHEMMI, a TAKXKE ¢ BO3HMKAIOIEH HMEOGXOAMMOCTLIO XpaHe-
HHA MaTpHl, Tana B(R), H'n) [lozroMy mpu GonpMx m HenonbaosaMue
ITHX METONOB MOXET OKA3AThCA HeBO3MOXHBIM. B cymiecTBennoil crememmn
OT 27010 HEROCTATKA M3I6ABJACHN METOAN CONPANKENHBX HANPABICHUA,

1. DoasTEe 0 MeTONAX COUPANCHHLX Haunpasacanil, PaccMoTpum 3ane-
9y MHHHMH3AOUM KBSIPATHYHOR QYHKIMM

F(2) = % (As, 2)- (b, 2) (10.33)
284



¢ CMMMETDHYHOR MONOXHTENbHO onpegenchuodl marpuucit A Hanowmmuum,
910 V1A ee pellleHMA Tpebyerca oauu war Merogs HeloToHa v me Gonee
YeM m WAroB KBa3sHMHLIOTOHOBCKOTO MeToAa MeToan conpsmkenHuX Ha-
npaBieHnit TakXke NO3BONAIOT HAATH TOUKY MunuMyMa hynkumuy (10.33) ee
Gonee uem 3a m waros. Jlo6UTLCA 3TOr0 yasercs GnarofapA cneUMaNBHO-
My BuGOpY ManpasneHHM nmoHcka.

Bynem rosopuTs, uTO HeHyneBwe BeKTOpH p'O0', pth) . pl®™D) gppg-
I0TcA  03aUMINO  compaxenxw.uu (OTHOocHTEeNbHO MaTpuMum A), ecam
(Ap'™, pt!') = 0 pan Beex n # 1.

Ilox wemodon conpixexnnr MARPaoAcnut ONA MMHHMM3AOMH KBAApA-
muuHolh dynuumu (10.33) 6yaen noHumars meron,

gintl) = ginl 4 4 p(M (n=0,1,2 .. m=1),

# KOTOpOM HanpapaeHHA p!0 ptD)  p(®1} prgumyo conpsxens, a
marn

(n} n)
@n == ; ™ '(inls
(Ap'™, p
OORYIAIOTCA KAK pellenMe 3anav OMOMSDHOR MHHHUMH3AUHM .

pn(an) = min go(a), pn(a) = F (3 + ap'™).
a0

Teopema 104. Memod conpsxennsiz Nanpassexud no3eossem
Nadmu movuxy muKuaysa xeddpamusnod Gynxyuu (10 33) xe Sosee vem 3a
m waioe.

Meroan conpAXeHHBIX HANpaBieHMA OTAHYAIOTCA OOHMH OT APYroro
cnocoboM NOCTPOSHMA compixeHuux nanpapiennit. HanGonee uapecTaHIM
CpeAM UMX ABJIAETCA .emod conpixeNnuz spaduenmos

2. Merop, conpaxenmnix rpagmeaos. B 21oM merone Hanpasnenus p(n!
CTPOAT R0 DpaBuRy

POt =—gl®) p(m) =_gim) 4 3 paD p3|, (10.34)
rae
Rl gl n)
Bp-1 = (‘(‘:ﬂ-h ."fn-l;‘ (10.35)

Tak wax pi0’= —9¢'0), 70 mepBbiit Wiar 3T0r0 METOMB COBMANAET ¢ IIANOM
MeTOna HaucKopeitmero cnycka. MoxHo nokasaTe (Mn 3TOro fenarTs He
Syaen), uro Manpasneans (10.34) nmeftlcTBMUTENBMO ABARIOTCA CONPAMEH-
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HEIMB OTHOCHMTeNbHO MaTpHuu A. Bonee toro, rpaguentu gtm (n = 0, 1,
wey M — 1) OKA3LIBAIOTCA B3AMMMO OPTOTOHANBHLIMM.

Tipssep 10.5. Mpusmeting MeTon conpsbkeHMBIX TPAIMEMTOB MNA MUHMMW3AUMMK
kBanpatnyion dyurunn f(n, n) = 4+ 278 — 45 — 45 u3 npumepa 10.1.
Samlmeufnmneé(k 2 —(k 2), rae

(38} oe12)

BoasMem Havamhoe npubmxenue £10) = (0, 0)T.

1-i utar Meroga coBnajaer ¢ MEpBLIM WIAroM MeTofA Halckopefiurero cnyc-
ka. Tlooromy (ou. npunep 10.1) 0 = (4, 4)T, pl0) = g0 LI =
= (4/3, 4/3)".

244 w ar. Busnomu o) = Ast) — b= (4/3, 4/3)7,

fo = (AP'Y, g10) _8(4/3) + 16-(4/3) _ 1
= Ao, po) 84 + 16-4 9’

P = g1t 4+ Bopt® = (43, 4/3)" + (1/9)4, 4)T = (16/9, -8/9)",

_ (gD, ) _ (4/3)-(16/9)+(4/3)-(-8/9) _ 3
N AT, P T T (32/9)-(18/9)+(32/9)-(8/9) 8

#2 =g 4+ apth) = (4/3, 4/3)T + (3/8)16/9, -8/9) = (2, 1)™.

Tak kax g2 = A2 — b =0, 10 £ = #2 = (2, 1)T u pemenne oxazanocn
HaflfeHHLIM 22 fABa Llara.

3. Meron cOUpARCHBHX rPANECHTOB AAR MEHEMH3IAIEE HOKBAJADSTHY-
mux $ysxmud. JIna Toro 9TO6H YKA3AEAKA METOl MOKHO GHIIO npuMe-
HHTb A/ MMHAMM3aOMM OpoM2BOAbHOR rasakoft dymxnumn f dopmyny
(10.35) ana euuncnenna koadpuunenta fp., Npeobpa3yior K BUAY

o = T ) (10.36)

AN K BURY

(n)|2
Baa = TE"’*_'!'P . (1037)

Mpeumymecrso ¢opuya (10 36), (10.37) B TOM, YTO OAM He CONEpPXKAT
ABHBIM 06pa3oM MaTpuuy A.
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Munnmuzaunio GpyHkuHM f MeTOROM cONpAKEHRBIX FPAIHEHTOB NPOM3-
BOAAT B COOTBETCTBMH ¢ GOpMynaMH

) = gn) 4 ogoptn) 30, (10.38)

plor =—gl0)  gin) =_g(r) 4 g ginl) g3, (10.39)

#n(an) = min gn(a), pn(a) = f(s(® + aptn}) (10.40)
a2l

Koa¢pdunvenTu fn.; Bmuncasior no oguo#t na ¢opmya (10.36), (10.37).

Hrepaunosnsifi npouecc 3fech ye He OKAHYMBAETCA HOC/Ie KOHEYHOrO
qucia arop, a Hanpasiieana pl " He ABNAOTCA, pooGme rOBOPA, conpA-
WMEHHBIMH OTHOCHTENLHO HEKOTOPON MaTpHiL.

Pemenne 3agay onunomepHolt munummsanmn (10.40) npuxoanTtea ocy-
MECTBAATE YMcaedHo. OTueTHM Takme 10, YTO YacTO B METOLEe COnpAMeH-
HHX rpaZiMeHTOB NpU n = m, 2m, 3m, ... Koobbuunenr f,.; Ae BHINCAA-
jor no ¢opmynan (10.36), (10.37), a nonaraor pasaeim Hymo. [lpn atom
ouepeAHOR MIAr MPOM3BOAAT (AKTHUECKHM METOROM MAMcKOpeRilere cmye-
ka. Takoe "o6moBneHue" merofia MO3BONIAET YMEHBUINTE BAMAHME BHYMC-
JINTE/ILHOR MOTPEmHOCTH,

JnA cuneHO BHNYyKNON raaaxoft GyEKnHM f NpH HEKOTOPHX AONOAHH-
TILHMX YC/OBHAX METON CONPAXEHHHX CpaaHeHToB o6GaafaerT BHCOKON
CBEPXAMHEAHON CKOPOCTBIO CXOAMMOCTH. B 10 ke Bpema ero TpymoeMKoCcTh
HEBHICOKA M CPaBHHMA ¢ TPYAOEMKOCTHIO METONS HAMCKOpeAulero cnycka.
Kak noxassisaeT BLYMCINTE/NbHARA NPAKTHKA, O HEIHAYMTEALHO YCTYNaeT
no 3pPEeKTHBHOCTH KBAIMABIOTOHOBCKMM METOJAaM, HO NpPEdBABIAET 3HAYN-
TeILHO MeHblIMe TPeSGOoBaHMA K Mcnoasayemoit mamatH JOBM. B cayuae,
KOTAa pelllaeTcA 3aAAYs MUHHMHIAMM QYBKUMH ¢ O4eHb GONBUIMM YMC~
JIOM MepeMeHHBIX, METOfl CONPAXKEHHKNX IPALUEHTOB, MO-BUANMOMY, ABIA-
€TCA €AWHCTBEHHBLIM MOAXONALINM YHHBEPCAIbHEIM METOAOM.

§ 10.6. MeToau MEBREMEIAIHE
6e3 BUIRCACENS HPORIBONHLIX

1. Meronu mpsworo momcka. Meroa aedopMEpyesoro MmororpanEmKa.
CymecTpyeT GOJIBIION KJIACC METOOB MMHMUMM3SURM, KAXAHA M3 KOTOpHX

OcHOBAH Ma cpabHeaMH 3MadeMmi uenepoft GYRKOMH B NOCNEAOBATENLHO
BHYHCAAEMBX NPOGHEIX TOYKAX. JTO TAK HAJHBAGMBIE AEMods NPIMoto
noucka. O6LIYHO OHM TIPMMEHAIOTCA TOTKA, KOTAA B JIOGOM OKPeCTHOCTH
TOUKH JIOKANLHOTO MHHNMYMA Le/NeBaA PYHKOHA He ABJAAETCA [JATKOH, 8
MBOXECTBO TOYeK, B KOTOPHX oHa Heauddepesumpyema, MMeeT CAHIOKOM
CAOXKHYIO CTPYKTYPY. K coxaneHuio, MeTonnl OpAMOro nNouckKa B 6OJBUIMA-
eree cnyqaes o4deHs mHeadderTnsrn. O6PAIATECA K HMM, NO-BMANMOMY,
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HMeeT CMBICH TOBKO TOTAA, KOTAA €CTh YBepeHHOCTb, YTO HHKAKHE ApyrHe
NOAXOAB K pelleHMI0 38084l MHREHMU3BUUN HEBOIMOXKHA.

PaccMOTPHM KPATKO ORMH M3 Hau60/16e HIBeCTHHX METONOB MpPAMOro
noMcKa — uemod defopuupyesoro mnotospannuxa. Cnauana Heo6XOAMMO
3amath m + 1 Touky z{®, 249, .., £ Tax, yTOGW BeKTOpPH ${0) - £{0},

29 — {0, ., 20 — {9 6uan auneftno nesasuchmu. Torma ymm TOU-

KH MOXHO MHTEpNPETHPOBATh KA8K BEPIIMHL M-MEPHOr0 MHOMOrpaHMMKA.
O6eiyH0 HAYANBHHI) MROTOrPAHHMK BRGHPAIOT MPABHABHBIM.
Onnuwem ouepennyio (» + 1)-0 MTepauMio npocrefimiero BapHAHTa

merona. Bynem mpennonarats, uto Touku ™, ™, .., £} ABagiores

BEPIIMHANY MHOTOFDAHHHKS, MOJIYYeHHOrO HA NpeAblaylied MTepanul, M
3amymepoBaHn TaKk, 4yro f(z{™) = min f(z(™), f(=(M) =
1€ 1 <mt1
= max f(z{™). OrGpacuiBaior TOYKY I{P] KaK camyl0 HeymauMyio.
1€ i<m+1
3areM BHUMCAAIOT “neRTp TAXecTH ocTABUINXEA TOYeK no ¢GOpMyne
gln = .'!;!gl :(Il'l) M CTPOAT NpOGHYIO0 TOUKY 3&31 = sint 4 (‘Iﬂl _

-z ), OTPa3MB CMMMETPHYHO BEPLIMHY z\ 1) OTHOCHTENBHO TOUKM wln,

leomeTpHueckan UNMOCTPAIMA 3TON ONMepaUMM B cnyuse m = 2 npuBefcHa
Ha pHc. 10.9, a. 3aMeTHM, YTO B NNOCKOM CNY4ae pPOAL MHOFOrpPAHHMKA
MrpacT TPeyroNbHUK.

i

Puc. 10.9

Jlanee po3MOXHB TPH cAyuYas.
Cayuatt 1: f(z{™) < f(::,:’) € f(2{™), T. e. npo6Han TOUKA He

npuBeNa K yMEHBLUICHHIO 3HAYEHMA nenesoft GyHKuMM, HO M He cTana
"xymwen" B mabope z{™, ™, .., zln), :}13'. B 3moM cayyae TOYKY

MPUIHAIOT YOBJNETBOPUTENALHOA U TL0) JaMensAIoT Ha 37},
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Cnyuyatt 2: f&#,;‘) < f(®{™), 1. e. BLI6OP MPOGHOR TOUKN mpHBEN

K YMEHbUICHNIO 3HAYeHHA nenesoit pyukuuu. Toraa Hanpasneune oTpame-
HMA CYMTAIOT YAAYHHIM H eS0T NONLITKY "pacTAHYTL" MHOrOrpaEHMK B
3T0M HanpasneRun ¢ KodddrumenTom pacraxeuns J > 1 (o6uwuno 2 € <
(3). Haxopar Touky ;Fl.m = win 4 ﬂ(.(nl - ,(m) Ecinu f(:uu) <

mt |

< f(= m), TO PacTAXEHME MPOWMO YABYRO M TOUKY 3.7} 3aMeuAloT Ha
:B'". B npoTHBHOM cyyae pactAxeHMe GLIO Mey[AYHBIM W NPOM3BOAAT
3aMeHy :,'.’,‘} Ha :”" Ha puc. 10.9, 6 nokasano "pacrixenue” ¢ koapdn-
oHenTOM f = 2,

Cnyvuan 3 f(lf.;' )>f(2{™). B 310M ciyyae cuMTRIOT, YTO MHOrO-

m*

HAIOT TOYKON :“:' = 4™ — y(a(M — (M) Ecm xe f(z! '“) < f(=M),

TO £{7] 3aMensaloT Ha r““— W el — M) 3nec 0 < y< 1, y—

rpanumk cnepyer oxats. Eeam f (%) > f(22)]), To Bepunmy zi7) 3ame-

KoapPuUNEeHT cKaTHA [oﬁuquo ¥ = 1/2). Ha puc. 10.9, » nokazano "cxa-
™e" ¢ koappunuentod v = 1/2.

Tlomumo™ onepanuil OTPAXKEHUA, CHATUS M PACTAXEHUS NEePUONHISCKM
(nocae BHINONHEMMA ONpPeNENeAHOre YMC/I8 MTEpPAINA) NPOMIBOAAT ONfepa-
UMIO 3aMEHH TEKYLEro MHOIMOTPAHHWKA NPABMJABHHM MHOFOFPAHHMKOM —
TaKk HaamBaeMoe goccmanceaenue. [Ipu BoccTAHOBIEHMM cOXpAHAIOTCA
ANWs ABe Ay4liMe TOUYKH NOCNefHerc MHOrorpaHuka. PaccTosnHue mMemay
ITUMH TOYKaMM NPUHHMAIOT 3a AAuHYy pebpa BMOBH NeHEPHPYEMOrO npa-
BHABHOIO MHOFOTPAHHHKA. JTa oNepanuA NOIBONAET JHKBHOAMPOBATH
A3anuInKe aehopMaurH, BOSHUKAIOMNE B X0Ae HTepanui.

HasecTHO GONBUIOE YMCMO PA3IMUHKX MOAHPUKAIMA 3TOr0 MeTOfia.
Hoppo6uo oum onucannl B Kuurax [24], [91). Tam xe YKadaHM panHiMLle
KPHUTEPHH OKONYAHMS.

2. Merogu uMummuERanEm rasaxax OyExnml, RCNONL3YIOMES KOBETHO-
PA3BOCTHR® ANUPOKCRMANNA UPOE3BOABLY. [OBONBMO YALTO B NpHAOKEe-
BMAX BOBHMKAET HEOGXOAMMOCTh B MHMEMMR3AanuM GyHKUHA, oSaagaiommx
AOCTATOMHLIM WHCJIOM NPOH3BOAHLIX, KOTOPHE TéM Me MeHee HelOCTYNHH
ANA mpAmoro BhuMcAcHHMA. Hampumep, Takad CHTysIMA MMEeT MECTO
TOras, KOrja 3HayedMe QYyHKUUHM ABRAAETCH Pe3yJbTATOM PemeHHA CJIOX-
WO MaTeMaTHYecKofl 3amauyd. B 3T10M ciryvae npuxoanTCA NpHMEHATH
ANMOPUTMH, MENONL3YIOINE JHUIL BHUMcAfeMble B pANIMYAHX TOUKAX
MagennAa ynxumn f 3aecs o6pallieHMe K METOAAM OPAMOrO MOHCKSE
{runa merona nedOpMHPYEMOrO MHOIOrPAEMHMKA), CHELUMANLHO PA3PaGOTAH-
BHIM /IR MHHHMH38OUM Hernagkux (YRKUMA, BPAR AM nenecoobpa3no,
1028 29



TaK KAK 3TH METOf He NO3BONAIOT MOBJICKATH HHKAKOH BHIFOAH M3 BO3-
MoxHON rnagkocT dyukuuu. Yacto cymecTpenHO NYSWIMA PE3YNbTAT
MOXHO MONY4HTh, 3AMEHMB B OZJHOM M3 &JITOPHTMOB CMYCKA MCOONB3yeMble
P Hew MPOH3BOAHLIE MX SNNPOKCHMALUMAMHM B COOTBETCTBMM ¢ (OPMyNaMH
yucneanoro auddepenumpopanns (cu. ra. 12). Hanpumep, ana npouason-
HOM f;j npocTefian annpOKCHMANMA TAKOBA:

f;}(zll 2 ..y =-) L
R ;_, (f(‘ll oy Bl T + k}r Tiely ooey 1‘.] - f(zl! L2y oemy :ﬂ))

llono6aas MoaudHKAUMA WIFOPMTMOB He ABNAETCA TPMBMANTBHOA M
TpebyeT [OCTATOYHON OCTOPOXHOCTH B peaiM3anii. IT0 CBA3&HO ¢ BHCO-
KON YYBCTBMTENBHOCTBIO ¢GopMyn uqMcaeHHoro auddepeHUMpOBaHMA K
owubkaM B Bryncaennd bynxkomn (em. § 12.3). Bosee noppo6Hoe 06cym-
JeRHe MEeTONOB MHMHHMM3AOHM, HCOONL3YIOLIMX KOHEYHO-DAIHOCTHOE an-
NPOKCHMANMH NPOM3BONHMX, MOXHO Halty B (24] n [32). B sakmouenne
BCE XK€ OTMETHM, YTO KOHEYHO-PA3HOCTHHE ANMPOKCHMALMH NPOMABOAHKIX
MCOONb3YIOTCA B ANCOPHUTMAX MMHMMW3IAOMM TOTJa, KOTa AHMIHTHYECKO
BHYMcNEHne NPOM3BOAHEX HEeBO3MokKo. Ecim xe nponamsogHbe MOXHO
BHYHCIHTL BHAMTHYECKH, TO YCHAMA, NOTpayYedHble Ha TAKOE BRIUNCIE-
HHe, KAK NpaBHJIO, OKYTIAIOTCH.

§ 10.7. flononaurensunie 3aMeqanms

1. 3amaw o nusesunex xeanparax. Cpeau sanay 6e3ycOBHON MUMWMMIAUMH
ocofoe MECTO 3aHWMaeT 3AJAYA MUHIMM3auuy dyHkuuA BHIA

= gor, (10.41)
Jl

rae fi(2), ..., f(5) — Hexoropbie HYHKUMM M NEpeMeHHBIX.

HeobxoauMOCTL B MMHMMM3AUMH TAaKMX YHKUMA BO3HMKAET, MANpHMEp, NpH
HCMONLIOBAHMM METOAA HAMMEHLIMX KBAJPATOBR IS pellleMMsl 3aJauM anfpokcu-
manuH yHikuau (ed. . 1) mmbo ana pewrenusa npobuleMbl HAEHTUDUKALMH
MATEMATHYECKOR MOAENH NO JAHHBIM SKcnepHMeHTa. K NOMCKY TOYKH MMHMMYMa
bymxun suna (10.41) cBOANTCA M 3afAYA PELIEHHA CUCTeMbl HEIMMENHBIX ypaBHe-
HMA

HD=0(G=1,2.,N (10.42)
(em. r. 7). JleACTBMTENBHO, €CTH pellieHWe £ cHCTeMbl (10.42) cywecrsyer, 1o oOHO

cOoBNajaer ¢ T0uKON rnobambHore MuHuMyMa dynkunn P, npuyen @ () = 0.
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- Baa umiusmmsanuu dywruun (10.41) B nprHUMNe MOXHO APUMEHHTH MoboA M3
YHHBEPCAIbHBIX METOAOB MKHMMU3AUMK. OAHAKO, KAK NPABWIO, T0T0 He HENA0T, a
HCTIONb3YIOT ANTOPHTMEL, CNMEUMANBHO padpabotaHible ANA pelleHHA 3a0a4n o
naMueHbmIMX KBanpartax. Jocraroumo noapoSuoe ux ofcymaerMe MoxHO HafTH,
nanpuuep, B [32].

2. Ecrectperno, 4To B JaHHOA KHMIe CONEPXMTCA JMUlb KPaTKoe BBeleHne B
MeTOAL! pelleHus 3anay GeaycnoBHol munuMuaaumyu, Bonee nonpobiuoce Hanomenue
moxHo Hahtu, nampuuep, B (6], (18], [24], [32), [64], [66], [76], [91) u np.

3 &mumemM‘um,X,mmopou
MMHUMU3UPYETCH DYHKUMA [ 48CTO D3a[3€TCA ¢ TIONOWBIO CUCTEMBl HEPABEHCTE
BMAA

on, » ... )P0, i=12 ..,k

Ecmu nenesan oymama fu sanaomme Muokectso X GYHKUMK & THHEANH, TO
JMMAYY MHHHMMIAUWH HASHBAKT 3adaved awneiinoio npospasanpodanus. Ecmn we
Xora 6H opHA M3 oMX DYHKUMA MenHKelMa, 7O NOBOPAT O 3adave Nesuxednoto
APOLPAMAUPOSANEL

Ob6cymaeHie METOAOB pellleHMA 3afiay YCAOBHON MMHMMM3AlMK NpH Beefl MX
B&XHOCTH BBLIXOAMT 33 DaMKH JAAHHOA KHMTH. YKaxeM, HanpuMep, ma khury [18],
{24], [76], [91], conepxamme nocratowro NoApoGHOE U NOCTYMHOE BBEAGHWE B COOT-
BETCTBYIOLME METOMRI.

4. Ocobuft Knacc 33134 COCTABAAIOT TaK HashiBaeMble 3adavy ducxpemmod
Auns.avdrayss. B oTMX 3anayax mHoxecteo X, Ha KOTOpOM MMHMMH3MpyeTcA ¢yHK-
mMA f ABARETCA KOHEMMBIM WIM cueTHRDM. Yacro X — MMOXECTBO TOYEK ¢ Lieno-
YNCAEHHBIMM  KOOPOMNATAMM, YAOBNETEOPSIOWMMH HEKOTOPHIM  OTPAHMYEHWAM,
Merompt peieHysl TAKMX 3aJaY OMHCANH, Manphuep, B [76].

5. ABTOphI peKOMeMAYIOT oGpaTMTL BHMMaHMe HA KHUTY [24], B OCOGEHHOCTH Ha
ee nociennue raaen ("Mopemposanue”, "lpaxrhueckue sonpocu™ u *Bonpocsl n
otpetni"). B wux copepmurcs GoNblioe MMCNO BEChMA3 WHTEPECHLIX 3JaMeqaHMid,
NOJIE3HBIX peKOMEHAALKA M COBETOB AJ1A WHPOKONO KPYTA CNEUMATNCTOB, 38HHTepe-
COBAHMEIX B PellieHHWH TIPAKTHYSCKHX 3anay MMHMUMW3AUMM.
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NPUBNHXEHHE OYHKUMA
M QMEXHHIE BONPOCH

B soft rnase paccMaTpHBalOTeA HauGonee BAXKHLIE W YACTO BCTPEYAlo-
oMeca B NPHAONKEHHAX MeTOAW npubmixeHns PyHKOMA oaHOR nepemeH-
HO#t. 3HauUMTeNbHOE BHMMAHME YAEJIEHO MHUTEPNONALMM, NpPMUYEM paccMaT-
PHBAETCA MHTePHOJIALNA He TONLKO AIre6paHgeckuMH MHOMOYNSHAMM, HO
H TPHrOHOMETPHIECKHMH MHOrO4/ICHAMH, B TAKXKE METEPNONALMA caonafiha-
mu. JloBonbEO HOAPOGHO OGCYXKMAETCA METOJ HAKMEHLUINX KBanpaToB,
LIMPOKO MCHONBAYeMbl B NPAKTUKE MHXeHepHHX pacyeros. laerca noma-
THE O HauJ/ydlleM PABHOMEPHOM MPHGMIKEEMM U APOSHO-PANMOHANBHEIX
aNOpOKCHMAIMAX.

B raasy BKAIOYEHH TAKNKE HEKOTOpLIE BOMPOCH BHYMCIMTENLHOR MaTe-
MATHKH, HMEIOMMe Henocpe/icTBeHROe OTHOLICHHE K METONAM ANNPOKCHME-
unH (opubanxenna) ¢PyHknuf. 3TO KOHewHBle M pa3fiefieHHbie pa3uOCTH,
muorowrennl YeGumena, GucTpoe AMCKpeTHOe npeoGpasopaine Pypoe.

§ 11.1. HocTamosxa 3anaqn
nputmuxcann dyaxmud

Buuncneane ssauenna ¢yskuum y = f(z) — onma M3 Tex 3anag, ¢
KOTOpO#i MOCTOAMMO Ha MPAKTHKE NMPUXOAUTCA cTanKusarhes. Ecrecrsenno,
Y10 npyu pemesun sa IBM cepbesanix 3amau menaTenbHO MMETL GHICTPHE
M HafekALEe ANTOPMTME BHIYMCACHMA 3HAYSHMMR McnOMAbLAYeMEX PYHKIMIA.
Jlna aneMeMTapHEIX, & TAKXE A/AA OCHOBHLX cOenHANbMEX GyHruMl Takue
ANrOPMTME pa3paboTaHhl, PeATMIOBARL B BHAE CTABASPTHHIX MPOrpaMM H
BK/IIOYeHH B MareMaTh4deckoe obecnesenne IBM. Onmaxko B pacuerax
HEpeAKo HCHOIbIYIOTCA H Apyrue QYRKUMH, HENOCPEACTBEHHOE BLIYMCNE-
AHe KOTOpLIX 38TPY/AHEHO MHGO NpPUBOAMT K CIMUIKOM GOMBUIMM 3aTPaTaM
MAITMHEOTO BpeMeHH. YKAXKEeM Ha HeKOTOphie THNMYHLE CHTYAIMH.

1. Oynxaus f3anasa Tabaunedt cBONX IHAYCHUA:

nw=f(z), 1=90,1,2,..,n), (11.1)
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@ BHIYMC/ICHHA NPOH3POAATCA B TOYKAX ¥, HE COBMAZAIUIMX ¢ TASAHYHLI-
MH.

2. HenocpencTeennoe Buvncnaente 3HaeHHA y = f(z) cpA3amo ¢ npose-
AeHHEM CHOXKHHX PACYETOB M OPMBOAMT K IHEYMTONbHLIM 3aTPATAM MA-
MHHHOrO BpeMeHN, KOTOpbie MOLYT OKAJaThCH HempHesleMbiMH, ecnH
JyRKUMA fBHIYMCIAGTCA MHOTOKPATHO.

3. Ipu 3ananBOM 3MavenuH z 3uadenue f(X) mMoker GHTH HalfeHO M3
sxcnepuments. flcmo, 910 TAKOA cmoco6 "Buuucnedna® B 6oabmmEcTRO
CIy4seB HEJib3A MCHO/L30BATH B BHIYMCITHTENBHEIX AITOPHTMAX, TAK KAK OH
€BR3AH ¢ MeOSXOAMMOCTLIO NpepHIBAHKA BHYHCIMTENBMOTO Dpomecca AnK
opoBeeHMA 3Kcnepumental. B 310l cuTyanmmu 3KcnepHMeHTANbALIE NaH-
ELie NONYYAlOT A0 Hauana Buducraenuit aa IBM. Hepeaxo ouu npexpcras-
AROT co6ofi TaGauny THna (11.1) ¢ Tem oTAMuMeM, 9TO TabNM4HBIe 3HAYe-

"EMA y; OTAMYAOTCA OT "MCTHHEMX" 3@avesMd y, TAK KaK 3aBElOMO

€OJIePAKAT OIBUGKN IKCIePHMEHTA.

Bosankaiotie Bpobnembi HEpeAKo YAASTCA PeliMTh CACAYIOMHM 06pa-
oM. @yaxkumio f(z) npubiuxkeHHo 3aMeHAOT Apyroit ¢ynknueh ¢ (z),
BHYMCIAEMEBE 3HAYEAHA KOTOPOHA M NPHEHMAKIT 38 NPUOIHKEHHLIC 3Have-
sus ¢pyaxuuu f Komeuno, rakan 3aMeHa onpaBiaHa NHINL TOTAA, KOrAa
3nedeHNA ¢ (7) BHYHMCARIOTCA GHICTPO M MAAEGKHO, & NOTPEMMOCTL EPHGAH-
xeaua f(z) — g (z) nocrarouno masa. O6cynuM KPSTKO HEKOTOpHIE BOMPO~
€M, C KOTOPHIMH B KAXAOM KOHKPETHOM CTYUse NPUXOAMTCA CTANKWBATLCA
Bpu BuI6Ope MOCTAHOBKY 3a8Ja4M NPHOTHIKEHHA N METONlS 6 PellieHMHA.

19. Heo6xomumo pemmmTs, Kakylo uHbopumanmio o Pynkuun [ smoxuo
BCNONB3IOBATL KAK BXOAHLE LAHHLIC /IR BHIYMCICHHMR NPMOAHXKEHMA .
Hanpuuep, 9acT0 M3pecTHa MAM MOXET 6uTL DONyyena Tabauma 3HaveHMi
$ymxupu enpaa (11.1), a neorza — u Tabauna ee npou3soauux. B sexoro-
PHIX ClyyadX MOXKHO MCOONL30BaTH MHGPOPMALMIO 0 3HaYeHEHAX QyRxmmMK
B8 bcem otpeske [a, 8).

20, Mone3no UNETL HEKOTOPYIO AORNOIHHTEABHYIO ANPHOPHYIO HHGOpMa-
mai0 o6 annpokcuuHpyemoft byHkuun. JacTo oHA GLIBAET KAYOCTREWHOIO
XapaxrTepa, Hanpumep W3secTHO, 910 ¢ynkuua f "pocraTouno raaakaa®
("onasao memALWAACK"), NEPHOAMWMECKAS, MOHOTOHHAA, 4€THAS M T. 0.
Heorga ynaercr nonyuuTh HEKOTOpHie KOJIMUYECTBEHHLIE XAPAKTEPHCTHKH
bynxnuu f, vanpnmep, 6LIBAIOT HIBOCTHH BEPXHHE OEHKM 1A MAKCAMYMa

1 MpaBna, B HEKOTOPLIX A/TOPHTMAX Takoe MPEPHIBAKME ECTECTBEMHO, HANDHMED
e IBM uemombayerca AnA yNpaBneHUs TEXHOMOTWYECKHM WPOLECOCOM, CHONKHOA
PO0MyOcKOA CcHCTeMOA WIH BiUTIONeHA B cHCTeMy oOpaSoTxH M NUIAHMPOBAHMA
@uanyeckoro SKCTIEPHMEHTA.
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MOAYNA HEKOTOPHIX €€ NPOHM3BOXHHX, BEAHYMHA NEpHoJa, OLECHKA YPOBHA
NOrpetifOCTH B 3ANAHHHX 3HAYOHHAX.

3%, 3Hanue cBoiteTs GyHKUMM [ MO3BONAET OCO3HAHHO BHOGMpaTh Kiacc
G angpokcummpyronmX ¢yRxuuil. Yaero rakoft knace npeacrapnser cobof
napauerpuyeckoe cemeilcTeo byuxuMi puan y = ¢ (z, ¢) = ¢ (z, a9, q, -..,
Gg) M BHGOP KOMKPETHOR anmpOKCMMHpYIOUIER GYHKIHMH § OCYIeCTBIAAET-
CA ¢ MOMOIbI0 BHGOpa MApaMeTpoB dg, 4y, ..., oy lIIMpOKO HMcmONbL3YIOTCA
xnaccH ¢ynxknuft BHAA

Pn(2) = sopo(2) + a1a(2) + .- + Gmpu(z), (11.2)

ABNAIOWINXCA AUHERMEIMY KOMGHEAUMAMH GHMKCHPOBARHMOTO HaGopa HOKO-
TOphIX 6a3McHNX GyHKUMR wo(z), ¥(2), ..., ¥u(Z). Dynkuuio $o(r) wacTo
HA3LIBAIOT 0600yenKna unotovaeno Mo cHereMe GYHKUMA @y, V1, ...y P
a YHCNO m — €10 CMEneNs0.

Ecnu B kayecTse Ga3ucHEX yHKUMA GepyTcA creneMMble QYRKIMH
¢K(x) = 7%, T0 BO3HNKaeT 3anaua NPUGIHKEHHA ANreGPAMTECKHMHE MHOrO-
qaeHaMm

Pu(z) = a9 + @iz + ... + agz™ (11.3)

OruetsM, 4TO MeTOAB NPHGAMXEHNA GYEKUHA BNreGpanveckKuMH MEOTO-
YACHAMM MIPAIOT BAKHYIO PONb B YHCACHHOM AHAAM3¢ M HanGonee ray6oko
pa3paGoranel. OfBa M3 MPHYIMH ITOTO COCTOMT B TOM, YTO MHEOMOWIEHH

(11.3) nerko suuMcasniorca, 6e3 Tpyns auddepenunpyIOTcA M HHTErpHpY-
107¢A.

TpuronomMerpuvecKkHe MHOFOYAEHB

Sa(f) =g+ L (axcos2xks 4 fisin 27k1), (11.4)
1KIKm/2

48CTO MCHONb3yeMble A8 SHNNPOKCHMMBNMM MEPHOANYECKMX Ha OTpedke
[0, 1] dyrkumit, Tarxke MoryT 6HTh 3amucansl b Buae (11.2), ecnn B Kagec-
e Gaauchbix Qynkumi puGpate Pyrxumn po(z) = 1, p(z) = cos 27z,
pi(z) = sin 27z, p3(z) = cos 4x2, ¢4(z) = sin 47z, ... . Ucnonsays ¢opuy-
ay Oftnepa exp {iy} = cos ¥ + i 8in y, MOXEO 3aMMCATH TPMICHOMETPHUEC-
ki meorousnen (11.4) B Buge

Sml(z) = £ apexp {2rikz}, (11.5)
-m/ 2K IKmf2

YTO cOOTBETCTBYeT BHOOpY OGaducanx ¢ynxuuk ¢x(x) = exp {2xikz},
-mf2 € k< mf2.

Henoabaylores Takke M MEKOTOpLle menMeelHne KOMOMHanmu yHK-
uuit, ornauaHule or (11.2). Hanpumep, B pane cayyaes 3¢dexTHBALIM
ABIAETCA MCAONB30OBARME KJAacca APOGHO-PAnMOBANBHENX GYRKUKA
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a + aqzr + ... + an™
1 + bz + ... + b

Bu6op snacca (G anmpokcumMpyiomux (GyHKUMA OcyllecTaaderea ¢
y9€TOM TOro, HACKOJBKO XOpOmI0 MOXeT ObiTh npuGaHkena ¢yHrkuma f
PYHKUHAMH H3 ITOr0 Kaacca,

4°, Heo6xoamm Kputepuit BhGOpa B Kiacce G KOHKpETHOR annpoKcH-
MEpyIOmeR GYHKOMU ¢, ABAAIOMENACS B CMLIC/E ITOTO KPMTEPHA Manayy-
muM npuGanxeamem k f Hanpuwmep, TpeGopanue cosnanenus Gyuxmum ¢
c $yurknuen [ B BekoTOphX MKCHPOBAHHBIX TOYKAX NPHMBOAMT K dajlaqe
murepnonauun. JIpyroR pacnpocTpadeMMbit KpHWTepHMit — TpebGopaume
MHHHMU3ANMH CPENHEKBAAPATHYHOrO YKJIOHEHHA — JIGKHT B OCHOBE METO-
AA HauMesbX kBaapaTop. CymecTByer GONbINOS THCAO APYTHX KPHTEpH-
€8, 6CTECTBEHHEIX B KOHKPETHHX NpMKJIagELX npobaemax.

§°. BakHo NOHMUMATH, 91O pellléHHe YKA3AHEHWX BhIIIEC BONPOCOB TECHO
CBA3AHO ¢ TEM, KAK Mh cOGHpaeMCcA MCOOIb3IOBATH NMPUG/IMNKCHHe § U Ka-
KaA TOMHOCTh HaM HYXHA.

3 ameqanue 3agayy sH6opa B kaacce G KOHKperHo#t npuGanke-
oweht GYRKOUN MOXKHO PACCMATPMBATL KAK 3amady HAeHTHOHKanMK
(em. § 1.1), ecan naTepnpernpoeaTs GYHKUMIO ¥ = ¢ (, €) KaK MaTeMa-
THUECKYIO MOAEAb peanbaoR ¢GyEKUMOHANBAOR 3aBMCHMOCTH ¥ = f(z).

§ 11.2. Hevepnonsuus OGOGMANELME MEOIOLACHAMN

1. Hocraposxa 3asamm mETepnOAamEM. Ilyets B TOuKax zo, 2y, ..., Zp,
PACTIONIOKEHARIX HA OTpe3Ke [e, §] M momapEO paznIM4YHBIX, 3ANaHA TAGAHUA
(11.1) snavemnit mexoropoit dymkumn f 3Jadava uNmepROAIYUY COCTOMT B
nocTpoenuy GYHKOME g, YAOBNETBOPAIOMER YCIOBHIO

[ (zl) =% (' =0,1,.., n]* (11.6)

Jpyrnuu cioBaMM, CTABMTCA 3a1a498 O NOcTpoeaMM QyHkuuu ¢, rpaduk
NOTOpPOt MOpPOXOAWT depes 3aAaHHBE
roukn (25 y) (puc. 11.1). Vkasaunun
cnocol npuGAMXenHA QYyRKNMA npHHA- y

0 @alHBATL uNmepnossysed (WM
uNmepnosupooanues), 8 TOUKH & — W
PoAduu Exmepnosdyls.

Herpyaso smpers, wro puGop ¢yRk- A
REH g HEOAHO3ABYCH, TAK KAK NO 3JajaH- %o 14y P
RO# TAGAMIS MOMXHO NOCTPOMTL GecKO-

Be9HO MHOIMO MHTOPNOANPYIOMHX (PyHK- Puc. 11.1

k=1



uut. Ha npakt™ike, Kak npaBuno, GyHKIuIO § BHGHPAIOT M3 AOCTATOYHO
y3xoro knacca G pyBEknMH, B KOTOPOM EAMHCTBEHMOCTh BLIGODA FApSHTH-
pyercs.

2. Oxcrpancasmus. ycTs Zg, U Zggy — MAMHMANLHBIR M MAKCHMATL-
HBHA M3 y3nop MHTepnOAADMH. B caywae, korpa MBTEPNONAUMA McNONBLIY-
€TcA /1A BHYMC/IEHNA OPUGIMKEHEONC 3Aa4YeHNA GYHKOHMY fB TOUYKe I, He
OpuBasneKamEN OTPEIKY [Zmin, Zmax] (ompesxy nabirodenss), mpumATO
TOBOPMTL O TOM, 4TO OCYLUECTBARETCA IKCMPANOAIYESL. ITOT MeTon npub-
AHUWEHUA YACTO HCMOALIYIOT ¢ URABI0 NPOrMO3MPOBAHNA XapakTepa mpoTe-
KAHHA TeX WIH HMEHX NPONEcCcOoB NPH 3MAYEHHAX NApPAMETPOB I, BHIXOAA-
mMX 3a Mpefeil OTPE3Ka HaGMIOfeHNA. JaMeTHM, YTO HANSKHOCTH TAKONo
ONpOruo3a NpH 3Ha4eHHAX 2, YNANCHHBIX Ha 3MAYHTENbHOE PACCTOAHME OT
OTPE3KA [Imip, Twax]) KOK MPABKAO, HEBEIHKA.

3. 3apa9a mETepHOAAIER OGOGMEeEEHIMEN MBOrOWAOHAMN. PaccMoTpuM
Gonee nompo6GMO 3anAYY HETEPOOIAUMM OGOSUIEMHHMM MHOrOYJeHaAMH
®u(z) Buaa (11.2). Hasopen 0606uieBHMA MAOrOWIEH $p(2z) unmepnossyu-
oNNMA, €C/IM OH YAOBJNETBOPAET YCJIOBHIO

Pulz)=9 (+=0,1,.., 1), (11.6)

WK, YTO TO Xe cAMOe, CHCTeMe JTNHERHLX anrebpandecKuX ypasHeHuR

Al ) + a(g)a + ... + pul2o)om = po.
wln)ao + a(z1)a + ... + oul2))om =1,

A sn)ao + D) + - + ulsa)em =

(11.7)

OTHOCHTENbEO KOIPPUUHEHTOB a9, &, ..., Om.
Jamerim, 9T0 cHcTeMy ypasHenu#l (11.7) MOXHO 3anMcaTh B Caeayio-
meM Buze:

Pa=0y, (11.8)
rae
wlz0) a(x) ... wul) a )
p=| W) a@) - wla)| _ta =" (11.9)

wolzn) i(zn) - oul#r) an "
Boenem pektopu 9 = (¢f%0), ¢A#), ..., p{za))T, 3= 0, 1, .., m. By-
AeM rOBOpHTS, UTO Cucmesd Pynsyutl g, @y, ..., ¥m AtnedNo Jaeucusg o

MowK8z Zy, 7y, ..., In, €CAH OAMH M3 BEKTOPOB () CHCTEMH Py, 1, -, P
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MOXeT OHITh NpeficTaBNEeH B BUAC AMHERBON KOMGHMHAUMM OCTANBLHLIX BOK-
TOpPOB 3TOR CHCTEMbI:

9,=5 Pk (11.10)
=0
k)
B npotusnoM ciydae cucTeMy yHROMA @y, Py, ..., Pm CyHEM HaJIMBATL
Aunelne nezaoucumod @ mouxaz 1y, 1y, ..., In.

Mpsosep 11.1. MNokamem, 4to mpu m £ n cucrena dywxkuvn 1, z 2, ..., ™
JMHEAMO HEIABHCHMA B TOMKAX 2y, 3, ..., fn, CCJIH OHU MONAPHO PAITMUHEL
Jonycrus mporuskoe. Torla cnpasenmueo pasescrso (11.10), xoropoe B pan-

nox cnywae (mpu gy = (o, of, ..., Z)T) npuineser sux

d= 8 wd (o=01,..m (L1
=0
k)

Monaran @y = -1, nonyyaen, 410 MHorowieH Pu(1) =k;o aps* crenesu! m obpr-

MALTCSE B HOML B TOMKAX 2y, d), ..., In, YHCIO KOTOpLIX paBio n + 1 M, crenosa-
feNbHO, GoMbile M. OIHAKO B CHAY OCHOBHON TeODeMbl ANTeSDhl MHOrOWIeH crene-
MM M, TOXJECTBEHHO He PABHMA Hymo, He MOMeT HMerhb Sonee m kophed. [Momy-
YeHNOE MPOTHMEOPEUME NOKAILIBASY JHMHEAHYI0 HESABMCHMOCTD DPAacCMATPHBACMOM
cHeredl hyHRUKA

PacemotpuM wampuyy Fpaaa? cuctemul GyRRIHA g, @1, -.., Fm, HME-
0myIo BUA

(0. po) (1, P0) - (Pm ®0)
(90, o) (P12 ) - (Pm Pm)
3neck B cTyuse, Koraa GYHKIMH ¢, MOTYT NPHEHMMATh KOMA/EKCHMe 3Ha-

qemns, nox P* nomnmaerca compamensan K P MaTpuua, a 3neMeHTH 7
matpuus 'pama suiuMcasorea no dopuyne

1 B pamwoft riape ana ympouwiewns popuyIMpoBoK GyneM FoBOPHTb, YTO MNO-
rowiest Pp, Mueer crefieds m faxe B <IyYse, Korna ay = 0, 1. e. paxTnveckas ero
CTeneHb Melbiie M.

2 Hopren Tlenepcent Npau (1850—1916) — natckmAt MaTeMaTHK.
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15k = (9, 9)) =‘_E ex (2) vl (11.13)

20

Ecnn xe ¢yHkuMH ¢; DPHHHMMAIOT TOMBKO BOUICCTBEHHHIC 3HAYEHMA, TO
P* = Pr v anementn matpuos I'paua suiumcanorea no dopuyne

1A= (o 0) =5 gk (2d oD (11.14)

=0

Onpepenurens mMatpuusd ['pama det I' npUAATO HaswiBATh onpedesume
aen pama. )

Kax crneayer ua kypcs auHedHOR anreSpunl, COPABEAJINB CIEAYIOmMA
pe3yALTAT.

Teopewua 11.1. Cucmena gynxyud @y, @1, ..., Pn 2042EMCS AuNed-
RO HEIQOUCUMOU ¢ MOUKAT Ty, Ty, ..., Tp, Mmorda ¥ moasxe moida, xorde
m € n u onpedesunteas I'pana det T omauven om nyas.

Haeectno, 910 Npu m > n cucreMa GyHKOMA @y, @i, ..., ¥m AHEERHO
38BHCMMA B TOYKAX Iy, Zj, ..., ZTp. OTCIORa8 BHTEKAET HEEAMHCTBEHHOCTDH
pewenns & cucremn (11.8) (ecnu ono cymecreyer). JleficTBUTENLHO, B 3TOM
ciyuse cnpaseAnuBo npencrasnenne (11.10) u eMecTe ¢ pekTOpOM @ peime-
HueM cucremn (11.8) saBnserca pexrop ¢’ = ¢ + A& rae Aa = (ap, ay,
oy &1y =1, @jy, -y an)T, 8 ¢ — moGoe gucao. Ecan xe m < n, 10 pewe-
Hue cuerenmut (11.8) cymecTnyer He AN BCAKOA NPABOR YacTH §.

B cuny ykalaHHMKX MPHYHH OpH HHATEPNONAUHN OGOGMICHABIMM MHOTO-
WieHaMM WHMCIO napaMerpos m + 1 O6uvHO GepyT paBHBIM YHcay n + 1
3aneHHEX Touek. B atom caywae P — KeanpaTtHasm umaTpHlia M AR TOCO,
9106 cHcTena (11.8) 6maa ogHO3HAYHO pa3pemuMa NpH A0GOR npasoi
4YACTH §, HEOGXOAUMO M AOCTATOYHO, YTOGH OnpesenuTens MaTpunu P 6uin
OoTANYeH OT HyaA. B ¢Bo0 ouepexs mpu m = n 310 ycIOBME B CMAY PaBeH-
cra det [' = det P* det P = |det P|2 u Teopeunt 11.1 naer caemyrommn
Pe3ynbTaT. '

Teopeuma 112, Ecar m = n, mo pewexue sadavu uNmepnossyuu
obobujennma axotovaenos (11.2) cywyecmeyem u eduxcmeexxo npu Awbou
nabope JANNMT Yo, Y1, ..., Yn MO0 U Moxsko motda, xoida cucmesa Fyun-
Yul g, @1y -« Pn ABNETUNO NEIGOUCUME 0 TRONKAZ I, I, -.., In.

Hazosem cucteMmy GyHKUMA @g, 1, ..., Pm OPMOtONGAINOU NG HNOXECTN-
0 MoNEX Ty, Ty, ..., Tn, €M (P, ¥;) = 0 mpu k # jn (pr, ) # 0 mpu k =
=jaaecex k=01 ..,mj=01,.. m Ouesngno, uro gas oproro-
HalbROM HA MHOXECTBE Zp, Iy, ..., Tp CHCTEMB QyHkumii matpuna I'pama
AMArOBWIbHA, 8 onpeaenuteas I'pama ornuden or myaa. Moaromy Beaxas
OPTOrOHANbHAA HA MHONOCTBE TOYEK Zy, Zj, ..., I cHCTeMa (QYRKIuMA
3aBElOMO ABJIACTCA NMHENHO HEIABMCHMON B ITHX TOUKAX.
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Mpsosep 11.2. Tlokaxew, ¥To cucrema GYHKUMA @y, Py, ..., PN, A€ Pi(7) =
= exp {2riks}, oproroHansia Ha mHoxectBe Tovek n = I/n, =0, 1, .., N = 1.
3nect § — MHUMAA €AMHHLA.

InA NOKAIATENLCTEA OPTOTOMANLHOCTM PACCMATPHBAEMOR CHCTEMbI byHiuMA
JROCTATOYHO YCTAHOBNTDL, YTO CMpaBelTHBO pﬂmm

(% 9j) = Nbgj (k=0,1,.., N-1; j=0,1,.., N-1), (11.15)

rie &k; = O npu k # jm & = 1 npn k = j Boenew obosHavenme w =
= exp {2xi/N). Toraa pi(z1) = exp {2xik{/N} = wk! u cornacuo Gopuyne (11.13)
MdeeM

(¥ 9)) = TE; whlurit = Tnfl:'[w*‘il'- (11.16)

fipu k = j mpasan wacrs pasesicrea (11.16), ouesnano, panna N. Opu k # 5, He-
noMb3ya QOPMYNy CYMMBI WICHOB TeoMeTpHuYeckofl NporpeccHH M paBeHCTBO
W kNN = exp (2xik — j)} = 1, wuesm

(o0 #) = (1 = [WEIN/(1 — ) = 0.

Taxmm obpason, papetcrso (11.15), a BMECTE ¢ MMM K ODTOrOMANBHOCTD CHCTEMBI
dyuxunnt @p(z) = exp {2riks} nokasamn.

B caygae, korga cuerema GyHKOHR @, @y, -.., ¥n OPTOrOHANLHEA Ha
MHOXECTBEe TOYEK Zg, 2y, ..., &n, PellcHHE 3aAaYH HETOPNONALMN HE mpen-
craBnser saTpyAHennit. lleftcrpurensao, cMcrema ypaphenuft (11.8) nocse
YMHOKEHEMA Ha MaTpuiy P° npeobpa3yeTca K BHAY

Fe=45, b= P*y (11.17)
Jamerum, 910 anemeHTH Bektopa b = (b, by, ..., b)T BMYMcnAIOTER MO
¢dopuyre

. b= (y ¥) ='¥0 7 (p; :;i, i=0,1, .., m (11.18)

Tax xak mstpuna I' guaronansaa, To peweane cucremsl (11.17) naxoant-
CH B ABHOM BHAE:

a =£'_'£‘.L = m .
'} (ﬁ' 9:) y 1 0: ll veny TR (11 l::o



§ 11.3. HomouMNaTLAAS NETEPRORNINS.
Muoroanen lerpanxa

1. Huvepnonanmonmul ammoroases. Haumen ¢ paccuorpenHa 3amaum
HHTepNOAALMM B MAHGONES DPOCTOM W MOAMO MCCHENOBAHHOM CNyqae MB-
TepNOANpPOBaHMA alrebpandecknMn Muorownenamu. JIna aagmanumoft Taban-

ou (11.1) wBorowner Pp(z) = kgo arr* cTONEHH n HA3LIBAETCA UNMEPROAS-

YUOKNMA HKOLONACNOH, 6CTH OM YROBJIETBOPACT YCIOBHAM
Pi(z)=wm (1=0,1,.., n). (11.20)

Pasesictso {11.20) Moxka0o 3anucath ananorndao (11.7) B eMae cuereMul
ypasues i )

8+ azy + ;Ip + ... + anTh = po.

G+ an+ e +..+ead=y, (11.21)
Gttt mht ..t onfa=n

OTHOCHTENIbHO KO3Q)HOMENTOR MHOrOwWIeHa. JTa cHCTeMa ORHO3HAYMO

PaspeIIHMA, TAK KAk cucTeMa QyRknmft 1, r, 22, ..., ™ auBaeflHO HE3ABUCH-

Ma B TOUKAX Zo, T}, ..., Zn (CM. mpumep 11.1 u Teopemy 11.2). Onno3uayman

paspemudocrs cucremu (11.21) cneayer u M3 TOrO XOpOIIO MABSCTHOrO
dakTa, 910 oupenenuTens oA cMcTeMnl (onpedesumess Bandepaoxdal)

1 2 .. 8

l 81 :? e ‘? = “ ("_:’)

U os & . A 00K
OTAMYEH OT HYMA, OCAM Y3NH WHETEPHONAUMM monapHo padmuuubl. Taxum
06pa3oM, BepHA CNIEAYIOMAS Teopena.

Teopema 11.3. Cyyecmeyem eduncmeennsi@ uNmepnoAIYUONNNY
ANOTONACN cTRERENE R, ydoeAemeopsowuld ycsoousa (11.20).

3ameyqanue Haopaktuke cucrema (11.21) aMxoraa me ucnoasdy-
€TcA ANA PHIHCAeHHA KO3DDHEIMEETOR MMTEPNWIALMOENOTO MAOIOWIE-

1 Anexcannp Teodun BangepMonn (1735—1796) — dpamuysckunt MaTemaTxk.
300



Ha. Jleno B TOM, YTO 4ACTO OMa ABAAeTCA WIOXo obyciuosnesHon. Kpoue
TOr0, CYIECTBYIOT PAVIMYHELE YAOGHLIE ABELIE POPME 3AMHCH MUTEPNO-
NAUHOHHONO MHOrOYJIEHa, KOTOpHEe M MPHMEMAIOTCA npM MMTepnonA-
uun. Hakonen, B GOABUIMECTBE NPHAOKEAWH WETEPNONALMOHMOTO
MHOrCOWIeHa fBHOe BHUMCAenHe KO3PPHULUNEAaTOs dx He HYXHO.

2. Maoroanea Jlarpan=ma. llpupenem ofAHy w3 ¢opM 3anMcH MHETEPNO-
AADMOHHOINO MHOTOUNEHA — mxotosaen Jaipanxa

Lo(2) =,E Bylni(). (11.22)

3nech

laf(2) =] =% _ (-} 3—7)...(22)- N 2-2}41)...(2-2)
e 7~ & Ere)a—a)-GrarXeram)- (o) |
b

Kak HeTpynno Buniers, lny(z) npemcrannser cobofi MmOrowen cremeam n,
YLOBJIETBOPAIOIIMI YCTIOBHIO

1 =
’"’(")=[o::: ::i

Taxum 06pa3oM, creieb mMorodnesa L, pasHa n M npu £ = z, B cymMe
(11.22) o6pamwaioTca B HOMB Bre CAAraeMbie, KPOMe C/AAraeMOr0o ¢ HOMOPOM
J = 3, pasmoro g, MMostouy wmmorouxnes Jlarpamxa (11.22) medcrsutensuo
ABNACTCA MATEPNONAUNMORHEIM.

3amevauue 1l Janucs MATEpNOAAUMOMHOrO MHOTOWNeHa B op-
ume Jlarpanxa (11.22) moxso paccMaTPHBaTh KAk €0 3aNuch B BHJAE
o6o6wennoro mporownena (11.2) no cucrene pynxuuh pi(z) = ln2),
k=0,1,.. n

JamMevanune 2. Kok npasmno, MHUTepnonANMOHMLIR MHOrOWren
Jlarpaixa McnONb3yeTcA TAK, 9TO HET MeOGXOAMMOCTH era mpeolpaso-
BaHMA K KaHORMYeckoMmy BMAY Lp(z) =k§o a;z*. Boaee TOro, wacTo
TAKOE NpeobpPalOBAHNE HeXeNlaTeNbHO.

B unxesepaOR npaKTHKe HAKGONSE Y8CTO HCMOJAbIYETCA MHTEPNONAUUR
MROrOWIeHaM®U NepBoft, BTOPOR M TpeTveR cTemeAm (Auneldnas, xeadpamuv-
nas ¥ syfuvecxas unmepnoasyuu). [ipuseaem coorsercTyiomue GopMyaLl
AnA 3anMcH MEOrownenos Jlarpanxa meproft M BTOPOi CTONCHM:
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L) = po 2= -
@D=wo5tngy

Ly(2)= h_%—((;"* 2o%) 4o lEmnNz-n) o (z-n)r-a) "")). (11.24)

“aXm-2) T Mn-nXa-2) | Y5 -a)Xn- a

(11.23)

Mpssep 11.3. NMycts 3anaka Tabmina anavesuR oy ¥ = In z:

Ta6nwvuya 111

T 1.0 1.1 1.2 1.3 1.4

y  0.000000 0.095310 0.182322 0.262364 0.338472

Jins npuSmumenHoro BoluMcnenua 3uauenust In (1.23) pocnonbayemca nuuedt-
MOt M KBAJpaTHVHOA MHTepnoaAuned.

Boabuen 7y = 1.2, 3 = 1.3. Boiucnerue no dopuyne {11.23) naer anauenue
In (1.23) & Ly(1.23) » 0.206335.

DA npuMeHeNHA KBALPATHYMHON MHTEPNONAUMM BodbMeM 2y = 1.1, y = 1.2,
= 1.3 — tpn Gmuxafuux x Touke £ = 1.23 yana. Borocnasm no ¢opuyne
(11.24), vueen In {1.23) & Ly(1.23) & 0.207086.

3amerTHu, YTO NOKA MaM He M3BeCTHA MOTPENIHOCTh NONYYEHHRX MPHEMMAKEHHLIX
anavenun.

§ 114, NorpammuocTs. NETEPROASIHE

lpusepem Ge3 noxazaTenbeTBa HAHOONEe HIBECTHYIO TeopeMy © mor-
PEIINOCTH MHTEPAOAATNH.

Teopeua 11.4. ycme gynxyus f dugdepenyupyena n + 1 pas na
ompeaxe (a, b], codepxauen ysam wnmepnoasyuu z, v = 0, 1, ..., n. Torda
da3 notpewsnocmu uNmepnroAsyuu ¢ moxxe z € [a, b] cnpasedaueo paeenc-
meo

1(2) - Pute) = TS o), (11.25)

@ xomapost wne(2) = (z — 2o)(z ~ 1)...(z — z,), @ £ — Nexomopas mouxa,
npunadsexaues uwmepoaay (a, 8).

OcHoBHOe HeyAOGCTBO B MCHIONB3IOBAHMM 3TOR TeOpeMH COCTOMT B TOM,
qro exonaman s Gaopuyny (11.25) ana norpemHocTH TOgka § MewspecTHA.
MozroMy 4Yame HCHONE3YETCA HE CAMS TOOpPEMA, B €2 CJIEACTBHE.
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Cnepcrtene B ycacousz meopeuss 114 capasedaues oyexxa
ROIpEUWNOCMU UNMEPROASYUL 0 monke Z € [a, B], umerowas oud

1£(2) - Pu)] € 22 L2, (11.26)

@ MaxEe OyYeNKZ MANCUNYME MOJYAS NOIPEVUNOCTRU UNMEPNOAIYUU N
ompesxe [a, b), wuerwyas oud

max [£(z) - Pa(a)| € =30 I’:). max |wna(2)|. (11.27)
[a.8] [o.8

3d3¢cs Mpy = max |finrti(1)].
(a.4]

Mpscsep 11.4. Ouenun norpeiiocts mpubmexexud x In (1.23), momyvenHsrx B
mpuMepe 11.3 ¢ nosow ko HHTepNONAUMK MHOTOWICHAMHM NEepBoi M Bropoft CTENeHU.
B amux cyvanx Hepapeicreo (11.26) npier sun

5 - (@) <G 1(z- 2)(e- ). (11.28)
1£() - La)| € 32 LGz - K- )= 2. (11.29)

Jauerinu, wro 11 £ (2) = In () Hueew £2)(2) = - 3 u £(3) = 35 Tiooro-

My onecs My = max [AD(d] =t % 069 W My = max |fV(3] =
[1.2,1.3) (1.1.13)

= 12— % 1.5. Torna B cuny nepapencrs (11.28) u (11.29) nonyuaen crenylowme

-
P

NOTPELIHOCTH:

&1=1n(1.23) — Li(1:29)] g Z2((18-1.2X1.234.9)] & 7.3-10%,

€:=|In(1.23) — L(1.28)| < -&-—1(1.23-1.1)(1.33—1.2)(1.23-1.3)1 N 6.9-10°S.

Ecan na orpeake [e, b] npou3soanas fin*l) wemserca cnaéo, 10 penm-
amHa aGconoraoi norpemaocth |f(z) — Pp(z)| moutu nonmocThio ompe-
RenfercA 3naveHHeM (QYHKUMH Wwpe(z). [lpeacrasnenme o TMDHYEOM Xa-
PaKTepE NOBOAEHMA 7O PYMKUMH MOXKHO MOAYYHMTL M3 phuc. 11.2.
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OGpaTnM BRMMaNHEe HA TO, YTO APH
BHIXONE ADrYMEHTA 2z 38 Mpeienu
OTpe3Ka HAOMIOZEHMA (Zmin, Zmax] 3RA8-
yeine |wn.(z)| O6bicTPO cTAHOBHTCR
odeHb GOABWIMM. 310 OGLACHACT HeHa-
BeKHOCTE IKCTPANnoAALMN  GyRKUMH
BANA 3HAYEHMIl apryMeHTA, YAANCHHBIX
OT oTpe3ka HaGnodenna.

Iycrs Tenmepp 7o < 7; < ... € zZp 1
nycts khy = 7, — z,.; — -t mar Taban-

§rwsix)

Puc. 11.2

ubl, 8 bpax = max h, Heckonsko
1< 1<n
orpy6asa ouenky (11.27), MOXHO nOnyunTH clleayiOlUIce HEPABCHCTBO:
max [£(2)- Pa(2)] < zomtl AT . (11.30)
(o . 7n] 4n + 1)

Ouo no3sonAeT yTBEPAKNATh, YTO ANA AOCTATONHO raaakoh ¢ywnwuun f
npH GUKCHPOBAHHOR cTeneMM HETEPMOJANMOMMONO MHMOTOYMCHA MNOTpel-
HOCTb WHTEPHONAUMH HA OTPe3Ke [Zo, Zn] NPH Apax + 0 CTPEMUTCA K HYMO

He MelJIeHHee, 4eM HEKOTOpas BeNMYHHA, NPONOPIMOHANLHAR hpay. DTOT
daxT npHEATO GOPMYAHPOBATL TAK: MATEPNONAKMA MHOMOYJIEHOM CTEMEHH
n umeer (n + 1)—it NOPAOK TOYHOCTH OTHOCHTENBRO Amay. B uacTHOCTH,
AuBeAHAA M KBANPATHYHAA HHTePAO/ANMM MMEIOT BTOpOIl M TpeTuil no-
PABKM TOYHOCTH COOTBETCTBEHHO.

§ 11.5. Havepooasnua ¢ KPATHLIMY y3anaMsl

1. HeTepnonausossnii WHOTOWNSH ¢ KpaTEMWE yadamm. Huoraa s
yanax z, (1 = 0, 1, ..., m) GuiBalOT 3aAAH e TONABKO 3HAYEHNA ¥, = f(Z,)

dynkunn f, RO n 3@avenus ee npouspomuux y, = f'(z), ¥; = f(z), ...,
y‘.""'? = f%(z) no mekoroporo nopanka k, — 1. B a1om cnyuse yaen z,

HAJLIBAIOT Xpamusia, & YHCI0 k,, PABHOE KOJNMYECTBY JaASHHLIX 3HAYEHMMN,
— xpamuocmsw0 yaaa. [lyete n = ko + & + ... + ky — 1. MOXHO nOKA3aTS,
9TO cymecTByeT eAMHCTBENHNRA Muorounen Pn(z) cremenn n, ynosaerpops-
OIMR YCIOBHAM

Pn(x‘) = ¥, Pr:(q) = y;, . P’(‘h‘l)(zl) = yt:tg‘ll
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anfa eex 1 = 0, 1, ..., m. DTOT MHOrOUNEH HAZWBRIOT UNMEPROASYUONNMA
AUNOIONAENOM € KpamNua yIsz.uu. MOXKHO yKa3aTh u ABRYI0 GOpMYny ero
3anMcH, aHanoruyhyio ¢opse Jlarpanxa (11.22). Mu asroro aenars me
6yZeM ¥ OTMETHM JIHUIb [BA BAXKHBIX YACTHLIX CAYHAR.

1°. Tiyers Ha KoHnax oTpeska [z, 7] 3aneHu 3Ravenus w, i, ¥, 9, -

Torga m = 1, kg = 2, b = 2, n = 3 ¥ HHTEPNONAUMORHMA MHOTOUYJMEH
Py(z), yrornersopaiomun yenosuam Py(zo) = g, Py(20) = y,, Po(n) = m,

Pi(z;) = y,, moxer 6HTh npefcTaBAeH (UTO NPOBEPAETCA HENMOCPEACTBEH-

HO) B clieayiomen BUJe:

Ps(z) = yo('q - z)?g{:-m) + k) + 9(; (n ‘11:(1" o) +
(11.31)

+ (=-ao)’§§(x1 -x)+h) +y (x-an;;(t- :1)'

rae k = zy — zo, Muorounen (11.31) npHHATO HAINBATD KYbuvecxuu un-
MEPROAIYUONNA MNOLONALROL IPuumal,
20, MycTs B TOYKe Zo 3a]8HEI JHAYEHMA Yo, ¥, -, ¥§"' . Torma muoro-

unen Pp(z), ynosnersopaiommit yenosuam Pn(zo) = w, P,(%0) = ¥4 -

PP (z0) = y{™ npencTaBAfercA B BUAS

- )k
Pu(2) =k”§° pyb 220 (11.32)

Kak merpymmo smpers, mmorouneH Pp(r) npeacrapnser coGoit oTpesok
pana Tenaopa. Takuu o6pazom, popuyna Teitnopa paer peisenve 3anaqm
HETEpNOJIALMMZ ¢ OLHHM Y3JIOM KDATHOCTH n + 1.

2. HorpemEOoCT: HETCPOOANNEE ¢ KPATHLIME YJIAMN.

Teopema 115 Myems pyuxyus f dugPepenyupyena n + 1 pas e
ompeaxe [a, b], codepmauen yaam unmepnoasyuu r, (1 = 0, 1, ..., m).
Toida das noipewtNocMu UNMEPROASYUYU ¢ XPAMNBLUYU YIACLU @ THONKE
z € [a, b] cnpasedausw pasencmso (11.25) u nepasencmea (11.26), (11.27),

& xomopuz wny(z) = (z — xo)lb(z - :'1)h e (2= x,.)&', a £ — uexomopas
moxxa, npuxadsexawas uxmepsaay (a, b).

IOna ¢popuynu Tefinopa (m = 0, ky = n + 1) Teopema 11.5 naer uasec-
THY10 opMyny octaTouHoro uncHa B ¢opume Jlarpanxka. JIna ky6uveckoro

1 Hapae Spunt (1822—1801) — dpakuysckuit MATEMATHK.

Z 3ametM, YTO B AEACTBMTENBHOCTH ¢ ee MOMOILbIO OCYWECTBNAECTCA 3KCTpa-
DOTLAUKSA.
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uHorouneda Jpuuta (m = 1, ky = 2, &k; = 2) nepapercreo (11.27) npuso-
IUT K cleayiomeil oueHKe morpeniMocTy:

max |f(z)- Pa(z)ls—m (11.33)
[ro.n]

3necs YITeHO TO, HUTO MakcHMyM dynkumn wy(z) = (2 — 29)2(z — 1)? na
oTpeake (2o, 7i) nOCTHraETCR B TOUKe T = (2o + 2;)/2 u pasen h4/16.

§ 11.6. MumuMwaanEs OnEEKN BOFPAMEBOCTE METOPHONAAIMA,
Msporowseau Ye6umens

1. Hocranonka 3a/ja9n MERNMNIAIEE OReHKE norpemrsocTw. [Ipeznono-
XKHM, 9TO 3HAYCHME 3aN8HHON Ha oTpeske [a, b] dpynkuun fMokHO BbIuMC-
NUTh B ApOM3BOAbHOA TOuKe z. OfRAKO NO HeKOTOpHIM NpHYNMHaM! Uene-
coobpa3nee 3aMEHMTB nMpAMoe BhuMc/IcAne PyHKOMH [ BLIUMCNEHHEM 3Ha-
9eHHil ee MMTepNONAUUMORMOro MBorowiena P, s taxoll 3ameun ueoS-
XOZAMMO OLMH Pa3 MOAYYMTH TAGAMIY 3Havyemui PyHKuuM [ B BHGPARHLIX

ua orpeske (e, b] Toukax 2o, 7y, ..., zn. [IpH ITOM ecTecTBEMMO CTPEMHTLCA

K TAKOMY BHIGOpY YanOB HWHTEPNOMAEMM, KOTOPbIA MO3BOAMT cREJaTh MM-

aumanbHoR Benmumny A(Pp) = max |f(z) — Pp(z)| — norpemmnocts
(.8

MMTepnoAALMM Ha oTpeske [a, b).

Myers o dpyHruuu f M3BECTHO MUIMB TO, 9TO OHA HenpepuiBHO AMpde-
pemumnpyema n + 1 pa3 Ha orpeake [a, b). Torna nepasenctso (11.27) maer
BEPXHIOID FPAHNLY NOTPOLINOCTH MHTEPNONALMM:

A(Pn) = Gty e [on (2], (11.34)

[MocTapnm Teneps amauy: ONPEAeNHMTh MAGOp YanoB MATEPNOJAUMM Tg, I,

sy Tpn, OPH KOTOPOM BENMUMME E(P.,} MuHMManbHa. JiAa pewenma atoit

3a1a4M HAN TOTPeSYIOTCA HEKOTOPHE CBEAeHNA 0 MHorousemax YeGuime-
pa?,

| Hanpumep, BenMucneHde aHaveuil f () — Tpynoewkas onepauma.

2 Maduytuit Jisosuy Yebbaues {1821—1894) — pycckuil MATEMATMK, OfMM H3
©o3NaTENeN COBPEMEHHBIX TEOPMM “MCeNl, TeOpHH BepoATHOCTeN, TeopHH NPHOIH-
KeHUR byHKumMin,
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3ameuanue Popuyna (11.34) octaerca cnpasegnupoit u B cny-
4ae, KOrJA HeKOTOpbe M3 Y3N0B Iy, Iy, ..., Zn COBMANAIOT, T. €. MMEeT
NOCTO MHTEPNONAUMA ¢ KPSTHRIMM Y3JMaMM.

2. Meoroanesu YeGummena. Beepenune I1.J1. Yebuimesnm MHOrO9NGHE
Ty(r) mMpPOKO MCNONB3YIOTCA B BHIYMCAHTENLMOK MaTemaTuke. Ilpu n = 0
M n = ] OHM onpefenAIoTcA ABHLIMM GOpPMYyaaMH

To(z) = 1, Ti(2) = =, (11.35)
a npH n 7 2 pekyppeRTHON dopMynon
Tn(z) = 22Tp-i(2) - Tp-2(2). (11.36)

3anumem spHbie GopMyns Ans MHorounewos Yebmimesa Tp(z) npu
n=223405

To(z) = 2:Ti(z) — To(2) = 222 — 1,

Ty(z) = 2:Ty(z) — Tiy(z) = 4s® — 3z,

Ty(z) = 22Ty(z) — Ty(z) = 824 — 822 + 1,
Ts(z) = 2zTy(z) — Ti(z) = 1625 — 2022 + 5z.

AHanorn4ano MOXHO 3anucath spAbe GopMyan ¥ npu n 3 6.

IpuBeieM HEKOTOpHIE CBOfCTBA MHOrOWNeHoB Jebnmena.

1. [Tpu vemuon n mnosovsen Tp(z) codepmum mossxo xemume cmene-
N® T u tesgemck xemxuod Pyxxyued, a npu KexemNou n unotoxsex Tp(z)
COJEPRUM MOADKO HEULMNBIE CINENENU T U SOASEMCS NevemKod Pynwyues.

20. ITpu » 2 1 cmapuui xosdPuyuenm aunorovaene Tp(z) paeen 271,
m. e Tp(z) =2m1z0 4 ...

CnpasennnpocTs cBoficTe 19 M 2° caeayer MenNocpelcTBEHHO M3 ompee-
neausa (11.35), (11.36).

30, Zaz z € [-1, 1) cnpasedauea gopuyaa

Tn(z) = cos (n arccos z). (11.37)

ollpu n = 0 u n = 1 ¢opuyna (11.37) eepHa, Tak Kak
cos (0-arccos ) = 1, coe (1-arccos r) = 2. [Ina TOro YTOGH JOKA3ATL
cnpasennnsocTh GopMynn ANA Beex n # 0, NOCTATOYHO NOKA38TH, HTO
byarumn Cp(z) = cos (n arccos z) yNOBNETBODAIOT TAKOMY Xe, KAK M
maorownentl YeGullnesa, peKyppeHTHOMY COOTHOWIEHNIO

Cn(z) = 2z Cp.i(2) - Cp-2(1) (11.38)

(cp. ¢ (11.36)). Coorromenne (11.38) nonyunTcsa, ecim B Jerko mpopepse-
MOM -rpnmnompuqecmu TOXASCTRE
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cos [(m + 1) ] + cos [(m — 1) ¢] = 2cos ¢ cos me

noNOXMTE m = n — 1 1 p = arccos z. [l
40, fTpu n 3 1 wnotovaen Typ(z) umeem pooxo n dedcmeumessnur xop-
Ned, pacnosoxennsiz ka ompeaxe (-1, 1] ¥ osnucaseumz no dopauyae

zk=coa(2"2+')', k=0,1,.,0-1. (11.39)
59. ITpu n 3 0 cnpasedaueo pasexcmoo max | Tp(z)| = 1. Ecaun 3 1,
[-1.1]
mo >mom maxcumya docmutaemcs pooxo ¢ n + 1 mouxaz, xomopue naro-
damea no gopuyae

£m = co8 [’_':], m=0,1, .. n (11.40)

HOpu smon Tp(ze) = (-1)™ m. e maxcusyun ¥ HuUNUBYUN HANOIONACKE
Yebumeoa vepedyromes.

Hoxasarenscrso cBoficte 4° M 5° ocHopano Ha npumenenun Gopmynn
(11.37). Hanpumep, B cuny 3ToR ¢opMynm KopHH Mmmorounema Ty(z),
pacnosioketnie Ha orpeske [-1, 1], cosnamaior ¢ KOpHAMM YypaBHEHMA
cos (n arccos z) = (. JKBHBANEHTHOE Npeo6GpaA30BaHMe ITON0 YpaBHEHEMA

BaeT n arccos z = x/2 + xk, k= 0, £1, 2, ... . Tak kak 0 € arccos £ € =,
TO 3AKMOYAENM, 9TO MMEETCS POBHO N HOPHEH Ij, OTBEYAIOMIMX 3HAYCHMAM
k=01, .., » — 1 1 ynoBnersOpAIOIINX PBBEHCTBAM A&rcCO8 I} =
_(@k+ Dr

7 , IKBMBaNenTHHM Qopmyne (11.39).

Hasobem Bennumny max |Pn(z)| yxaonenuemn mnotovaexna Pp(z) om
[-1.1]
Nyas, JTa BeIMYHHA XBPAKTEPHIYET MAKCHMMANbHO® OTKAOHEHHe (YKIOHe-
aue) rpadpuxa muorounesa Pp or rpaduka ¢yskunn y = 0 Hs oTpeske
1, 1).
60. Cpedu ecez unotovsenoa duxcupoeannot cmenewu n 2 1 co cmap-
wus xoyfduyuexmon a,, paenw.au 1, NaumeNswee YKAONENUE oM HyAR

(paenoe 2°n) umeem unotonaen Tp(z) = 20 Tp(2).

Baaronapa TOMY cBOACTBY, MMeOLEMY 0cO6YI0 HEHROCTL JAA NPHAC-
xeauit, MEorownen YeGullieBa MHOTAA HAILBAIOT NQULENCE YKAONINWU-
auca om wugss Ceofierro 6° mHaue moxMO chOpMYANpOBATH Tak: And
no6oro MHorouyneHa suaa Pnp(z) = % + ap 2! + ... + a9, OTANIHOLO OT

Tp(z), cnpasepnnso uepapeHcTso

2°n = max | Ta(z)| < max | Pn(2)|.
[-1.1) -1.1]
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Ipusenen rpadpuxn muorounesop Tyn(z) ana n = 1, 2, 3, 4, 5 (pmc.

11.3).

le

hin Tty K

Puc. 11,8

3ameqanue Uacsoltcrsa 60 cnepyer, 4TO cpeaM Beex MBEOTOYAe-
o P,(r) dukcuporanoft crenenu n 3 1 ¢0 crapmum K03 PHBMEETOM
on # 0 ManMenbllee yrNOHeHHE OT Myan (paBroe |a,|21"") mmeeT muo-

roanien ap In(z).

Qopuyan (11.39) n (11.40) nossonsa-
OT [ATH CHAEAYIOULYI0 TeOMETPHIECKYIO
WHTepOpeTamyi0 NOCTPOEHHA KOpHeA M
TO9eK IKCTPeMyMa MuorowneHa Ty(z).
Pasgenuu noNyoKpyXHOCTb, ONEPAIO-
myroci ua orpesok (-1, 1] xak ma
AHaMeTp, HMa 28 paBHHIX yacTel M
CApOCHHpYEM NOJY9eHMHble TO9KH Ha
orpeaok [-1, 1). Ha puc. 11.4 usoGpaxen
cayqait n = 5.

g X

Puc 11.4

Hywepya npoexknumu cnpasa Haneso, NONY4YHAM, 9YTO BCe NPOEKOMHE C
BEYOTHHMH HOMEDAMM SBAAIOTCA KOpHAMH MHOrouwneAa T, (ma puc. 11.4
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OHM TOMEYEHM KPYXOUKAMM), & BCe MPOEKUMM ¢ QYETHHMH HOMEpPaNH —
TOUKAMM 3KcTpeMyMa (OHM noMmedeHbl KpecTHKAMM). 3aMeTM, 4TO KOpHHM M
TOYKH 3KCTPEMYMB CTYLIAIOTCA K KOHWAM oTpeska [-1; 1.

3. Pemeame 2aayn MEENMNZADEE ONSHKE Dorpemmocrm. Hatiaem
CHavana pelieHMe 3anaud B OpPEANONOXKEHHH, 9T0 OTPe30K HHTepno-
asuum [a, 8] coemamaer ¢ orpeskom [-1, 1). B artoM cayyse menmumma
(11.34) 6yner uMMEHMANLHON NPH TAKOM BHOGOPE YanoB Zy, Iy, ..., Zn, MPH
KOTOPOM MMHHMAJNbHA BeMUMHA mAX |wpei(2)], T. €. MMMMMANBEO yKAO-

[-1:1]
geaHe MHOrounema wp.(z) = (z — 2)(z — #)...(z — zp) or wyna. B cuny
cpoficts 4° m 6° wrorounenos YeGuuwiepa pewnenMe zagauM AaerT mabop
yanos

ARNAOWMXCK HYAAMH MMOPOWNeHa Tpn., TAK KAK B ITOM CAY98€ Wpe =

= i‘n*['
3aMeTuM, YTO NpU TAKOM BLIGOpe

E(Pn) - (ni{"% ¥ (11.41)

opudeM B cuny cBofictea 6° ;io6oit apyroil BHGOp y3noB maer Goablnee
3gageame BepxHedl rpaHMubl NOTpelrHocTH. JINA cpaBHEHMA YK&XKeM, 4TO
AP MCOOJMB3OBAHHM JANA npuGamxeaMAa oyHkuum [ orpeska pana

k
Tefinopa Py(z) =k§o £ k:(O) 7* BepXHAA rpamMlia OLEHKM MOTPelINOCcTH

TaxKoBa.

Cnenosarensio, OHa B 27 pas XyXe, 9eM NpH HATEPNONALHMH € ONTHMANb-
MBIM BRIGOpOM Y3JNIOB.

MycTs Tenepb OTPe3Ok MATepnoAAumH [a, 8] npouaposen. [Ipupenem ero
K CTaHAPTHOMY OTpesky [-1, 1] aamemon

+ - t, (11.42)

rae t € [-1, 1]. Kak merpyamo engers, B 3TOM caydse wpe(z) =
o



| cun(®), tae Gna()) = (¢ = )t = )t ~ to) M =
2 ; "+ b ; 24 ana k=0, 1, ..., n. Cnenosarensho,

6 - d]l'lﬂ a~

AP = e (25 [_Tm:ll'&m(m

H MHAEHMYM 3TOR Be/IMYHELI AOCTUreeTcA NpH 3BAUEHMAX ly, I, ..., In,cOB-
OanalomMx ¢ MyaamMu umuorownesa Ty.,. 3sauny, pemmenve nocrasnesaod
3aaun gaeT BHGOp yanos

a+d b-a 2k+1
=+ tu[?n-l-Z']' k=01, .., n, (11.43)

KOTOpOMY OTPOYSeT MHHMMAJIbHOE 3Ha4YeHNe BOpXHell rpaHMNN NOrpeIHOC-
TH MHTePAOMALMK, PaBHOE

- Mﬂ* b - alnt
A(P'J=(n+1;l 2n[ z ] '

§ 11.7. Koseumuie pasaocTs

1. Teiuma woBesmux paamocrelt. [lyere ¢ynkums y = f(z) sanama
Tabanuet (11.1) cpoux 3navenuit, npuueM zo < 2} < ... < Ip H PACCTOAHHE
A = 1; — z;) Mexay coceNMMMEM Y3naMmH TaGAHuLLL 3HAYEHMA apry™esTa
nocroanao. B oM cayvae sennauMHy b HaswBaOT watows mabauyw, a
Y3IH — PAeNIOMCMOSUUMU,

Beanunay Ay = ¢n1 — ¥ NPHHATO HAILIBATL KOXENNOU PasnocCmsio
Repooto nopadxa Gpynrnun y = f(z) B Touke z; {¢ warom R). Komueunas
paanocms émopoto nopsdea onpepensferca ¢opmynoh A%y, = Ay — Ay
ARanoruaHo onpenenAlOTta KOHREWHME PA3HOCTH TPETHEro H Gojlee Bbico-

kux nopaaxos. O6mee onpepencnMe xoxesxod paanocmy nopadxa k Tarko-
" pO:

At’l = ﬁh!ﬂl - AH?:-

Qnecs k2 1 n A%, = ..
Tabawyy xoneunwmzr pasnocmet (KOTOpHE HAIHBAKT CIUE KONEXNMAY
Paaxocmanus eneped) OGLIYRO PacCHONAraloT CAEAYIOUIHM OGpa3oM:
M



Ta6nuns 112

z y Ay Ay Ay Any
n ) .
A
Y n Ay
Ap Al
n ” Ay T,
Aw Adg
n » Ay,
Aryy
Ayng Adppg
In-1 el Ay,
Ay
In Yn

2. Caolictsa woBeuEnY passocrell. MOXKHO DOKA3ATH, YTO KOMEYHHE

PasHOCTH nopAAka k BoIpaxaloTes yeped aHauweHHA yHwumMu B b + 1
TOuKe no opuynre

hy=f 1 Gl g, (11.44)

1
rae Ci = ﬁ-— 6uHOMManbEWe KoddpdnuuenTH. B uacTHOCTH,

9 A2y = g = 2pe + Yoo
Ady = ¥p3 = g2 + 31 — W14
A = Ypqg — dpeg + Oy — A1 + 30

Ipusenen Ge3 DOKAIATENBCTBA BAXKHOS YTBEpKACHME, YKAILIBAIONIGe HA
TECHYIO CBA3b MEWRY NPOM3BOAHEIMY rAAAKHX (YHKIMA H HX KOHEUHBIMH
Pe3NOCTAMM.

Teopeua 116. [ycms pywsyus [ dugdepenyupyena k pas xa
ompeaxe [z, zni). Torda cnpaoedaneo paeencmeo

Aty = hAb(g), (11.45)

@ xomopoa § — ReKOMOPAS Mouxa u3 unmepeasa (z,, Tpk).
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Sameuauue lpu k=1 ¢popuyna (11.45) copnanser ¢ dopmyivs
KORe4HbX Dpupaltliennit Jlarpanxa.

Cneactraue [Jas anotovaene y = Pg(z) = E anr™ xONeNNASR
m=0

paaNocms nopadxa N SeASEMCS NOocMOSHNOG @eAuvunol, paonod An!ay,.
Pasxocmu nopsdra k > n moxdecmoenno paons ngato.

KoHeuHnle pasHOCTH MMEIOT Pa3HOOGpA3HbLIE MPAKTHIECKHE MpHMeHe-
aua. Hanpumep, ecan nponanoaran k-ro nopaaka fik) enn6o memaercs na
orpeske [z, i), TO B cHAy pasescrea (11.45) ana z € (z,, Ti] cnpasegn-
Ba cienyowaa ¢opMyas wHcnensoro auddepennupopauna:

ﬁkl(,)un_i:!_ (11.46)

B § 119 koreyHne pa3HOocTH GYAYT MCOONLIOBAHM AJA MOCTPOSHUA
uuTepnonsuuonnoro mMuorounena Heloroma. Paccmorpum ente apa npsuno-
WeHUA KOHEYRLIX pa3sHocTeft, cBA3AHHKY ¢ AHANTM3OM norpeuwHocTell TabH-
AML, 8 MMEHHO 3aziauy 06 olleAke ypoBHA "myma" raGanum M 3afagy
OBHAPYKEHHA eAMNHYNLIX OKGOK.

3aMeTuM, YTO B peATbHHX BHYHCACHMAX TAGAMLA KOHEYHWX pasHocTel
Aky, cTpouTea N0 3HAuEHMAM y;', KaxkJoe M3 KOTOPHIX COLEPXMT NOrpeu-

HOCTH €) = y; — y;. Torna 8 cuny ¢popuyan (11.44) uatinesane 3aaveans
A"y; cOnepXAT ReycTpauMMbie omMGku

k
e(b = Aky - Aky? =:Eo('l)H Ci et (11.47)

Kax HeTpyAHO BMAETH, MMEETCA TERAEHUMA K pocTy morpewrocredt () ¢

pocrou k. Ecau mapectno, wro |g,| € € ana Beex i, To MOXHO rapaRTHpO-
BATH cOPABEAJMBOCTL AMIIL CACAYIONISH OLCHKU: )

lethr) <l§°Cis=2*e. (11.48)

3. Onguxs yposaa "mywa” b reGame. Ha npakTuke 9acTO BOIHMKBET
cneayoman 3agaua. [as mabopa zy, 2y, ..., I, PABHOOTCTOAUIMX YIJIOB
KaKuUM-1H60 06pa3oM nocTpoerRa TatllKima MpHONHKEMMBIX 3HAYeHMR rhan-
xo#t ¢pyuxkumn y = f(z). Tpebyerca onennTs YpoBeRbL NOrpemMocTH (Ypo-
»eub "wyma") Tabauus.

Monyveanan pHiwe rapaHTUPOBAHHAA OleHKa morpemnroctH (11.48) me
ABCT YNOB/IETBOPMTE/ILHOTO OTBETA Ha mocTaRienmuit pompoc. Ona aumb
: a3



YKB3MBAeT HA TO, YTO B CAMOM HeG/AronpUATHOM CAydYae POCT OmMGKM
nponsofizer ¢ Koddpduusentom, pasanim 2%, [popemem cTaTHcTUdRecKH#
aHanu3 norpemsocty. Byfem npeanonarars, yro ommbku €, (7 = 0, 1, ..,
n) ABJAIOTCA HEIABMCHMMBIMM CAYHafHEIMH BENHYHMAMM € MATCWATHYECKUM
oxunaEuer M (e = 0 (370 KBHBANEHTHO OTCYTCTBHMIO CHCTEMATHWOCKOM

COCTEBMIAIOME NOrpemuocTH) U AucnepcHel M [E?] = o2
B cuny ¢opuyan (11.47) M[e{®] = 0 u toraa ana auenepcun

(otk1)2 = M [(e{®)?] norpemnocTn k-1 pasnocT Mmeen:

ety = M [(E 101 G enid( £ (157 Cpewnl] =

=M [i (C'i)’ci.; + I (-1)kr Ci C': £l Eper-
o kr

3amernM, 4TO ffo (C‘i 2= Chkm M[€i€or] = 0 npu | # r, Tak Kak

BETHYMHALE €] H €40 HedaBncumu. CnesosatensHo, (¢ F)2 = Chio2.
lMpuanman 3a ypoeens "miyma" TaGAMLUE BeNHYMHY ¢ KBaJApPaTHOrO
KOPHA M3 AMcRepcuH (cpeanexBaApaTHYHYIO OIMGKY), NOJYYHM PABEHCTBO

ot ={ Clr o, (11.49)
KOTOpOe neeT 60ee ONTHMMCTHYHOE MO CPaBHEHMIO ¢ oueHkolt (11.47)
anaveane ko3ppuumenta pocta OMEKH, TAK KaK J dz‘k < 2k,

Ecnu womeunsie pasnoctn Ay cTposTcs ans raaaxoft dymxumm, TO

OMHM 9acTO MMEIOT TeHAeNUMIo ¢ pPocTOM k yMenbuwiaTsca no abeomioTHoN
panMuMEe, a 3aTeM, HAYMHANA c HekoTOporo k = p, BO3pacTaTh, MCOHTHIBAA
cuabAHE kKoneGaHMA B mpegenax ofsoro cron6ua. fpu arom ana k 2 p
OCHOBHOM BKAan B Juauenne Aky! suocnt Benmuuma ekl Oro oberos-

TEJLCTBO MO3IBONAET CUMTATH, 4YTO B OUEHKe aMcrepcun (o'P)? »

;——.-:;—+7 ':I:?: (€!P")? penmunnnt €{P' MOXRO HPHGINKERHO 3AMEHNUTD
ga APy;. Buuucaus o!P), 3aTeM ROCTATOYMO BOCMONBIOBATHCA oOpMyNOh
(11.49) pna ouerkn yposus "myma" TaGAMIN.

Mpemaep 11.5. Ouennn ypoberp "wyma” B Talnmue aHayenuit Gpywxumm y =
= In z, sananuoit ¢ marow A = 0.1 (nepemft ¥ sropott cranbuet taba. 11.3). Coc-
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taBUB TAGMUUY NOHEUHLX paasocten!, sameuaeu, uro, Raumnan ¢ k = 5, afcomor—
Mble 3HAYEHMA pasHocTeil A"y_, HavMHalor Boapacrats. Oueriu o'%) cnepylomtmu
obpason:

1/
o9 ¥ [% :’}o (A-"m)’] "y 281074

Yuurosan, wro Cly = 252, umeew ¢ = o(3) /252 & 2:10'S. Tawum o6pasom,

norpeiiHocts TaGMMULI cOoCTABNACT MPUMEPHO ABe eARHHUN 5-ro paspsfa, a 6-A n
T-f paspaanl yke He cofiepkat nonestion undopmawuy. Ecom 6u1 tabmuigy npeano-
ASTaToch MCTIONBIOBATE A TPAKTHKE, TO, NO-BHIMMOMY, MMeno Gbl CMLICH OKpYT-

AUTH 3HAYeHHA B, Mo 5 aHavawmx undp noche NecATHYHON TO.IKH.

Ta6anua 11.3

z y Ay Ay Aly Ay Asy
L0 0.0000000

953274
1.1 0.0953274 -83316

869958 13874
1.2 0.1823232 —£9442 4062

800516 9812 3216
1.3 0.2623748 59630 846

740886 8966 -2525
1.4 0.3364634 -50664 -33m

690222 5595 4161
1.5 0.4054856 ~45069 790

645153 6385 ~-3636
1.6 0.4700009 -38684 -2846

606469 3539 3992
1.7 0.5308478 -35145 1146

571324 4685 -3473
1.8 0.5877802 -30460 -2327

540864 2358
1.9 0.6418666 -28102

512752
2.0 0.6931428

1 Cnepya oflempHHATEN 0603HAMEHHMAM, MLl JAMMCHIBAEM KONEUHBIE PA3HOCTH

TAK, KaK eclTH Onl NecATHYHAA TOVKA ClEAOBANA 33 MOCIEIHWMH paspAfaMM, oT-
BEREHHBIMH 1A dHAYeHUA DyHKUMK.

s



4. OGuspymoume opMAWTNMX OmmGost. Amaiu3 TalnHp KOBEYHBIX
PA3HOCTOH NO3IBONAET B HEKOTOPHWX CAYydadX obGHApPYXMBATL rpyChle enn-
HMYHLI® OMMOKH B TAGRHOAX [AAGKHX YHKIHA M Nske YAaCTHMIHO MX
ycrpaaath. llpexpe uem npofieMOHCTPMPOBATh CKa3aHHOE Ma DpHMepe,
pACCMOTPMM, K&K PpACOpPOCTpABAETCA B TaGNHOE KOHEYHHX passocrTelt
omn6Ka €, IONYIMEAnan TONLKO B ORHOM 3HaveHnM y;. Ilonssyacs ¢opuy-
a0 (11.47) wau pavercTBOM s}'" = e}};“ —e}l'l‘-‘ (rme € =cmpn j=

=tH c}.°' = 0 mpu j # i), DOAYYUM ClTefyiOmYio TAGIMNY PAcIpOCTpaHe-

HMA eAMENIEOR OmUGKH, T. e. OIMGKYM, HONYIORHON B OAHOR TOUKE,

Ta6nanvunse 114

z €10 gl g2 g® g0 etk

......................................... €

L2 0 0 € -Cf‘e
0 £

P 0 € e ke
€ =3¢

5 € -% 6e
< 3e

Ziol 0 € e )2k e
0 —£

Zior 0 0 3 (-1y1cke

......................................... (-1)ke

Mpswep 11.6. Nycrs na orpeaxe (1.5, 2.8] 3anana Tabmqus mavennh yHKuMM
y = In z (nepebth M Bropoft cronbum Tabn. 11.5). Cocrasum ana Hee TaGmHLY
KOHEYHBIX Pa3HOcTeNl. AHOMANLHOE NOBENEHHE DA3HOCTeR TPETbEro H MeTBEpPToro
NOPAAKA YKBIWBALT Ha HATHUMe B TabimHue aaveuit pywanm oumbin. Cpasne-
te ¢ Taba. 11.4 pacnipocrpanesua ent Mo OWHOKM NPHBOAMT K IANMOMEHHIO O
TOM, YTo MOTPEHIHOCTD NOMYUIEHA B OHAMEHWK ¥, oTBevaoites r = 2.2. Torma
norpetinoctsd €, —4€, 6, —4€, € Tabn. 11.4 nprémokeryo oTBENAOT AHAYEHMA
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262-10°6, -1231-10°6, 1774-107¢, -1222-10°¢, 282-10°6 raén. 11.5. 310 coorBerer=
BHe MMeeT Mecto mpu € N 208-10°5. CrenoBarenbuo, Tabnuynoe aHavenwe 0.788757
HyxHo sameHute Ha 0.788459.

Tabénuna 115

T v Ay Aly Aly Aty

1.5 0.405465
64539

1.6 0.470004 -3915
60624 450

1.7 0.530628 -3465 =77
57159 373

1.8  0.587787 -3092 55
54067 e

1.9  0.641854 -27174 A7
51293 m

20 0693147 -2503 262
48790 533

21  0.741937 -1970 -1231
46820 ~698

22  0.788757 -2668 1774
44152 1076

23 0.832009 -1592 -1222
42560 -146

24 0.875469 -1738 282
40822 136

25 0.916201 -1602 -13
39220 123

26  0.955511 -1479 -18
37741 105

2.7  0.993252 -1374
36367

28 1.029619

3amevaune YacTo BMECTO KOHEYHHIX Ppa3HOCTe!! ROepen

Aky; ucnonssylor pasnocmu xasad, onpenensieMiie peKyppeHTHOH dop-
MyJ0#

Vky; = Wiy, — Ukl ,.

az



3necs k2 1, oy, = y,. 3ameTHM, 9TO pasHOCTH Biepell H HA3AJL CBA3A-
WH PABEHCTBOM

Bky; = Vheyey.

§ 11.8. Paspenesniie pa3uOcTH

1. Tabmuna paasencamnx peanocrell. [lyete byuxnua f anasa ua
Tabnune zo, %, ..., Tn 3HAYEHWA APryMeHTa ¢ NPOH3BOAbHLIM (He O6GA3a-
TeNbHO MOCTOAHHLIM) LIArOM, NpHYeM TOYKH TAGAMIL 3aHYMEPOBAHH B
nponasonsHOM (He 06A3aTeNbHO BO3pacTaloweM) nopaake. Beanenuu

ooy = fE) = f(w)
f(za Tiop) = Tl — T
OPMMATO HAAKBATD PAIJeAENNNAUU PAINOCTIAMU NePeozo nopadxa PYHKUMM
J Pasdeaennsie paaxkocmu emoporo nopsdxa onpenensioren Gopuynon
S (2o _702) — fl3 7))
Tivg — i

[ (zii zior; 2i02) =

Amanoruuno onpepenaioTcAa padacneHHBle PA3ROCTH TpeThero M Gonee
BHICOKMX DopaakoB. OGmee onpenenckne paidesenxod peaanocmu nopadsa
k 3 2 Taxopo:

oS i mek) — (5 i Teker)
Tick — Tf )

f(:ll Zjels oy ri’k)

Tabauyy pasdesexnur pasnocmet OGHIYNO PacHONATAIOT CIEAYIOMM

obpa3lom:
Ta6aunun 11.6

n J(n)
Sz m)
] f(n) f(z0 o 22)
f(@; o) . )
» J(=z) . " S(2: a; ;o)
. f(Tn-2i Zpe1; Tn)
. . f(fn—[: zp)
In f(’-'n)

2. Cooiicrsa paanenemmnx paasocrefi. Pasnenennnie passoctH obnana-
10T pazoM 3aMevaTelbrbix c¢BoicTB. [lepeuncnnm 6e3 AOKA3ATeNLCTBA

HEKOTOpHE H3 HHUX.
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19. Paadesennas paanocms f(zi Zivy; ...} Zik) R04KEMCS CUMMEMPUYKOL
Pynryued COOUT EPLYMENTMOC T4, Tinl, ---, Tick (M. €. €€ INAYENUE Ne meNsem-
&8 npu 40604 T nepecmanooxe),

20. [Tycms dyusyus f umeem na ompeaxe [a, b), codepmawen mouxu z;,
Ziely voy LTick, BPONIGOONYI0 nopadxa k. To10a cnpaoedsueo paoencmeo

K
f(zi 3015 5 Zo) = ‘Lﬂgﬂ ) (11.50)
tde { — Kexomopas moxKa, PacnosoxeNNas xa unmepaaae (a, 8).
3. B caynae, xotda mabauye Inavenudl aGpIyUeNMa uAEEM NOCMOINNWY
wat R, pa3descnan u KONEUNER PAINOCME COIIANY PARAEKLNEOM
Aky
£ (=5 zor; 3 508) = 37 - (11.51)

Mpesep 11.7. Tpusenen tabmmyy (taBin. 11.7) paspeneHHEX pasuocred AnA

Oyrkumuy, sanaHHoA Tabn. 11.1. BerotorenMs nponasefeHn Ha  (-paspagmof
pecatiynon IBM.

Ta6aunua 11.7

1.0 0.000000
0.953100
11 0095310 -0.414900
0.870120 0.221333
12 0182322 —0.348500 -0.121665
0.800420 0.172667
13 0.202384 ~0.206700
0.741080
14 0336472

Mepestymepyes Teneps yaombl, Nonokue 2y = 1.2, 5 = 1.3, = L1, p = 14,
2, = 1.0. Torpa rafimuua pasfiencHHLlX pasHoctef npiuetr cneayowmit BHA:
Ta6nwrua 118

12 0.182322
0.800420

13 0.262364 =0.348500
0.835270 * 0.172650

L1 0.095310 -0.313970 -0.121750
0.803873 0.197000

L4 0.336472 -0.373070

¢ 0.841180

L0 0.000000
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B Ta6n. 11.8 nonuepkHyTHl pasfesnieMHble Pa3HOCTH, KoTopble coBnajaior (Kak M
nonxHo GbITh B CWAY cBOMCTBA 10) ¢ TOMHOCTHIO 1O BHIMMC/IHTENbHOR NMOTPELIHOCTH
€ COOTBETCTBYIOWMMH paafeNeHMbIMU PaaHocTsMH M3 Tabn. 11.7 (oHn rarxxe noa-

YepKHyThHI).

§ 11.9. Herepoonsumonsnli mporoanea Heoroma.
Cxema Dtrrvena

1. Havrepnoasmuonnnill uaorowsed Heloroma ¢ pa3nencHELIME pa3soc-
Tamu. Hcenonssya paspenenanie padHOCTH, HATEPNOVIALMOHHEA MHOIOYIEH
MOXKHO 3ANMCATH B CEAYIOWIEM BHIE:

Pn(2) = f(20) + f(2z0; 11)(z - 20) + f(20; 21; 25)(z - 2o)(2-21) + ...
v+ f20; 21; -y TR} (320} (2-11)...(2-20-1) =k§°f(zo; 215 ...y T)WK(2). (11.52)

3nech wy(z) £ 1, wi(z) = (z — 2o)(z — 77)...(z — Tvy). 3anucanuuiit B Ta-
KOM BHAE HHTEPNOAALHOHHBIA MHOTOUJNIEH HA3KBAIOT UNMEPROAIYUONNSI.L
Anotovaenon Hyromong ¢ paadesennsiug paanocmIuu.

B3ameuaunue 1. Oruerum oueBMEHYIO (¢ YYeTOM papencrsa
{11.50)) emanoruio mexay d¢opmynoit Herorona (11.52) u opmynoit
Teirmopa (11.32).

3amevanne 2 Qopmyny (11.25) ana norpewsnocTd MHTEpnONA-
UMM B TOMKE Z, He ABAAIOWENcA YaN0oBOH, MOXKHO YTOYHMTE CIELYIOmUM
oGpaaom:

f(2) - Pr(2) = f(%0; ..-; Zn; T)wnei(2). (11.53)

Mul He NpHMBOAMM J[OKA3ATENLCTBA ITOM 3aMeysTeNbHON (OpPMYaL.
OTuerM MWL, YTO €C/IM BOCMIOVIL3OBATLCA cBOMCTBOM 2¢ paszeneHRHX
pa3sHocTelt, TO U3 Hee HeMeANeRAHO nonyyaerca ¢opmyna (11.25).

B npaktuueckom nnawe ¢opmyna (11.52) oGnamaer papoM npeuMmy-
wecre nepen ¢opmynoit Jlarpaska. IlycTs, Hanpumep, no KakuM-an6o
OpPHYHHAM HEOOXONHMMO YBeMUHTh CTENeH: HMHTEPNONAUHOHHONO MHOTO-
Wiena Ha eAMaMiy, 106aeue B TAGAMNY eme OAUH Y3en Ip.. [Ipy Henoab-
aopaiuu ¢opmynn Jlarpanxa (11.22) 310 NpHBOAUT HE TOABKO K yBesIHYe-
HMHMI0 9MCIB CTaraeMbiX, HO M K HEOGXOOMMOCTH BHYMCAATL KaXA0e M3 HHX
3aHoBo. B 10 xe spema pna suuMeneHus Pp.(z) no ¢opmyne Herorona
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(11 52) mocratouno noGapute K Pu(zr) Auuie 0aHO OuepenHoe ciaaraemoe,
TaK kak

Poa(2) = Put#) = flzy; ..o T Tyep Yopa(1). (11.54)

Jamerum, UTO B ciyvae, KOrAa BEIMYKHS |zn, — z| Mana, a Qynkums f
AOCTAaTIMIO T1a/1KaA, cnpanReliia0 NpHOANKEIIHOC PABEHCTBO

f(20; -5 Tny £) % [ (205 - - Tui Tnw),
U3 KOTOpOTO ¢ yueToM paseHers (11.53) u (11.54) cnepyer, uro
f(2) = Palz) & Ppa(x) = Pulz).
TakuM 06pazom, neanuuny
en = | Prala) - Pula)| (11.55)

MOKIIO HCHOMKIOBATE [ TAA NMPAaKTHYCCKOA ONelNTKN mOorpeiuiocT MHTepno-
AALHIIL.

lpumep 118, Tlo ta6n 111 3xavennit dynmuud ¥ = In 1 2 npumepa 11.3
Haillen npnbiexcnnoe axavedue In 7 npn z = 1.23, menonn3ays WHTEPRONAUHON-
Hbie MilorouneHsl HbioTolla ¢ pasneneiHuiMy pasHoctami Pi(z) ana k=0, 1, .., 4.
Ouenum npi k= 0, 1. 2. J norpewsnocts untepnonsuni no ¢opuyie (11.55).

3anyMepyes yaapl Tabnuisl B caeaywueM liopanke: Iy = 1.2, n = L3, » =
=11 5= L4 55 = L0, 1. ¢ B nopsZike BOpacTAHNA PACCTOHHMA [0 TOUKH I =
= 123, CooTsercreyiomme 3TOR NyMEPALMH Pa3feiCHHble DA'MOCTH 1NPpUBeleHbl B
tatun 11.8 (MLI iCHOlNEcYEM TONLED IO 1CPHYThIE Pa3)IocTH).

Boiuncnenus va (-paspanHon gecarnydoin IBM naror caelylowsue sHaveHus:

Pal7) = 0182322, Py(x) = Pol2) + f(zo. 1) wi(Z) & 0 182322 4

+ 080042123 — 1 2V % 0 206335, €, = | Py(z) — Pola)| % 24-10°2,

PAD) = Po) v f&. 5. 52) wi(2) = 0206335 — 0.3d85(1.23 — 1.2)(1.23 —
— 135 % 0207067, 2; = [ P2 — s = 7.3-10°4,

a

Ananonmne noayvatotes shaveHun Py(z) = 0.207020, €, = 4.7-1075, Py(rx)
% 0.207014. €2 ¥ 6-10°%

Ecau 6Ll 3auada coctosina k onpeyesernie sHadenust In (1.23) ¢ Tounoctsio € =
S 1001 o BLMICWHIL JiIeloBaTlo 6b1 OKOHYMITL MOcie MoavuedHa €, < E.
Peaynerar Guin 61 1akim: N (1.23) & Po(z) & 0 2071
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2. Hurcpuonsnma c BCoOALI0SaEEeM cxemyl Oimiens. Paccumorpum
OOMH M3 ANTOPUTMOB peulenus 3anayd uaTepnonsmmu. [Ipeanonarsercs,
410 3amana TaGanus 3mavennit ¢pynxumu f TpeGyerca npum 3amanuom z
BRIYMCANTD C MOMOLIBIO MUTEPNOAANMM 3maveane [ () ¢ 3axanHof TO9HOC-
THIO € AHG0 ¢ MAKCHMWILHO BOIMOXHOA npM MMeowedca HAEdoOpMAnMM
TounocTbio. CuMtaerea, yTo ¢yaxnuA [ NOCTATOUHO [IANKAA.

OGoanauum 4epe3 Pigiey, -..m(2) HHTEpRONTAUMOERWA MuOrouwnem
creneMn m — k ¢ yanaMH MHTePNONAUMM Ik, Liur, --., Im B H6CTHOCTH,
nonoxum Py (z) = yx- B 3mx 0603nauenAX cnpaseAHBO PaBEHCTRO

Pikso, mn(s) = Pt (b (ot (11s6)

B caMom filene, npasad 4YacTh NpPeRCTABNAET cobOff MHOIOYNEH CTeNeHM
m + 1 — k. HenocpeacTpesaasn npodepka NOKASKIBALT, YTO ITOT MEHONOWNEH
copmafger ¢ y,BTONKax z =z, anA i = Kk, k+ 1, ..., m + 1 u, 3uaanrT, no
onpefenennio pasen Pk ... mep) (%)

Yaobupi#t M 3KOBOMHMYEHR cNOCO6 BRIYHMCIEHMA 3HAYGHMA MHOrOWIEHa
Pn(z) = Pyo,,, . ,m(2), nexamuit B 0cHOBE PACCMATPUBAGMOrO ANMOPHTMA,

naer cresa Jimxenc!. OHa 3aKNIO98ETCA B NOCACNOBATENLHOM BLIYHCIIE-
anH ¢ nomousio ¢popmyast (11.56) anemenrton cnenyiouweRt TaGaMIL:

Tabauua I1.9

Pia(@d=w
Po,n(7)
Piy(d=nm Pioan (2
Pa,n(2) ‘ L
P =n . Piot, e m(2)
. P{ n-z.n-l.nl(t)
. Pn-1,m(2)
Pini(2) =y

JAna pewesMAa nocTABNEMHON 3A4N1aYM MHMTEPNONALMM OpH 3aJAHHOM
SHAYEHHM T YVIW HYMEPYKT B NOPAAKe BO3PACTAHMA HX PpaccTOSHMMA
|z — zx| mo Tounn 2. 3aTeM nocaenOBATENBHO BHYMCAAIOT 3@adeHuA Py(z),
€9, Pi1), €1, ., Pasi(2), €m, ... - EcIN nNpH BEKOTOpPOM m OKA3LIBAETCA,

U Anexcannp Kpor Ontrken (1895—1967) — anrnuAickuA MaTeMaTHK.
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910 € € £, TO nonaraior f(z) ¥ Py(z). Ecin xe €5 > £ An% Beex m, 10
nosaraor f(z) 8 Pi(z), roe k — crenens, npu KOTOPOR JOCTHraeTcR MMEM-
MYM OLE@HKM NOTrpPelIHOCTH: £k = Min £y

mo0

Mpumep 11.9. lIna peuenna samnaum M3 npumepa 11.8 Bocnosmayedca cxemof
OnTKens. B arou cmyqae (Hak M B npumepe 11.8) 3y = 1.2, 3 = 1.3, » = L],
np= 14, 5, = 1.0. [locne sasepwesmn Buymcnens® tabn. 11.9 npooidaer
CnenyolMA BHA:

Ta6auua LL.10

0.182322
0.206335

0.262364 0.20708%
0.203895

0.095310 0.206752
0.199814

0.336472

MoayepiyThie yMena nalot Te e, 4to U B npuMepe 11.8, anavewua Py(z), # = 0,
1, 2, 3. Ecrectsento, YTo TeMM Xe OK&XYTCA M 3MBYEHMA Ef.

3. HarepoonanmosEnl umorownes Hiorosa ¢ ROHOTELIME pa3nOcTa-
um. [lycts vATepnONMpYeMan GyHKOMA 3a7aHa Ha TaGAuIE ¢ MOCTOAHHBIM
maroM k (T.e. 5, = g + sk, i = 0, 1, ..., n). B atom cayuse, ucnoassys
dopuyay (11.51) cA3n mexny pasne/CHEMMM M KOHEYHHMH Pa3MOCTAMM
1 BBOAA GeapasmepHylo nepemerayio ! = (z — xy)/h, mrorounex Hsioroma
(11.52) moxHO 3anKucaTh B CREAYIOLIEM BRJE:

Am Aly

Pu(z) = Pz + k1) = +3T i+—-—-t(t 1) +

(11.57)

+ﬂt(s 1)(t-2) +.. +9—Qt(t 1)..(t-n + 1).

Muorounes (11.57) HadmBaeTCA wNmepnoasyuonNs.t aNotoxsexos Huro-
MONE C KONEUNNUU PAINOCTRIAUN JAR UNMEPROASYUU eneped.
3amerum, uro B Jopmyne (11.57) ucnoabayiorea TONBKO KOHEYHME
PA3HOCTH, PACTIONIOKEHHHE B BepxHell Kocol cTpoke Taba. 11.2. Moxno
HMCAO/IB30BATE KOHEYHbI€ PAJHOCTH, PacnoIoxeHHHe W B HWkHEEH KOCOA
¢Tpoke Ta6n. 11.2, 3anncaB MHONOY/EH B BHJE ¥NMEPROASYUONHOIO UNO1O~
waena Huromona ¢ xoNexnsiuu pasnocmamu das unmepnossyuu nazad:
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Pals) = Pa(sn+ ) = 9o+ 2080 g4 B2 0 0 4 g 4

(11.58)
+éi$‘q(9+ (g+2)+ ... +A—::°q(c+ 1)..(g+n-1).

3nech ¢ = (x— zp)/h.

§ 11.10. OGcyxacune raoGansncd
NOARNOMNANLEOR EETCPUOXAINN.
HousTee 0 Rycouao-DOANROMBANLEOR
ENTOPOOANINN

Myers pyaxmmua watepnonmpyerca Ha orpeske (g, 8. Meron pemenun
ITON 3a/(84M € DOMOMBI0 MHTEPNOJIANMYW €AWHLIM /1A BCErO OTPE3KA MHO-
rowiesod Pp(z) ma3uBpaloT 14006643800 ROAUNOMUEANOG uUNMeEPROASYNed.
IIpE neppOM 3HAKOMCTBE ¢ MHTEPROAALMEH ITOT NOAXOA KAKETCRA mpuBAe-
KarebEbiM. B camom aene, aensoxo mMeTs OfHE MEOrOYnes, OpHMrozEni
aan npaGauxenus yaruum f B0 Beex To9KaX z € [, §]. B 10 xe mpeua
H3BECTHLIC PE3y/LTATH TOOPHH ANNPOKCHMANMM NO3IBOAANT HAEATHCA Ha
70, 4T0 yA&cTLCA NPHGARZNTL GYRKUMIO ¢ A0G0H TpeGyeMoll TOYHOCTHIO £
€ MOMOWIBIO COOTBETCTBYIOmEro BWOGOpa cTeNesM MHOIOYNeHA M Y3JIOB
MHETEpHONAMAK Ha orpeke [a, §|. [Ipamenen ommn Texof KaaccHIecKuR
PeayaAbTaT.

Teopewa 116 (aumpoxcaMammommas yeopems Balleparrpecca!).
Mycms fynxyus f nenpepuona na ompease [a, b]. Torda das arwboto € > 0
cywecmoyem noswnos Pp(z) cmenens n = n (&) maxod, ymo

max | f(z) — Pp(s)| < &.
a,

JamerHM, 470 Teopema BeflepmTpacce 66 NaeT KOHCTPYKTHBHOIO CHOCO-
63 MOCTPOEHHA COOTPETCTBYIOWErO MEONOWIEHa,

Heemorpa Ba mpHsenesssie BHINE APTyMEHTH, CYIIECTBYIOT BOCHMa
POCKHO NPHMUYMHLI, N0 KOTODHIM rOGANLHAA MHTEPNONAOMA MHOTOWIGHAMM
BLICOKOfi CTeNeAM B BHITMCAHTENBEOH NPAKTHKe, KAK NpaBWao, He He-
nonp3yerca. O6cynnM HEXOTOPHE H3 ITHX NPHYHE.

! Kapn Teonop Bunerenvu Beftepwrpace (1815—1897) — nemeunmil Marewaru,
OAMM M3 OCHOBOTOJIGIKRHMHOB COBPEMEHHMON) MATEMATHUECKOTO AHAMM3A W TeOpHH
anamurmveckx PyHxumi.
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1. Cxopmmocys mpE ymoawuenmm Tmcas yanos. Beeraa am moxso no-
OMTLCA NOBHILIEHAA TOYHOCTH HHTEPNONALEM GAarofaps YBIN9EEHIO
YMCTa YanoB (M COOTPETCTBEHHO CTENEAM R MATEPHONALUMOHHOIO MHOroune-
na)? Xora nonoxuTenbMblit OTBET HA TOT BONPOC MANPAIIMBACTCA CAM
coboil, Re 6yJeM TOPONHUTLCA ¢ BLIBOJAMM.

YTouHMM nocTaBOBKY 3agauM. [IAs TOro 4TOGH peann3oBaTh Npomecct
uarepnonauuy  Gynxkim [ uMEOrowreHaMM Bodpactalomeft cTeneEM =,
H0OGXOAHMO YKA&3ATH CTPATErHi0 BwGOpa MpH KaxAOM n HalGopa y3nos
HETepHOOJAALMH :3’", i, ., . Takan cTpaTerna 3azserca yKasaHHeM

UNMEPROASYUONNOIP MACCUSE — TPLYTOABHON TROIHIB
U]
%o
1 g
) 5
3525 z{:l :52!

........

(n) g(n} gin) (n)
™ z{™ ™ .. g™,

B KaXZOA cTpoKe KoTopod Bee z{™ pasnmumut n z!{® € [a, B]. Bynem

roBOpUTH, YTO NpM 38JAHHON CTPATErHM BUGOpA YANIOB 4emod UNMeEpNnoAS-
yus czodumcs, ecau max | f(z) — Pp(z)| - 0 npn 8 » w.
(a.4]
PaccMOTpMM cHaYaNa NPOCTEAIIYI0 CTPATErHIO, COCTOALLYIO B PasHO-
MEPHOM pacnpefenesuyu Ba OTpe3ke (a, b] yanos uATepnONAmMM, T. €. B
subope (™ = a + h (i =0, 1, ..., n), rae A = (6 — a)/n. Crenyromun

OopuMep NOKAILIBAET, YTO TAKAA CTPATErHA HEe MONET obGecneyuTh CXORH-
MOCTh HHTEPNONANHM ARKe 114 O9€Hb MNMaaKHX ¢ynmmll.

Mpsasep 1110 (npumMep P ynrel) Henonvayew mioSamhyo nomino-
MMABHYIO MMTEPNOIAUMIO ¢ PABHOMEpHBIM pachipefiefieHHeM y3noB AnA mpuGmuxe-
MKA Ha otpeake [-1, 1] crenylomen dymraumn:

- 1
f@=1vxa- (11.59)

Bergicnenus MOKAILIBSIOT, YTO MpH GOMBUIMX 1 MHTEPHIONALHMA NaeT MPEBOCXOAHDIC
PESYNLTATHL B UEHTPATLHOA YAacTH OTPeaKa. B 70 ke BpeMA BOTPeRM OXHMAANHAM
nochrefoBatensocts Pp(z) pacxonutea npn n -+ o ana 0.73 < |z| € 1. Coorserer-

BYIOWAA WIOCTPALMA NpHBenexa Ha puc. 11.5.

I Kapn Basua Tonbue Pyrre (1856—1927) — nemeukufi GpHank W MATEMATHK.
B
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Puc. 11.5

PapHOMEpHOR pacnpefiefieHne YJIOB MWHTEPNONAAUMH AAR PYHKUMM
Pyure (11.59) okasanoch KeynauruM. OaRAKO npoGneMa ¢XOnMMOCTH AAA
1o (YHKUMM HCYe3seT, eI B KAYECTBE Y3/0B HHTepnoaAuMu Gpare
KOpHEM MHorouneua Ye6pmepa Tp.,(2). CymiecTeyer nn enmmaa Ana Beex
HenpepuBHLX HA oTpedke [a, b] GynkuuB f cTparerns suiGopa yanos MH-
326



TEPNONALMUM, FAPANTHPYIOMAA ee cxOAuMocTh! OTpUUaTenbHENA OTBET Ha
3TOT BONPOC ABET CNEAYIOWIAR TeOpPEMa.

Teopeua 11.7 (reopoua Mabepal). Kaxoea Su nu 6maa cmpame-
us embopa yaLoe uNmepnoasyuu, Neddemcs uenpepsionas Na ompeaxe
[a, 8} Pywxyus f, das xomopos max |f(z) — Pn(z)| » % npu n » «.

[a.8])

Teopema @alepa OTPMLEST CcymiecTeOBaHME eAMHOWL AnNA Beax uenpe-
pupabiXx QyHKunA cTpaTerMy muiGope yanos maTepnoaAnun. Oznmaxo AJIA
raankux Gynrumik (a MMEHEO TakMe GYHKUMM 9alle BCEr0 W MHTEpNONIM-
PYIOTCA) TAKAA CTPATElMA CYIIECTBYET, O YeM INOBOPMT CIeAyIOWan Teope-
Ma.

Teopema 11.8 ITyoms o xavecmoe yasoe unmepnoasyuu Na ompes
xe |a, ] ombuparomes vebumeocwue yoam (11.43). Torda das 10600 nenpe-

pueno duddepenyupyenot na ompeaxe [a, b dywxyuu f memod uxmepno-
ASYUY cTOJUMCS,

3 aumeunnue. [Ipakruueckan peanmzanua crpareruu pnbops yanos
unrepnonsuun (11.43) Bo3MOXHA M OnpaBfaHa B JOBOALMO pEAKHX
cAy4asx W NpOCTO HEBO3MOXHE TOCAS, KOTAA NPHXONHTCA HMeTH JeNo ¢
3aflaHHOA TaGnMueRn aMaveHuR PyHxuum.

2. YyscTBETOALEOCTS RETEPUOASIEOEEOIO MEOrOWAGHS K DOrPEmIBOC-
TAM BXOAHMX aammEaY. TloMMMO DOPPOIMOCTH, KOTOPAA BOIUMKAET OT
npubavxenHolt 3aMenbl QYHKUMM [ MHTEPIONANMOBHMBIM MHOTOWIEHOM,
BOSHMKAET €Ile AONOAHHTENbHAA MOrPEIIMOCTb, CBAIAHMAA C TeM, 4TO
3HAYEHMA MHTEPHOMNPYENOR QYHKIHH TAKKE JANAIOTCH ¢ NOrPelMOCcTHIO.

Tlycrs JafaBHLe B Y3IAX £, 3HaYeHMA §| CONEPKAT MOTPELIHOCTH £,
Torna suancaReMblll N0 ITHM 3HAYEHHAM Muorownen P (z) =;?o y;fm(z)

COOEPXKHT DOrpemHoOcTh

Pu(a) - P33 = e tafa). (11.60)
-

Hanpusep, npu AnueAHON METEpNONALHM MO NPHMONHKEHEO 38JAHHEIM
aHaYeHUsAM cNpaBef B0 PABEHCTBO

Pi(z) — PJ(z) = €ohol2) + €1hi(2),
roe

1 JKopx Qabep (1877—1966) — mpeAuapckuR MaTEMATRAK.
k71



holz) = ==, h(2) = T

Bocnonsayemca rem, 1o |ho(2)| + [hi(2)| = 1 ana z € [z, 2;]. Cneposa-

TenbMO,

max |Py(z) — P{(z)| < max {leol, |}
[:01‘“]

Taxum 06pa3oM, OPpH AWHENHEONR MBETEPNOJNALUMM NOrPEmHEOCTH, BOIAMKAIO-
WAA BCJIEACTBME MOrpellHocTH 3HAYeHMA (YHKINM, He NpeBOCXOAHT BepX-
gefi rpaHMI NOTPEMAOCCTH ITHX 3Had9edHN.

PaccoTpum Teneps o6muit cayyait. MycTds MabecTHO, YTO DepXHAA

rPaEMila MOrPemHOCTH 3HAYEHMA y; paBHa A(y*), 1. e. |&] € A(y®) ana
peex 1= 0, 1, ..., n. Torga aas sepxHefl rpaHMLLE COOTBETCTBYIOMEA mor-

PeIBOCTH MHOTOWISHA K(P;) = max | Pp(z) — P2(z)| B cuny pasencrsa

[a.8
(11.60) cnpasennuea oneuka
A(P2) < ALA(Y*). (11.61)
3necs A, = max goll..,(x)l — BANMYNEA, KOTOPYIO HA3LIBAIOT KONCTMIAN-
J‘

[a,
moq JleGeta!.

3aueunnne B cryuse, korna |€,] = A(y®) ana scex 1, pubopon
3HAKOB NOTpemHOCTEdl £, MOXHO NOGHTLCA BHIONHEHMA PABEHCTRA

E(P;) = ApA(¥°). 310 o3HauseT, WTO B caMOM BEGAArOMPHATHOM

cIydae MOrPElIHOCTh BXOAHEIX [AAHELIX NPH HMHTEPNONANMM MOXKET
pospacT B A, pa3. Takum o6pasom, B 3aKad9e HMHTePNONHMPOBAHHA
koacranTa JleGera urpser poas aGcoMIOTHONO YMcia O6YCIOBACHAOCTH.

Beanunaa A, e 3aBHCMT OT AnMEW oTpedka [a, b, a ompenmenaerca
AMIIb OTHOCHTENMBELIM paclonokesveM ysnoe Ha Hew. Jlna rToro uTo6um

1 Awpy Jleon JleGer (1875—1941) — ppamuysckuft MaTemaTik, ONMH M3 cOdNA-
Tenefl coBpeseHoN TeopHHM YHKUMA DPeulecTbeHMOR MepeMelton W TeopHM M-
TErpMpPOBAHUA.
axn



NoKa3aTh 370, NpuBeneM orTpesox [a, B k cranmaprromy orpesky (-1, 1] ¢

a; b+‘- %1 Torns z, =

NOMOMmILI0 NHAERAOrO NpeofpaloBaHna £ = 3

=u-;b + 5;“1. M KodacTaHTa JleGera npHBOANMTCA K BHAY

An=max & [Taf0)l,
e 8t

Todt) = N Ll .
o0 =1 G

EcrecrsenBo mOcTaBuT: 3aZavy O TAKOM ORTHMAALHOM BHGOpe y3nos
HMETEPNOAAUMK, 9T06H Beanunaa A, OKA3ANACH MHHHMMAJILHO BO3MOXHOM.
Ina Maneix 3maveHnit n 3Ty 3agaqy pemuTs Hetpyaro. [Ipn n = 1 subop

= -1, § = 1 pnaer A; = 1. MNpu n = 2 onTuManbHoe 3@agenne A, = 5/4
JIOCTHIAOTCA, manpumep, Npu fp = =1, f; = 0, §, = 1. B obwem cayyae
OnTHMAILEHH BHGOD Y3NOB HEHM3BEcTeH. YCTAHOBJICHO, Of(HAKO, YTO MOMTH
OUTHMAIBHWM ABNACTCA BLIGOP B KAYECTBE YA/NIOB MHTEPNOAALUMM Hyaelt

wmBorounesa JYe6uimesa Ty.;. IIpn Takom BuGope A, % In(n+1)+1.

C paccMaTpnBaeMOi TOUKM 3penMA KpaliHe HeyfauMbiM OpH 60BMMX n
ABjIAeTcA BLIGOP PABHOOTCTOAMMX y3noB WHTepnonauun. Iipn Takom BuGo-
pe A, > —m AnA n 7 4 M OGYCNIOBNIEHHOCT: 38JAYH PE3KO yXyaua-

(2n - 1)Wn
erca ¢ poctod n. CxazaHHOE MO3BONAET cOENATh BAXHHMA BHBOA: B BREIYMC-
NeHMAX Me caefyeT MCNONb30BATL METEPNOIANMOBHLIE MHOrOYNEHbl BhHICO-
KOft cTeneny ¢ PABHOOTCTOAIMMM Y3NaMK.

3. O6ycronncEBOCTE 3aAA9H BLMNCACHENS MBEOMOWACHS ¢ EpRGANRCHHO
sapannuun xooddunmesranm. O6paTHM BHHMAHWE Ha elle OAMH NOTeH-
DUOTIBHLIA MCTOYMMK MOTEPH TOYROCTH NPH MCMONBIOBAHHHM MHOTOY/ICHOB
Pp(z) suicoxoft crenenu. [Ina onpenenesrocTn GyaeM CYMTATH, YTO MHOTO-
Wien BuuMennerca Ma orpeake [a, 8], rme |a| < b, npuuem npenpapurens-
MO OH MpeAcTABIeH B BUAE

Pa(3) =§o oxpi(z). (11.62)

3nech {¢a(2)) fap — MEKOTOPLIR HAGOP Ga3UcHLIX MHOMOUNEHOB pi(1), OGNa-

AslomMA Tem cBONCTBOM, YTO BCAKMMA MMorounes Pp(z) cremenn n moxer
6uTh onmosmauso npencrasies B sume (11.62). Hanpumep, moxHo mc-
kY.



nonb3osaTh crememuoh Gasuc {zF}[,., MOpMMpOBaHMLIA cTenemmOit Gaduc

(. renn o e =, o

Gasuc {Tg[" Eb(" :);'2/2” , NBrPARNXED 6a3me {ln{2)} e (cma. § 11.3) 1
T. A.

IIpyn suiuucaenun KodPPHLUHEATOB @; HOH3GEXMbI NOrPEIHOCTH, NPH-
soAAmMe K NpuGnnxenrum madernaAm ay. losromy » neficreuTensaocTH

6yneT BHYHCATBCA MMOTOYaeH
P3(z) = kgo ato(2).

[IpuMen 3a OTHOCHTENLMYIO MOrpemnOcTh BekTopa 6° = (44, af, ..., a})T
DETHIUHY
¥a*) = (max |a,— a]|)/max |a],
0< ikn 0<1kn
8 32 OTHOCHTENLHYIO NOCPENINOCTL MHorounera P (r) — sennuuny

& P;) =( max | Pn(z) — P)(z)|)/ max | Pn(3)|.
[a.8] (

Jucaon 06yca00aeunocmu IA0ANE BHNUCAENES UHOLONAEND € NPUSAUKENNO
Jadanxnmy xodffuysenmany HAIOPEM BEMIMREY cond,, PABHYKD MUHU-
MabHOR M3 RNOCTOAHHBIX Kp, ANA KOTOPHLX BLINOVIEAETCK HEPABEHCTBO

5(P2) < Kab(s®).

Beanuuma cond,, XapakrTepuayollias YYBCTBHTOABMOCTb BEYMCIANEMBIX
3HaYEeHMA MHOrOYNEHa K MOTrPemEOCTAM B KOMpPULUHEHTAX g, CYNIECTRAH-

MO 3aBHCHT OT BHGOpa Gasuea {@i(2))}., Heymaunmht BuGop Gasmca mo-

XKET CHENATH ITY, Ka3anoch Gbl, JGMEHTAPHYIO 3884y O4eHb NaoXo obyc-
aosenuoft. JlokasaHo, HanpHMMep, %TO Jaxe OAA BOOJHe "paldyummoro”

JIOKANBHOTO cTemeMHoro GasHca [[t ] ] qucao o6ycnoBReRHoC-

TH OLeHMBAETCA cHM3y pennunHof Ty(3). Ruc BhaHo M3 Tabn. 11.11,
MCAONb30BAHME YKa3aHHoro G6asnuca JNA DPeACTABNICHHA MHOTOWIEHOB

BLICOKOft cTENeRH CONPAXKEHO ¢ ONaCHOCTRIO 3HAYHMTENLUOA NOTepH TOYHOC-
™.
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Ta6nanuuwa 1111

n 1 2 3 4 5 6 7 8 9

To3) 3 17 99 577 3363 19601 114243 685857 3880899

Omuerun, 410 Ans veGumenckoro Gasuca condp, € 42 (» + 1). Jas
nsrpaExesa Ga3uca YHCAO O0GYCTOBNEHHOCTH COBOARAET € KOMCTAHTOR
JleGera A, HanoMHuM, 4TC NpHM NOUTH ONTUMANLHOM BHIGOpE yaJoB ME-

TepRoAAnMKu A.,H?—rin (n+1)+1.

Hrak, rno6anbRad NOIWHOMMAIBMAA MHTEPOONALMA MHOIMOYJIEHOM
BLICOKOM cTenenu MOXeT MPWBECTH K Meyaade WM OKA3aTheR ueaddexTus-
BOll. ANbTePHATHBMBINL MOAXOM COCTOMT B £0XaAsMod uNMEPNOASYuY, KOTHA
byHkuua [ ANNPOKCHMUPYETCA METePNONALMOMMBIM MHOTO4YJNEHOM Pu(z)
HEBLICOKOR cTeénmemM M Ha cofiepxamemca B (a, 8] orpezke (e, f) manon
AnuAbl. EcTecTBeHHO, YTO NpH TOM HCAOAB3YETCA JHIIL 98CTh TAGAMIHBIX
saavennit. PaceMOoTpUM IBa Moaxofa K npHGAMxeEuio GQYHKUUH, OCHOBAH~
HEle HA JIOKANLMOA MHTEPNOIALMHY.

4. Hmvepnonmposanme ¢ HOMOORY "pEmymeroea” nonmmoma. CTpPOAT
aabop noauuoMoB P, - my Pir,2, - molds 0 Plnemn-mt, om Purdu-
POBAHHOA cTemeHM m, KAXABR M3 KOTOPWX coBOAfAeT ¢ TaGAMHAHLIMEH
3gaYeHuAMY B m + 1 nocneposarenbHblx TOYKAX. Kakanf Takolt mONMHOM
HCOONB3YIOT ANR NpUGANKERHMA (QYHKUMH B T€X TOYKAX I M3 OTpe3Ka
[a, 8], ANA KOTOPHIX BHIGPAHMEIE YK TAGAHUM ABNAIOTCA GAHXARMMMA.

Mpusep 11.11. [ycrs dyHKUKA 3anaHa clenyrome Tabmiuef:
Ta6auna 11.12

% 1.0 18 22 14 1.0

Bns vwurepnonsuny stoft pyHKUMM BOCTIONBIYeMCA ''ABMACYNMMCA" MOMMHOMOM
Bropoft cremenu. 3aMerun, yro mpu r € (0.0, 1.5] ana MPMEMIKEHHA HcnoTBIyeTCA
Muorowten Po,2)(2), npu 7 € [1.5, 2.5] — wmHorouwnren Py 23)(7), npu z €
€ [2.5, 4.0] — mmorownen P33 4){z). CoorercrByloman reomerpHyeckas WLTIOCT-
pauna npHpenena Ha puc. 11.6. 3amermm, 4TO nOMyveHHAA TAKMM cnocobow an-
NpoKcHMUDYOWAA GYHKUMA HMeeT Pa3lpbiEbl B Toukax £ = 1.5 u = 2.5,
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Puc. 11.7

5. Kycouso-noammoumanssan mmropooasmmn. Hexoauuit orpesok [a, b]
pa3tuBalOT Ha HECKOALKO OTPE3KOB MEHbIIER N/IMMLT, HA KaXAOM H3 KOTO-
puix QYHKUMA MATEPNOIMPYETCA CBOMM MHOTOWNECHOM.

Mpeeep 11.12. Ina wwrepnionsumn pyuxumu w3 mpumepa 11.11 ucnomayen
KYOOuHO-IOMMHOMPALHY10 Mmreprionsupno. Ha orpeake [0, 2) annporcummpyem
$ynxwno aorowrtesiod Peoy,2)(z), 8 Ha otpeske [2, 4] — »aHorowrenon
P(2,3,4(7). CooTBerctByiouian reoMerpHyeckas WUTOCTPALHA TPHUBENICHA HA PHC.
11.7. 3amerum, uto pe3ynpTHpyWIAs ANAPOKCHMUPYIOWAA (HYHKUMA HenpephiBHa,
HO B Touyke £ = 2 rpaduk ee MMeeT H3NOM, COOTBETCTBYIOIHA pa3phBy nNepBofl
npoH3asonKof.

3aMeruM, 4TO MRATEpPNONALMIO "ABMXYmMMMcA" NONMHOMOM MOXHO
PACCMATPMBATE K8K YACTHHI cayyall KycoysO-NOJMHOMMAJIBEEOR HRATEpHO-
AAUMH.

Kak ecneayer us onemkm (11.30), meroz KycouHO-NONMHOMMANLHON
MBTepHONADMM NPH MCNOALIOBAHMM MHOrOYNeH0B QUKCHpoBaHMOR cTeneHy
m umeer (m + 1)-i NOpANOK TOYMOCTH OTHOCHTRIABMO Apgy.
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§ 11.11. Huvopnonanua cnnafimamn

1. Oupepencame canafima. [Ipobeneance suime oGCyXAEHHE HUTEPNONA-
OMH IOKA3LIBAET, 9TO NOBLINeHHe TOYHOCTH NpHGAMNKenHus rnaakoh GyH-
KOsu GNarofiapA yYpeJIN4EeHHIO CTOIeMM WATEPHNOAALHOMHOIG MHOTO4YACHA
po3MOxHO (cM. Teopemy 11.8), MO cBA3AHO ¢ cylCcTBEHHEIM NOBLIILIEHMEM
cnoxaocTh puidncnennl. K Tomy xe mcnonslosanme MAOrOuNIeHOB BHICOKOR
crenieHM TpelyeT CHENHANMHLX Mep TPEROCTOPOXKHOCTH Yxe npH sBubope
$opMu MX 3AUHCH, H BHIYHCICHEA CONPOBOXAAIOTCA HAKOM/ICHEHEM OmMGOK
OKpYTNCHMA.

MloaToMy BB DPAKTHKE NPEANONMTAIOT KYCOWHO-TNIONMHOMMANLAYIO WH-
TEepNOAANNIO ¢ ACIONBIOBAHAECM MHEOMOW/1CHOP MEBHCOKON cremenu. OaMaKo
ror cnocob NpUGIMXeHEMA HMOOT HAAOCTATOK: B TOYKAX "cTmka" asyx
COCONMHX MMOTOWIeHOB NPON3IBOAHAH, KAK OPABWIO, MMEeT pa3puB (cm.
opuuep 11.12). YacTo 310 06CTOATENLCTBO HE MIPAET CYIECTBRHMON PONH.
Buecre ¢ Tom BmepeAxo TpeSyercs, uToOH annpokcuMupylomas GyRKuUMA
G6una rasakoft M TOrma  MpocTefilliaf KYCOYHO-TIOJIMHOMHAIbHAA
EHTepUOAALNA CTAHOBHYTCA HEAPUEMIEMON.

EcTecTreBnan noTpeGHOCT: B HANMYMM annpoKCHMHpyIOmmMX QyExnoui,
KOTOpHIE codeTanlt Gl B cele JIOKANBHYIO NPOCTOTY MHOTOY/ICHA MeBLICOKOR
CTeNcAl M rACGANLAYIO Ha BeeM OTpeake [a, b] raaaxocts, mpupena k
nosmnenuio B8 1946 r. Tak BA3LIBAEMHY cnaadn-gynKgud MAM CRAGENOO —
CUenMAMLELIM O0pA30OM NOCTPOSHHWX TIAANKHX KyCOYHO-MHOMOWICHHBIX
byaxumit. Honyuus B 60-x rogax pacnpocTpanenie Kak CpeAcTsO MHTep-
DOAANMM CJIOXHHX KPHBHIX, CIIAMEH K HACTOALIEMY BPEMEHM CTANH Bax-

- RO COCTABMOR YACTBHIO CAMLIX PAAIMYHEX BLYMCAMTEABMBIX METONOB M
BAILTH MIMpOvAfillee NPHAMEHOEME B peliéHMM pa3HOOGpAIMHX HAYHYMO-
TEXHHUYECKHX W MEXeMEpHLIX 3amnad.

Hannu crporoe onpeneneumne cnasitua. Iycrs orpesok [a, b) pa3bur
TOUKAMM @ = Ly < 2] < ... < ZTn = b Ba N YACTHYHBIX OTPEIKOB (£, Z.
Craoidnon cmenenu m Masubaerca QyHROUA Sg(r), obnajaloman cnenyio-
mumH cBOHCTBAMM:

1) dysxuusa Su(z) senpepuisna na orpesxe [a, b] Buecre co Beemu
cponMu npoussoamumu S (z), S (1), ..., SLP!(z) mo mexoroporo mopan-

xa p;

2) Ha KAXZOM IaCTHIHOM OTPE3KE (zi.), 7] dynkuma Su(z) cosnamaer c
BEKOTOPLIM A/IreGpandeckuM MHOrOuNeHoM Py (1) crenean m.

Pa3gocTe m — p MeXAy CTeNeHLIO cnaafiMa M HAHBLICIIHM NOPAIKOM
BenpepuaOfl Ha OTpeske (s, 8] npowasonEOM MasbiBaeTCA Jdefexmo.n
enaadna.

Mpocrefimuft npuMep cnnafiaa paeT MenpephipMad KycOYmo-aREBERHAA
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dyakuna (puc. 11.8), amntomanca cwnafiMom NepBoft creneny (auxeduws
cnaadnon) ¢ gedeKTOM, paBEbiM eAMHHue. [lefcTBUTENLHO, HA OTPE3Ke
[a, 8] cama ¢pynruns $)(z) (aynessn nmpomasoznasn) Henpepupas. B 10 xe
BPEMA HE KAKAOM YaCTHYHOM oTpeske S)(z) coBUALAET ¢ BEKOTOPHIM MHO-
ro4n1esoM Neppofl cTemeny.

=

ol n « Xp X

Puc. 11.8 Puc. 11.9

ﬂ

HauG0onee mMpoKkoe pacnpocTpaHedie Ha NPAKTUKS NOMYUMAM chaalMbl
S3(z) Tperbeft creneHn (xySuneckue chaatnm) ¢ nedexToM, pabHbIM 1 Han
2. Takue cnnaftaEl HA KAXKAOM W3 YBCTHIHBIX OTPE3KOB [z, 7] cosmazalor
¢ KyGH4YecKMM MHOrOYJICHOM:

Sy(5) = Py, {x) = a; + bz -zi-)) + ¢z~ 2¢1)? + dfz - £i-)} (11.63)

H MMEOT Ha OTpe3ke (e, 8] MmO KpaitHel Mepe OMY HenpepsBHYIO NpOM3-
sonnyio S;(z).

Tepuun “cunafta” npoucxoaut or anrauiickoro caosa "spline” (ru6ran
nuHefka, CTEpXEeHb) — MA3IBAHMA HPUCNOCOGNEMHA, HMCOOABIOBABILIENOCA
YEPTEXANKAMM /1A NpOBSACHHUA [AAMKHX KPHBHIX Yepe3 3afaHHLIE TOYKH.
Ecan ru6kyio cTanbuyio IHHEAKY NOCTaBHTL Ma pe6po M, U3QrHys, 3aduk-
CHpOBATL € NOVICKEHMe B YINOBHX Toukax (pue. 11.9), To nomyuures
MexaAHNYECKMA sHANOr KyGHueckoro conaftHa. B camom fnene, M3 Kypca
CONPOTHBIICHNA MATEPHAZOB M3IBECTHO, 4YT0 YpaBHeHHe cBOSOZHOTO pasio-
pocus npopuna S (z) nmmetku Takoso: S'4'(z) = 0. Cnenosatesnito, »
NPOMEXYTKE MOXAY ABYMA cOceHMMM yanaMu S (I) npencrasaser coGom
MHOTO4YNEH Tperbedl cTenenn. B TO xe BpemaA OTcyTcTBME y MUMENKH HANO-
MOB CBHMIETeNLCTBYET O HenpPEpRBHOCTH KAcaTenbHoil k rpaduky GyHKuun
S (z) n kpueuanm, T. €. nponsponHux 5'(z) u S°(z).

2. Merepuonsmmommult cunalm. [ycts ¢ymkuma y = f(z) 3amama
Tabnuued ceonx anavemnit §; = f(z), i =0, 1, ..., n. Cnnafn Se(z) masu-
BAETCRA UNMEPROASYSONNNA, 6CAH Su(z) = g Ana seex i = 0, 1, .., n
3nauenne s; = S, (£,) HaILIBALTCA NAKAONOU CRAGENE B TOUKE Zi.

=1

3ameTM, 970 Ha OTpeake [fy;, ] HMHTePNONANMOHHBIA KyGHYecKnA
cnJaH OIHO3HAYHO ONpefiesifAeTcs 3ajaHdeM 3HAYCHHR §i.1, ¥4 %1, & B
caMoM fiene, ua pasencrpa (11.31) swvekaer caeayioman Gopmyna:
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Sy(2) = Py fz) = &= ‘*’““* SET WG CRLET P

+§z-r.gﬂ=-=i-:!“__l +g=-q-.;3, z-q)ﬁ. (11.64)

3nech hi = £y — 4.
PadMunpe METONH HMHTEPNOARUMH KYSHYeCKMMH CILTAHAMM OT/IHYA-

10TcA OfMH OT ApYroro cnocoboM puiGopa Hawknomos s;. O6cyauM BEKOTO-
psie M3 HHX.

3. Jlosampuil canafin. Ecnin B TOYKAX z; HIBECTHL JHAYECHMA NPONI-~
soaHOR ¥, = J'(zg), TO ecTecTRORBO NONOKHTDL 8; = yaaapcex i =0, 1,

w.y n. TOrAR Ha KAWAOM UACTHHHOM OTpE3Ke %, Z] B cooTmercTBMM ¢
dopmyoit (11.64) cnaafin ONBO3HAYHO ONpefeNAETCA IHAYCHHAMY i1, Vi
¥i.» ¥, (MOITOMY €ero n MAIWBAIOT 4oKaAsNA CReadnoss). 3aMeTHM, YTO

OH cOBOAISET € KYSHYECKHMM HHTOPHONAUMOHHLIM MHUOMOWNECHOM JPMHTA
(11.31) ansn orpeska [z, 7.

Ha reparenctsa (11.33) nonyvaerea cnefyioniaf oneska AOrpemHOCTH
HHTEPNONIALNH NOKANBH LM lcydn-lec!mu cnnafHOM:

max |f(z) - So(2)| < 354 M pa, (11.65)
[a.8)

rae Apay = max k¢ — MakcUMANbHAA U3 OAMM YaCTHUHLIX OTPE3KOB.
1€ i€n
JaMeTHM, 9TO ANA NOCTPOSHHOIO YKA3ARMLIM O0pa3oM cmiafiHa MOXHO
rapasETHPOBATE HENpPEpHBAOCTL Ma OTpedke [a, b] Tanbko Pynknuu Sy u ee
meppoit Npou3RORHOR S;, T-€. ero fedeKT panen 2.

CymecTy10r H Apyrue cnocoul sui6opa ko2hPUIMEHTOB 3;, NPHBOAA-
mue K fMOKansHbiM conafinaM (kyGuueckni wmorounem Beccena!, meron
Axumu 1 ap. [16]).

4. TaoGamniie cnocolsd WOCYpOeRANA KyGmweckmx emnalipos. [lia Toro
9To6n cnaafn Sy(z) MMen HempepuBHYIO Ma otpedke [a, b] pTOpYI0 MpoMa-
ponnyio §;(z), ARe0GXONMMO BHGHPATE HMAKIOHH $ TAK, YTOGM B TOUKAX I

"cTeiKA" MAOrounenos P M Py COBNAMANM 3MAYEHMA HMX BTOPHX DpoO-
M3BOJHEIX:

P;.g’(:i) - P;'g‘q(ztll i=1,2 .,n-1 (1166)

1 Opuapux Buwibrensu Beccems (1784-1846) — nemewsuit acrpomom.



Hoasayscs ¢opmynoit (11.64), aaiigen snaveane

Pide) = G4 g oL (11.67)

Ha nono6uoit popmyan, 3anucanroft A1A MEOroUneHa Pj .y, HneeM

. = _ A48 234 Yier = Wi

P;'hl(zl) = jl"l kiél + 6 Ai‘,l B (11.68)
Taxum o6pasom, pasencrea (11.66) npMBOAAT K caenyioilleft cHeTeMe ypaB-
HEeHHA OTHOCHTeNRHO KO3 DUIHERTOB 5

s + 20R7 + Rib))a + Ritisier = 3(R(3i - wir) + Riti(¥er - ),
i=1,2 ..,n-1. (11.69)

3amerHn, 4TO 3TA cHcTeMa ypaBMeHM HefoonpejeneHa, TRK KaK YMclo
ypaBaeuHit cucTembl (paBHoe n — 1) MeHBlUIE YHC/IA HEMIBECTHHIX (paBHOre
n + 1). Bu6op apyx ocTaEumimxcA ypaBeHM#I 06BHYHO CBA3HBAIOT C HEKOTO-
PhiMH [IONONHENATENbHEIMM YCNOBUAMMH, HAKJAANKBAOMHMH HA chJ/afin B
rPHMYELIX TOYKAX & M b (1panuunsiau ycaosuseu). YKakeM Ha HEKOTO-
pHe M3 Hau6Onee MABECTHLIX TPAHMYHEIX YCI0BHA.

10. Ecan B rpanMymbiX TOYKAX MIBECTHH 3HaYeHUA NepBOfl Npou3Boa-
aoit f'(a) u f'(b), TO ecTecTBEHHO NMONOKNTH

% = f'(a), sp=f(8). (11.70)

Jononuaa cucremy (11.69) ypasmemmamm (11.70), npuxonum K cHcreMe
YypaBHeEMA ¢ TpeXAnaroMannHOM MATPMUEN, KOTOPaA JNerko peluaeTcs
meropom npororku (cm. ra. §5). Ionyyemnw#t TakuM o6pa3oM cnaa#n
HaduipaeTeA @Fyndasenmarsniu Kybuveckuu cnaatino.s.

20, Ecin B rpaHMURMIX TOYKAX M3BECTHHl 3HAYEMHMA BTOPOAl GPOM3BOA-
aoft f(a) u f(}), TO MOKHO HanNMKHTL HA cAMalA TPARNYHKEIE YCAOBHSA
S5(a) = Py \(z) = f(a), S5(b) = P5 ,(zn) = f(b), uro npuponnT K cre-

AYIOMMM YPABHEHHAM:

18 23 h- o _
__E_-.E.fﬁ-?!-—_ f(a), (11.71)
2_:_:_-! +4—:*:-6 Un;n?ﬂ-l = (b (11.72)

(moctaTouno B paeenctee (11.68) s3aTe 1 = 0, a B pasenctse (11.67)
i=n).
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30, Tlonaran B ypasmenmax (11.71), (1172) f(a) = 0, f(b) = 0
(He3aBMCMMO OT TOIO, BLIMOJAHEHH AW 3TH YCROBMA RJNA MATEPNOIMpPYEMOR
Pyurimu), nOpHMAEM K CHCTeMS  YDABHEHUN.  ONpeNensioWMX  TaK
HAIBLIBAEMBIA ecmecmaennsid Kybunecxud cnaann.

49, Yacto dHerT, HMKAKOA AononruTeabHON MEGOPMAUMM O 3IHAYCHHAX
ApOM3BOIHHX Ra Konuax orpeaka. QM1 M3 NpMMEHAeMuX B JTOH cMTYa-
UMK NOAXOROB COCTOMT B MCOONBIOBAHUM YycAoeus "omcymcmaeus yiaa”.
BuGop HAKIOMOB 5, MPOMABOAAT TAKMM OGPAlOM, YTOGH AAA MOAYUASMOLO
cnnafiHa BRNONHANUCL Yenopua P (z) = Py oz), Py n-i(2) = Py n(z) Jaa
3TOr0 JOCTATOYHO MOTPEGOBATEH COBNAACHMA B TOYKAX T} M Zp. COOTBETCT-
BYIOILMX TPETLHX IIPOMIBOAHBIX:

P (n) = PPy(z), P°L (2nt) = P{¥h(2na1).

OKBUBANEHTHBIE ANrebpanuccKve YPabHERHA BHCAAAAT TAK:

2k (vo - ;) + A0 + 31) = 2h3(3 - 1) + B¥(a + ), (11.73)

73 (Yn-2 - Yn1) + hndi(3nez + 3nt) =

. . 11.74
= 2"‘1\3(!11-[ - y'l) + knztsn-l + 311)- ( )
Ta xe aNOpOKCHMHPYIOmAA GYRKUKA MOKET OHTL NOVIy4eHa HECKOMb-
KO MARYE. YMEHbLUIMM YMCAO YACTHYALIX OTPE3KOB, 06LENMHMB MOMApPHO
oTpesky [zo, 2], [z1, 23] ¥ [Zn-2, Znt), [Zna, Zn). OTO OTBewaer paadmennio

orpeska [a, b} Toukamu a = ;0 < ;-, < .. <;n.2 = b, rae ;, = Iy oA
t=1. 2, ..., n — 3, H NOCTPOEHMIO COOTBETC TBYIOIIETO MRTEPNOAAUHOHHOr0

cnaafna S3(z). Yeaosua "orcyTeT1BuA ydua' IKBMBANEHYHW TPeGOBAHMIO

cOBNARENNA 3HAYCHHA cnaaftaa Si(I) B TOYKAX 2; I Ip. CO SHAYEIHAMH ¥
H ¥Yr-1-

69, Ecou f — nepuognuieckan yHxiima ¢ MEpUOAGM, PABHbIM b -- @, TO
cucreny (11.69) caexyer nononHMTE YCAOBHAMM

8 = 3n,
ha'(sn-t + 23n) + A'(2% + 3;) = 3[ka’(yn — o) + k(v — wo)}.

CymecTsyloT ¥ ApYrMe MOAXOLN K 3aJ8HUI0 TPAHHUHBIX YCIOBHA
(noapotuee o6 310w cx. [16]).

Mpusep 11.13. N1% dynrumun, safandon Tabn. 11.12, nocrpouy (e recTeennuin)
Kybudeckun ciiafi, B orou cyvae cHctema YPaBHEHMR ANSL HZKTOHOB Sou 9y .-y
44 B TOMKAX Iy, 1), ..., T4y JAMUCHIBAETCA cliefytoltun obpasom:
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8 =-05a + 1.2, (11.75)
8 + 45 + 8, = 36, (11.76)
8+ 45+ 85=-12, (11.77)
n + 48y + 8 = -3.6, (11.78)
8 =059 - 0.6. (11.79)

¢ Pewasn ee, nomyvaem anaveHun & = 57/70,
8 = 54/70, = ~3/10, 35 = -54/70, & =
= ~3/14. Teneps Ha KaXnoM uACTHUMOM
OTpeake SHAYEHMA CIUIAAHA MOKHO BEIC~
! Tk no dopuyne (11.64). Coorserctyommn
rpadpk npupened na puc 11.10 (cp. ¢ puc
11.6 u 11.7).

Mipswep 11.14. Hurepnomipyen ¢ywn-
o, sanamyio tabn. 1112, xyGwvecrmn
cnafioM, HMCNONBL3YR ycnoBke “OTCYTCTRHA
yana". B orou cayvae ypasmenns (11.76)—
(11.78) ocrauyrca npexuumi, & ypaedenus (11 75) u (11.79) saumensnorca cnenyto-
LOOMM:

%0-5=08 5-s2 =-08 (11.80)

Pemaa cucremy {11.76)—(11.78), (11.80), nomyusem snavesus s = 8/15, 5 = 5/6,
5 = -4/15, 5 = -20/30, & = 8/15. T'padpwk cooreercrByIcWEre clmAlNE Mal0
ormaerca ot rpadiMka, MaoGpaxennoro ua phc. 11.10.

5. HorpemmocTs. TpEGrEmesws KyGageckands crnafiwamy.
Teopema 11.9. Tyems gynxyus f useem na ompeaxe [a, b) xenpe-
pHenyro npoudeoduyro xemeepmoio nopsdxa ¢ M, = max |fi1(z)|. Tosda
e,
daz unmepnoasyuonnoo xybuveckoto cnaadna Si(z), ydoeremeoparujeto
1paNsNNu g Yycaoousu munoe 10, 20, 40 usx 5° (nocaedxee — das cayvas
nepuoduxecKkod Gynxyss), Cnpaeciasea cAedyIOW0R OYENXT NOLPEWNOCTIY:

=
-
. .
h*r

Puc. 11.10

max | f(z) - Sy(z)| < CMyhpax. (11.81)

[¢.8]

3amerum, 910 cnaafta Sy(z) Be TOALKO caM amnpoKcHMUpYeT dyHKuMIo
f (2), Ho ero nponasonmuie S,(z), S5(s), S{*'(z) npubnuxaior coorsercrey-

1oinpe aponasoansie Gpynkmuu f ChopMmynnpyes cOOTBETCTBYIONLYIO TeOpe-
My B FNaHGONee MPOCTOM Cly4ae, KOTAa TaGnMuUe 38JaHA ¢ NMOCTOAHHBIM
marom A.

Teopews 11.10. [Ipx eunoanenuu ycaoond meopens 11.9 das yxa-
JANNMZ 0 Ned CnaadNos (RPAseIANON NepROENCMOd
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max | f 5 (z) - S (2)| < CuMhtE, k=1,2,3. (11.82)
(a.8)

3ameuanue Bnrarogapsa Gonsmedt npocrore 3anucH H GNAro3ByY-
HOMY HA3BAHMIO €CTeCTBEHHRbLIE CIIANHLI MOAYYHAM 3HAYNTE/IBHOE pacn-
pocrparenne. OHAKO MCKyccTBERHOE nanoxeane ycnosuit f(a) = 0,
f(§) = 0 npu nETepnOnAmMH (PyHKOHMA, KOTOpHE ITHM YCIOBHAM He
YOORJIETBOPAIOT, MPMBOAMT K 3HRYMTENbMOA noTepe TouHOcTH. BMmecTO
YeTBEPTOrO NOPAAKS TOMHOCTH (KAK JNOKANBHHIA KyGMuecKuit cmaafu
MY KYGHYecKHEe craliHel ¢ FPAHMYHLIMM YCTOBMAMM THROB 10, 20 40
59) ectecTpemaLIA cnaMa 06GNanseT AMUIL BTOPLIM MOPAAKOM TOYHOCTH.
Ecnn ncnons3oBaEne eCTECTBEHHOIO cOaltHA M€ BHI3BAHO HAKMMH-ANG0
cnenHansHEIMH OPMIMRAMH, TO CJEAYeT, NO-BHANMOMY, OTKA3ATLCA OT
HEro B MOJIb3Y KyOMuecKOro cirafiHa ¢ FpaHHIHLM YcJIoBHeM THRa 49,

§ 11.12. HoasTee 0 pacKpeTEOM mpooGpadosanmm Pypoe
B TPEIOBOMETPEYOCKON NETOPIOANIEN

1. Imcxperaoce upeotpasosanwe Pypre. B npuraanReX MecnenoBaHnax
IIMPOKO MCOONLIYIOTCA PAa3lIMdYHbE BapuaHTH Npeobpalosaana QOypbe!
GyHKUMA BenpepuBHOr0 APrYMEHTa, 8 TAKXKEe NpeAcTapjeane yHNKuuh b
BME CXOAAMIMXCA TPUrOHOMETpUUeckHXx pAnos (pamos Pypue). Hanectno,
HANPHMEP, YTO BCAKAA HelpephiBRo AnddepeHunMpyeman NEpHOAMYECKa ¢
nepHogoM 1 GpyHKUHA [ MoxeT GuTe pasnoxeHa B pan Dypoe:

f(2) = £ apexp{2reks}). (11.83)
k=~
3pecs ¢+ — mEMMan eaunnna. KosdphHOUERTH paiioXeHUA BRIYUCAAIOTCA

no dopuynan
1
= { f(2) exp{-2x3kz} dz. (11.84)
Opmako 50 MHOrMX caysanax YHKOMA [ GLIBSET 3afaHA AMUIL B KOREY-

HoM uyMcne Touek z; = 3/N, j =0, 1, ..., N— 1. B a1oM cayuae amanorom
dopuynu (11.83) asaserca panoxenve pnza

f(z) =:3: arexp{2xskz)}, 0 <j< N. (11.85)

I JKan Batucr Hosedp Qypre (1768—1839) — dpanuysckHRt MATEMATHK, ORMH
H3 OCHOBOMONONKHHKOB MATEMABTHYECKOR PHanKK.
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JameTHM, YTO TO PAAIOKEHNG HMEST MOCTO TOTAS H TONBKO TOTAS, KOTXA
TPHIOROMETPHYECKAR MHOMOWIeR

N-1 _
SMs) = kgo sjexp{2riks} (11.86)

uETepnoNAEpyer GYEROMO f N0 ee 3mageEuAM B TOUKax %, 0 € j < N.
Bume (cu. mpumep 11.2) 6uino noxa3ano, 910 cacrema dyuxumit p(z) =
= exp{2ziks}, 0 < k < N oproronwmsa ma mEOXecTse T0%eK 1, = j/N,
0<;j < N, opauen (¢, yx) = N. Crenosarensuo, paanoxesne (11.85)
AelicTRHTEILHO HMEET MECTO, mpETeM B cuny pasencrsa {11.19) kospdunu-
GHTM &) OUPERENANOTCA N0 PopMyne

= %":1:: §(2i) exp{-2rikr)), 0K k< N. (11.87)

Onepanmio npeoGpasosanun wabopa amavemnst f(z), f(n), ..., f(zm1)
» Ha6Op KOIPPUTMOHTOB a9, 4, .-, GN-] OPHHATO HASLBATL NPSAME Juck-
pemusia npeofpaiosaxucs Pypre, a OGPaTHYIO OUEPAnMIO — olpamnsia
ducxpemnmn npeofpazosanucn Dypee. OcymecTanemme ITHX omepanuil
AMIAETCA BAXHON COCTABHON YACTMIO MHOIKMX AJIIOPMTMOB.

JAnK yaoGetea WanOmenHWA mbenem oGodmauenme w = exp{2#i/N} m
nepeawmen dopuyan: (11.85), (11.87) » creayromen snae:

f(z) = :z: aM, 0<j< N, (11.88)
o= ;T,‘:s: f(z)o¥, 0K k< N. (11.89)

2. Bucrpoe pmcxpormoe upeoSpescsamme Pypue. Ecnan phinncaesna
NPOBOANTE HEmOcpencTseEEO mo dopmynam (11.88) m (11.89), To ma Bu-
DOANGHEe KaXZOro M3 mpeoSpaiosammit morpeSyerca npadepao N? apnd-
weTRRecKnx omepamuit. (3necs mon apudmerwaeckoil onepannell nomEMa-
erca yMHONEHWe ABYX KOMIICKCHHX 9HCER ¢ MOCAGAYIONIHM CNOMERMEM.
Beamumnii wA camTAIOTCR BHAECGRHMME 3apanee.)

Ongexo p cayuse, koras aueno N me ABARETCA OPOCTHIM, KOAHYOCTBO
epudueruaccknx onepannft, TpeSyeMbix ANA PHYHCACHHA 0o GopMynan
(11.88) & (11.89), mommo cymecTrennO ymesbmnTs. [IoAcHNM cKa3amROe HA
npruepe suvncreEnft no dopuynam (11.88). (Buumcnemus no dopuynan
(11.89) nponasoAsTCA AHANOrHYEO ¢ 38MEHOM w HA W').)

Oycrs N = NNy, rne 2 < N, 2 < N; — nenwe smena. [Ipexcranam
ungexc joouae § = 1N + o, rRe 0 € 5; < Ny, 0 € o < N;. [lonomuu k =
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=kN; + ko, rne 0 <k < N, 0 € ky < N,. Monwaysces Ten, wro kj =

= BiN + kjoN + koj u ™V = 1 meens b1 = SPNMRT 5
¢dopuyne (11.88) cymmmpobanme no weaekcy k omepaumeit HOBTOPHOrO
CYMMHPOBAHMA MO HHACKcAM Ay M &, DOMyuUMM

N1 N1 ‘
e =, 2_30 5o Pk, SN i z: @ (ko, jo)u™ (11.90)
tae
N—l .
a ("o. Jo) = x '0 klnz,&owhm‘vz- {11.91)

Maccus @ cosiepxut N qaHcen M AAA ero suiuMciecEnn TpeSyercs NN,

apudmeruaeckux onepamuit. Tlocne TOro Kax Hafifiens 3maueuus d (ka, o),
Ha BuiYMceHHA no ¢gopuyne (11.90) Tpebyerca NNj onepammit. Takum
obpa3on, obmee uncno apudmerueckux onepanmik papao N (N + N,).
3ameTHM, 9TO JOCTHTMYTA IKOHOMMA B WHC/e onepanmil, mockonbKy N; +
+ N; < NijN; = N, kak tonsko N > 4. Bunrpumia ynanocs R0cTHYb
Gnaroapa TOMY, YTO OKAJAJIOCH DOZMOXHBIM BLAGNHTS IPYHNL CNArseMuIX
(11.91), xoroprie ucnOmML3YIOTEA AAA BLYMCTeAMA 3Havenmuft f(x) npw
PA3MMYHEIX j, HO CAMM BLIYMCAAIOTEA JIMIUD ORLAAKILL,

VKasanHaA Bhillle HACA PA3BMTA B AINOPHTMAX Sucmpoto duckpemuo10
npeobpazoeanss Pypre. B cnyuse, xorna N = Ni-N; ... Ng, (rae 2< Ny), ¢
OoMOIBI0 GHICTPOrO AMCKpeTHOro mpeoGpasosanus Pyphe MOXHO BEHOON-
HMT: AMcKpeTHoe mpeoGpasosanme Pypre 38 N (N + N, + ... + Na)
apaduernieckux oneparmit. OcoSerro 3pPeKTHBHHIM ABNACTCA ITOT
aNropuT™, Koraa aucao N seaserca crenenso uucas 2 (.e. N=2"). B
IToM cayuae smecTo N? onepaumuft TpeGyercs sunonauts aums 2N logy N
onepanuit. Hanpnmep, nna N = 1024 = 210 sror anropurd nossonser

N
Togow = 1024/20 % 50 pas.

1llupokoe BHenpeHHe aNrOPMTMa GLICTPONO AHMCKPETHOrO mpeoGpa3ona-
Bun Qyphbe B NPAKTHYOCKHE BHIYHC/ICHNA NPHBEJIO K NOASMMEOR peponio-
OMM BO MHOTMX OGNACTAX, CBA3AHAHX ¢ 00paGoTHO! uncnopoft MuGopuma-
mun. IlporpamMmel, peanusyiomue painMuume BapManTH 3TOT0 aAropMTME,
BXOAAT B CTAHAAPTHO® MaTeMaTHueckoe obecneveane IBM u pocrynum
MACCOBOMY MOJILIOBATENIO.

YCKODHTD BHIYMC/ICHHA B

3ameannne 1l Yacro pasnoxeane (11.85) sanucusaior b aKBHBA-
JIENTHOM BHE.
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f(z) = L aexp(2miks),
-NJ2< IKN/2

HTO COOTBETCTBYET MATEPHONANHH TPHNOBOMETPHYECKHM MHOrOWACHOM

SMz) = T awexp{2riks) (11.92)
~-Nf2<kCN/2

3necs koadppHUMEHTH ap no-IpexHeMy 3anawrcea Gopumynoit (11.87).
Jameuasnune 2. XorA MHTOpPNVIADMOHHME TPUIOMETPHYECKHE
mrorounens (11.86), (11.92) u cosnaaalor B TOYKAX z), OHH DPUMMMa-
IOT CYILIECTBEAHO PA3HLIE 3HAYEHUA B TOUKAX Z, OTAMYHBIX OT Y3T0BMX.

3. Tpuromomerpaweckan RETSPDOAANMA. PaccMOTPHM KpAaTKO 3agady
HaTepnonAnMH GyHKEMH f, 3ansamolt B Toukax 0 2o < 2 < ... < I S 1
TPHFOHOMETPHYecKHM MHorownetom (11.92). K sei mpuponwut, Hampumep,
THONYHAA PAOMOTEXHHYECKAA 341898 O TPHIOHOMeTpH4YecKOR WHTEpHmONA-
DMK DEPHOANYECKOrO CHrHAIA,

He spasance B [OBOJILHO cNOMHYI0 Npo6eMy OLEHKH NOrPEIIHOCTH
TPUrOMOMETPMYSCKON MHTEPNONALMM, OTMETHM TEM He MeMee, Y4TO OAf
raagkofl nepMoAHvecKOR ¢ nepHosioM 1 PyHKUMM f ecTh OcMOBaHME pac-
CYUTHIBATL Ha BHIMOJNIHEHMe mpubamxeanoro paseHcTBa f(z) ® Sp(z) Ana
seex z € [0, 1].

PacemoTpuM BaXHHIl BOMPOC O WYBCTBMTENBEOCTH MHOTOY/MEHa Sy K
NOTPEWIHOCTAM B MCXOAHMX AaEHLX. [lycTs 3navennsa y! & f(z,) narepno-

nupyemoft GYHKUMM 381A10TCA ¢ MOTPEMIHOCTAMM €, H M3BECTHO, uTO |€£,| €
<A(y*) ana 1 =0, 1, ..., N— 1. Torna suluncnsemuiil no 3naveansn ¥
TPHrOMOMETPHYECKHA MHTePNONALUMORELA MHOrowned S; COMEPXHUT nor-

pemnocTb. [InA Hee cnpaBesiuBa OLEHKA

A(Sp) =[mulnl|s;x:) — SMz)} < AMA(y"),
0,

amanormamnas ouenke (11.61) LA anreGpawteckux MMOTOuIeHOB. 3aech Ay

— NOCTOANHAA, ABNAIOIIAACA aHANOroM komcTanTH JleGera Ay,
IIpuMevaTensHO 10, 970 B OTAMYME OT 3ajda4H MHTEPNOAAUMM anrebGpa-

HaeckHMH Muorounemamu (oM. § 11.10) onrumansiuiv (1. . RalomuM

MHHUMANBEOE 3MaYEHHE AN) ABNACTCA PABHOMEPHOE pacmpefiefiesne yanos,
KOTOPOMY OTBEHACT 3HAYeHME Ays % In [(N + 1)/2].
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Takum o06pa3oM, NPH TPUINOHOMETPHYGCKON WHTEPNANANKH BHEOD
yanos z, = j/N (0 € j < N) Amnnerca HanGOoNee eCTECTBEHHLIM C TOYKH
IPEHHA KAK NPOCTOTH BHYMcAGRHA ko3dbuuenToB MEOrOwNeHa (GHicTpoe

AMcKpeTHOe npeoGpazosanue ®ypse), Tak ¥ MMHEHMM3aUMN BAMAHNA OMIN-
6OK HCXORHEIX JAHHLIX.

§ 11.13. Meroa saEMETIIEX KBAADATOD

Janaua HAHMEHBUINX KBAADATOB BOJHMKAET B caMbIX Pa3jIHIHMbIx 0G/lac-
TAX Maykd W Texunku. Hanpusep, K Hell NPMXOAAT DPH CTATHCTHYECKON
oGpaboTKe IKCNCPHAMEHTANBALX JAHHKX ¢ MNOMOMIBIO perpeccHOMHOro
aganula. B MHXemepHON NEATENBMOCTH 3818498 HAMMEHLUIMX KBAJPATOB
HCcNONb3yeTcR B TaKMX 0O/ACTAX, Kak OUECHMBAHME NapaMerpos H ¢uap-
TpanuA.

1. Jlune@inan 3apada sanuemsamx kpanparos. llycts ¢ynkuua y =
= f(z) 3apaxs Tabaunent NpHOMMKEHHNX 3MAYEHHNA

v f(z), 1=0,1,..,n, (11.93)

nony4eMMuIx ¢ OMINGKAMH £, = N —y,raey = f (z;). Eciu auaveAns g,
NOJIYYEHH M3 JKCOEpPMMENTR, TO OMWIMGKA HOCAT caydaliMmit xapakrep m

3a4acTYio ypopers norpewnoctn ("wyma" Tabamun) 6nBaeT amauMTeNb-
aum (puc. 11.11, a).

n

Pue. 11 11

Mpeanonoxkum, 4TO ANA aNDpOKcHMaUH PyHKUMM f Henonbayerca
AMBciNAA MOReND:

¥ = Ou(2) = a0ip0(2) + a11(2) + ... + anppal2). (11.94)
3nech (), ¥1(2), ..., Pm{z) — 3anaHHEIe Ga3ucHbie OyHkuMH!, do, 4y, ...,

1 B pamioM naparpade DacCHATPHBAOTCA (YHKUHH, JIDHHHMAOIIME TONBKO
BelecTBENNLIC DHAYEHUR,  °
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4y — MapaMeTpHl MOfenM, aAmagomuecs xoadpHnueATaMu o6OGMIERMOrO
unorowrena $u(z). Kax ywe ormevanocs sume, ogaoit ua sanGonee npoc-
THIX M 986TO MCNONb3YyeMuIX THMHeRHEX MofeneRk puaa (11.94) (mpu pu(z) =
= r*) ARNAETCA MONMMOMMANLEAA MOLENH

y=Pa(z)Sao+ a1z + ... + agz™ (11.95)

B cayuae, korza yposens HeOUpPeNeNeHAEOCTH MCXOAHBIX OAHEWX BLICOK,
HBESCTECTBEHHO TpeGoBaTh OT Mopenu (11.94) punonseaus yenosuit (11.7)
coenasesns 3mauenuil oGoSmenHoro MEorowresa Pu(z) B TOWKAX £, ¢
3a/aHEMMY 3HA9CHMAMM ¥, T. €. HcnonbdoeaTs METepnonsuuio. Kak me-
Tpyano suaers (cM. puc. 11.11, 6), opu mMatepmonupoBanuH DPOMCXOZUT
NOBTOpeRle OMAGOK HAMIIONEHHN, B TO BpeMA KAK NMpu o6paboTKe 3Kcme-
PHMEHTANBHLIX AARHHX XeNaTeNbHO, HANPOTHB, HX CTrAAXHBAHHE.

Orkasuibasich OT TpeGOBAHMSA BLIMOJEEHHS B TOYKAX 2, TOYHHIX pa-
aencte (11.7), caenayer Bee ke CTPEMHTLCA K TOMY, 9TOOH B ITHX TOYKAX
BEIIOTHANMCH COOTBETCTRYIOMME NPUGIMMERHEE PABEHCTBA

avlZo) + ma(zo) + ... + empu(z0) ¥ vo.
sGp(n) + ma(n) + ... + sppu(n) ¥y, (11.96)

S zn) + @A(tn) + ... + amipm(zn) ¥ n-
Hcnonsays o6osmavemma (11.9), sammmem cucTeMy DpHGIHKERHHX pa-
pericTs (11.96) » MaTpHuBEOM BHMAE:

Pan yg. (11.97)

H3 pasnu4yHEX KpuTepies, N03BOAAIOMMX BHIGPATL NapaMeTpul dg, &,
wery Gm MOZen# (11.94) Tak, 9T066 npubanxeansie paseacTsa (11.96) yaos-
JIETBOPANKCH HAMAYYIINM B HEKOTOPOM cMbIcIe o6pasoM, HanGoslee 9acTo
HcDOAB3IYETCA KPHUTEpHA BAMMEBbIMX keanpatTop. COrnacMo 2TOMy KpMre-
PUIO DapaMerpbl BLGHPAIOTCA Tak, YTOOH MHHHUMHIMPOBATL cPednexoadpa-
MYNKOE YKAONERUE

L B (@alz) — w22

n + l.lo

5(#m 9 = |

0606menaoro maorouncha Pgfz) =f°n,¢,(r) OT 3aJAHEMX TAGRHIHHIX
J.

adavenuft §, (0 € s < n). 3ameTHM, 9TO MMHMMYM CpPEAMEKBAZAPATHYHOIO
YWIOHEHHA JOCTHIACTCA NPH TOX Xe 3HAYeHHAX 4y, 4], -.., G, ITO H MHHM-
MyM (yHKOMH
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s(a 9= 'go :go(a,%(:.] - )2 = | Pa — 2,

mpuden

5 (P 92 = 5 (& ).

Hrax, swnednaes 2edava wemodea nawsensuius Xoddpamoe COCTOMT B
eneayomem. TpeGyerca HaTy (npu pukcuposagaom Mabope GyMkuMA @y,

#1; - Pm) O606menanit wsorounes $¥(z), ann xoroporo cpeamexpan-
w‘lﬂw YKNonenne npHaMMaeT MMMHMANTBHOE JBAYEHME:

§ (2L 3) = min § (¥, 9).
m
Hexouutt 0606mennnit maorownes ®f Synew nanee masuiBaTh ANO1ONAE-
NO& NAUAYNUICLO CPeduexeadpamunnoto npubliuxents.
2. Hopuamszas cmcrems. CymecTeyloT paiin9Hbie OOAXOAM K pele-
AMI0 nocrannennoft 3agaun. [pocrefAmul W3 HUX COCTOMT B MCAONL3OBA-
EMM HEOGXOAMMOrQ yclosMs 3keTpeMyMa QynKOMu &

%:o, k=0,1,..,m (11.98)

Buiuncanaa acTHIE NpOH3BOAMBE (YHKUMH s M H3IMOMAA NOPAJOK CyM-
MupoBaBusA, OT paseacTea (11.98) nepexoaum K cHcTeMe ANHERHHX anre6-
paHYeCKHX YpaBHEHHN

EE etnratne= Eaoid =01, m, (11.99)

KOTOPAA HAMMBBETCA NOPAGANOG CUCTiemoll Memoda NaUMENMUUZ Keadpa-
moe.

Kak merpyano suaets, HOPMANLHYIO cCHCTEMY MOXHO 3AMMCATL B Buje
PrPe = Pry, (11.100)

AU, uenonbaya matpuny Tpama I' = PTP (em. § 11.2) u eBoas wextop b =
= Pry, B Bugne

Fe=b. (11.101)

NMemua 11.1. Tycms & — pewenue cucmemss (11.101). Torda das
4100010 ¢’ = @ + A8 uMeem wecmo paeencmeo

s(e’,9) =s(a 9) + |PAe]’.



0 Umeeun

s(a’,g)=|Pa+A8d—9|2=|Pe— 9|2 + 2(Pa—3p, Pro) +
+ |PAe]? = s(a, y) + 2(PrPe— Pry, Ae) + | PAd)2.

OcTaeTcA 3aMETHTB, YTO BTOPOE C/AAraeM0e B NpaBofl Y&cTH NOJIY4YeHHOTO
pasercrea B cuay (11.100) pasHo nymio. #
Teopema 11.11. [Tyems cucmena fyxsyud @y, @1, -.., Pu AuNedno
NeI2eUCUME 6 MONKAEL Zg, 1, ..., Tp. 10108 MNOIONAEN NauAYNULELO Cpedne-
-~

xeadpamuunoto npubaumenus Of cywecmeoyem u eduncmeen.
0 B cuny rteopemuwt 11.1 det I' # 0. Ilosromy pemtenne & cHereMt

(11.101) cymeersyer u eauncreenno. Taxuu o6pa3om, ecan mmoroanes $f
cymecTeyer, 170 €ro KoadpHumesTH dg, 4, ..., Gy ONPERENRIOTCA CAHACT-
BEHHELIM OGPRIOM.

3amerum Teneps, 9TO cornacHo sgeMme 11.1 aaa moboro 6’ # & mmecM
s(a’, 9) 7 s(a g), T. . Ma pemeAHN & HOPMAILHOM CHCTEMB AECTBHTONL-
HO AOCTHraeTcA MUMMMYM QyBxuMK 8.0

B3ameuannne 1. Ecim m = n u cucrema bynkunit 9o, 91, ..., ¥n

AMRERHO HEIABUCHMA B TOMKAX Zg, Iy, ..., Zn, TO MEOTOYNen Pf, mafzen-
HbA METONOM HAHMEHBUIMX KBAADATOB, COBOAXAET ¢ HHTEPOOAALHOR-
uuid Muorownesom O, B camom mene, &,(z) = y; aAna seex i = 0, 1,
ey 1 ¥ OITOMY § (®p, §) = 0. TaK Kak cpeAHeKBANPATHYHOS YKJIOHE-
MHMe He MOXeT GhTh OTpMLETeNLANM, TO §, — MHEOrOYNeH Hawiyqmiero
cpenHeKBANDATHYHOrO npuGanxenns. B cuay ero egumcTeermocTy

0'3 = ¢l.

Samevanne 2. Kak npasuno, npH McnoONbI0BAHMM METOSA HaH-
MeHLIIMX KBapaTOB npernonaraerca, 4ro m € n. B atom caygae merop
OG/IANAET HEKOTOPHIMH CTVIAKHBAIOUWIMMKE CBOHCTBAMH.

Ouerb 9acTO 014 NPHGAMMEHHA NO METOAY MAMMEHBLUIMX KBANDATOB
HEnoAL3yIOTCA anreSpanueckue MEOTOYNeHH crened m < n. Iockoneky
cucreMa dymkumit 1, g, ..., I™ NHHEAHO HE3ABHCHMA B TOUKAX Zo, &y, ..., ¥n
opt m € n (cu. mpumep 11.1), B cuny Teopemur 11.11 aarebpamaeckust
MHOTOUNEH HAMAYYIIEr0 CPeHEKBAZPATHIHOrO MPHGIMMEHHA CYIIECTBYET
K eHHCTDEH.

Taxk kak B cayuae npubamkenus anreSpanveckMMi MEOMOWIOHAMH
(%) = 7%, To nopManenaa cuctema (11.99) npuunMaeT crepyommit aa.;:

5(32{*)6,: E y,:f, k=0,1,..., m (11.102)

720 1%0 150
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Janumem cucremy (11.102) s paspepayrom Buge B ABYX Hanbosnee
OpoetHix enyvyadx m = 1 y m = 2. B cayvae, xoraa npuGmmkenne ocy-
MEeCTBAACTCA MHOTOWNEHOM meppoft creneau Py(z) = a9 + a)z, HOpMANbEAA
CHCTEMB MMEeT BMJ

(n + 1)ag + [i?ox'] o= igoﬂ'
[.goz, o+ L?oxf] o= £y (11.103)

Ecan ke ucnonb3yerca uMorodsnes sTopoid cremesM Py(z) = ag+ oz +
+ 4,72, TO HOpMANBHAS CHCTEMa MMEET BRI,

(n+ ao + Lgoz.] o+ Lio’:] 0= i?n!f.
(Baw+ [E2]or+ (2= B v (11104)

['g":f] ©+ [lgo:f] o+ [igoz:] h= .?o!iff'

Mpsosep 11.15. NMyers dywruna y = f(z) sanana cnepyloueit rabmueh:

Tab6bauus 1113

T 00 01 02 03 04 05 086 07 08 09

v 021 023 031 020 042 035 058 061 059 066

Mcnomsays meron HaMMeHBUIMX KBAfpaToB, AMIPOKCHMMPYEM €€ MHOMOUNEHBMH
nepsoR M BTOPOA CTENeHM W HAAIEM COOTBETCTRYIONIME CpeaMeKBANPATHVHER YKIO-
HeHusa & u 5,

BuiuMcnuM KoapPHUMENTH H TpaBhle YacT¥ HopManMbHbIX cucren {11.103),

9
(1104 B 7, = 45, 5:';‘ = 285, 5 2 = 2.0, fz} = 159, £y =4,
i20 =0 ir0 {=0 t*0
5 pis = 2.356, i v.zf = 1.6184.
=0 i=0
Ilns uvorouwnena nepBoil CTefieHW HOPMATLHAA CHCTEMA MMeeT BHA
10a) + 4.54 = 4.25,

4.5a + 2.854 = 2.356.
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Peitive ee, nomyuunM sHaveHMA ag ® 0.183, g # 0.538 roadpdUUKEHTOB MHOTOUNERA
Pi(z) = ap + mz Hawnyiliero cpemmexBanpa™\HOro nMpuGmixenua. Ero rpadpuk
Maobpawmen Ha puc. 11.11, o.

3anuien Tenepb HOPMATILHYIO CHCTeMY /LA MHOTOWIEGHA BTOPOA CTeNeHM:

10ag + 4.5 + 2.8%a; = 4.25,
4.5a) + 2.854 + 2.025¢; = 2.356,
2.85a) + 2.025q; + 1.53330; = 1.6154,

Pewns ee, nony'nas 3navennn ag ¥ 0.194, o & 0.452, o 8 0.0947 woopduimenros
morowrena Pi(z) = ap + az + 9 HawTyMuIero cpeaHeKBaAPATHYHOIO MPHELU-
WEHUA.

Burotenerna no popuyne

ba = ]ﬁ‘, E (Puz) — wp

mam=1u m= 2 gaor auavenua § & 0.0486, & = 0.0481.

Tak xaKk cpeqHss NOTPEIIHOCTE £ WCXOANBIX NAHMLIX 3aBENONC MNpeBbULAeT
0.01, HerpynHO JAKMOMMTbH, UTO MPUEMUMENHA MHONOWIEHAMM NeppoR U BTOPOR
CTefieHM JAIOT B JaNHOM CHTYBUMH NPAKTHYECKH OKBHBAJIENTHRIR De3yNIbTaT.
Yuurusan 64muly1o MpocTOTY MCMONBIOBAHMA ZMHEAMLIX (YyHKUMA, NOCTaTOuNO,
NO-BHAMMOMY, OCTAHOBUTBCA Ha npwGmuxesnm f(z) M 0.183 + 0.536=

3. Hexotopwe BLMECANTOALELIS SCOGKTH 329N HANMOHLIUIEY KBADA&-
T08. Meron BHYMCNCHHA NAPAMETPOR &5, 4|, ..., 2y ¢ NOMOMLIO pellleEMs
HopmanbHOfl ciucremul (11.101) Kaxerca pechMa npMBiekaTensuuiM. [lefcr-
BHTENLEO, 387898 CBOOHTCA K CTAHARPTHOA mpobGneme AMEEAHOR anreb-
pHl — pelIeHHIO CHCTeMM JAHHEAHWX anreGpauveckux ypaBHeauli ¢ KBag-
perHo#t marpunefi. Bosee TOro, MOXHO NOKA3eTHL, 9TO B CAy4YSse, KOrAa
byaruun @g, ¥, ..., Pm MMEEO HEIABMCHMMH B TOYKAX Ig, 2y, ..., Ip,
MATPHOA cHCTeMB [ ABANOTCH CANMETPHYIEON M NOICKMTENLHO ONpenenen-
#Hok. B wacTEOCTH, 310 O3HAYAST, YTO NPM pemeHHH HOPMANbHOA CHCTEMBI
meronoM aycca Be BYXeH BHGOpP TABBHHX IAEMEHATOB; BOIMONKHO TAKNKE
nenons3osaune Merona Xoneaxoro (cu. ra. 5).

Cneayer Tem Me menee OGpaTHTL CEpLe3HOO BHMMaHME Ha TO 06cT0A-
TONLCTBO, YTO APH OTCYTCTBHM CHOUMANBEONC BHIGOpa GasMCHEIX PyHKuUM
#0 1) - Pm YHE NDR M > 5 HOPMANENAA CHCTEMA OOGHYHO OKA3WBAETCH

odesb mAoXo obycnonnesnof. Kazanoce 6u, m3 Teopemm 11.11 cneayer,
4YT0 6AMHECTBEHHOS OFPAHHYCHHE Ha CHcTeMY 6a3McHMBIX QYHKRMRA COCTOMT B
TOM, 9TO OHA AWIXKHE 6HTL JAMECHAO BE3ABHCHMMA B JAJAHHHEX TOYKAX.

Onnaxo, Synyym dopmanrbro anaeBno Be3sBUcHMORt, cuctTema Gyakoult g,
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1, -y Pm MOMET OKAIATLCA OUeHD Guaxoft k nwmefizo 2asucHmoft. Me-
HOABIOBAHA® TAKOA "mOYTH ANBelHO 3aaHcMMON" cmcTeMH Ga3UCHLIX
Jyurnuil nenser 3analy MOTOAA HAMMOHBIIMX KBAAPATOB LAOXO OBYCACE~
neanoi. [Ipa mepexone OT 2afiavH HAMMOMLIINX NBAKDSTOB K 3aJa%9€ pe-
menun Hopuanumoft cucreMu PTPs = Pty apoucxXOaMT Kak 6hl cHMMETpH-
3aunn cacremMy Po v g (cu. §6.3). Mpa srom eme Gonee yxymmaercx
ofycnonneanocts 3anaud. B Iroum cayvse suamenemmnie ma JOBM kak
pemenne cucremu (11.101) mapamerps MOZEAN MOTCYT OKA3STHCA NOJBOC-
THI0 HCKAXKERHLIMM OMMUGKAMN OKpPYTIGHMA.

Mpocrefimuit npHuMep Taxofi “mOYTH AMNEANO 3aBHCHMOA” CHMCTOMH
6a3ucHuX Pyuxnuit Opu GonbmMX M mser cucrema i, 2, ..., £% mMAPOKO
OpUMeRNeMad NpE ANNPOKCHMANEE anreSpameeckumn MuEorownenamu. [Ipa
m > 5 COOTPETCTBYIOWAR HODMANLEAN CHCTOMS, K&K IPABMNO, 3A6Ch Be-

CTONBKO II0X0 O6YCNOBNEHA, Y10 €6 HCHONL3OBAEHE NPAKTHYeckm Gecno-
A€3NO.

B onpeznencEBOM cuucne "manGonee suMelino HE3ABMCHMOA" anaAReTcA
cmcreMa QYHKOHE @g, ¥, ..., ¥m OPTOTOHAALELX HP MHOXOCTDO TOWCK o,
£y, ..., In. MaTpana 'pama Taofi cEcTeMH amaromanbia, a HOTOMY peme-
Bue mopMamEoi cucremu (11.101) surancaserca nerxp:

w=h/m b= Lo m= Lo, k=0,1, . m,

Xora suGop OpTOrORANLHON Ha MHOXECTIO TOREK Lo, £y, ..., Tn CHCTOMN
Jyrxnull # xenarTeneH, OH anexo He BCerAa BoaMOXeH B ynoGea. Ioaro-
MY 98CTO HCOOML3YIOTCA CHCTeML SasncHLX QYEKOME, AAA KOTOPHIX MAT-
puna paua muup Gamaxa Kk awaroasnsaoft. llpu annpoxcumanum ma
orpeaxe -1, 1] anreGpaRvyecKNMI MEOTOUNGHAMY CTONCHH m OPUMep Taxofd
cHCTEMB JaoT cicTeMa MHOroanemod YeSumess To(z), Ti(z), .., Twlz).
3ameTHM, KCTATH, YTO HARACHEMA METOAOM HANMENMIIMX KBAADATOB MHO-

rouien i,.(:) = :oTo(t] + ;lTl(x) + .. + :.T.(z) AseT ANmMb HHOO, OT-
awvnoe ot crauaapraoro (11.95) npeacrasnienne MEOrOY/IOHa HaE/YQMEro
CPeAHGKBANPSTHIHOrO Npu6mixeans. OAEako 3ajaua OOpCAGNEHUA Hapa-

METpOB 4j, Gj, ..., @y 0GNANAET CYLISCTBOHNO AYImed O5YCAOBNCHEOCTLIO H

DOITOMY NPEAHOYTHTEIbHOE ¢ PLYHCANTOALEOA TOUKH 3pEENA.
CyinecTsyloT MeTOAL PEMEGHRN 3a0aY HAMMEHAIINX KBAAPATOB, Opea-
BAPAOIIME pemende HOPMa/IbHOA cHCTEMH IHchemHOfl OpTOTrORAAR3anMel
cucreMsi GasucEux ymxumui (cu., manpumep, [50), [60]). Oauexo »
BaCTOADICE BPEMA B CEpLE3HOR PHIYHCAHTILAON NPAKTUKE HOpMaAbHAA
cHcTeMa, KaK npammio, He Hcnonb3yerca. [Ipawemaores apyrme, Gonee
EaekHELe METOAN (yuHTHBAIOUUNG, HAllpHMep, BEQOpMaNMIO 06 ypomme
M9



NOPPELIHOCTH AAHHEIX H OTHOCHTENLHON TOYBEOCTM Mcnodbayemolt IBM). C
OflHMM H3 TAKHMX METONOB, OCHOBAHHOM Ma CHEIYAADHOM pPA3NOKeHWNH
MaTpuusl P, MOXEO NO3HaKOMKTLEA B [88)

4. llonATHEe O CTATHCTHIOCKEX unlﬂnx MOTOA HANMMENLIIEX KBAAPS-
708. [IycTs 3Havyenua y, PyHkumwH [ B TOUKAX 7, ONPERENAIOTCA B pe3yabTa-

Te akcnepumenTa. [Ipegnonoxmuu, 910 ouMbku BAGAIONEAMA €, = f - N

ABJAIOTCA HEIABHCHMBLIMI CAYYANHELIMM BETHYHMHAMM ¢ HYJCBHIM CpeHHMM
3HaueHUEM M OAucnepcHeit. paBEOA 02, T. €.

Mig]=0, M[E®]=e (1=0,1, ..., n), (11.105)
Megl=0 (123 1=0,1,..,n j=0,1, ., ). (11.106)

PacemoTpuM cHayana npocTefimmi cnyyaft, korna MadepseMas panuum-
Ha MOCTOAMHAS, T. €. f(£) = a. B 210M cnyvae ecTecTPenEO MCKATL MPUGM-
KefiMe B BHZE NMOCTOAHHOR d9. B M3/10MeRHON BLIILE cXeME 3TO COOTBETCT-
Byer BuiSopy m = 0, po(z) = 1 u Po(z) = ay, a BOpMaAnbHAA CHCTEMa NpeB-

paliaeTca B OAHO AuHefinoe ypasHeane (n + 1)ag = E ¥:- Takum o6pasom,
=0

OleHKOH NOCTOAHHON BEeNMHYMHH @ N0 MeTroAy HaUMeHbUIMX KBAJPATOB
fsnsAerca cpefHee apMdMerndeckoe IHAYCHHIE

1
i .?o," (11.107)

a=
T. €. H3MEepeHHLIe 3HAYCHNA OCPeAIHAIOTCA TAK, KAK 310 MPHEATO B CTATMC-
mxl?l.ycn Aay = a — 8y — omubura onenky (11.107). 3amernm, uro Agy =

E., a noToMy

M [Bag) =
D(Oag) = _), .Eo Eﬁ.«[ &= (11.108)

Hrak, MaTemaTHdecKoe OXHOaHME OMMOKU Aagy pPaBo HYAI0, IpHYEN,
KaKk BHAHO M3 paBercrea (11.108), ee mucmepeuA CTPEMMTCA K HYJMIO NPH
n -+ o, AHANOrMYHO YcpeQHAIOTCA chyvaiiHhe OUWIMGKM ¢ POCTOM 4YMCNA
Habmopuennit n B o6mem cnyyae.

lyers () = kgon:y:g(z), 8Y(z) = kgoawl{r) — MHOTOwIemHN mAAYY-

wierd cpefHcKBANPATHYHONO NPAGAMMEANS, NepBL M3 KOTOPHX OTBEUSET
%0 |



BekTOpY §° = (30, 31, --., ¥)7 AGHAMIX, He CONEPKAMMX OMMGOK, & BTOPOR
BeKTOPY ¥ = (30, Y1, -+, ¥n)T HAHALIX, COAEPKAUTMX CTYualHLIC OMHOKH.

lonomum & = (a3, o), ..., ad)T, Ae = (Aay, Aay, ..., Aeg)? (rne Aa =

=af~ar, k=0,1,.., m)nce= (g, £, .., €n)7- PaccuoTpUM MMOTOULEH
Ad(s) = 0!0(:) -0 = éoﬁagm(:).

Tar Kak BeKTOPH 6 M & yZOBNETBOPAIOT cHcTemMaM ypasucmwit 'a =
= Pry, I'e® =Py, 10 pekTOp A ABAACTCA peIuCHMEM CHCTeMb

TAe= Pre. (11.109)
Orciona BEITEKSET PABEHCTBO

Aa=T1Pre. (11.110)

3amerum, 910 Ad,(r) 1 Aapx — 10 cayvaftunie OmNGKH 3IHBYSHHA

wnorowneua $f(zr) u ero koappUIMenTOB o), BHIBAHELIE HAAMIMEM cay-
qafignx OMIMGOK £, B McXOAHMX nxagawX. [[oxkawem, 9T0 ?TH OMNOKH
HMEIOT BY/IEBOe MATEMATHYECKOS OXKHAAHME.

Hencrenteasio, ua ¢opuyan (11.110) cnenyer, aro

M[Ad =T"'P'M [g] =0,
OTKYAA B CBOIO 049€DEeNb MMeeM
M(ad(#) = &gou (Aader(s) = 0.

Bsenem petHUHMRY

o=| ;i Laedar,

n + 1,

PABHYIO CpeHEKBAJPATHYHOMY 3HaYenuio ommubkn Ady(r).
Teopewma 11.12. Cnpasedaueo paeencmao

m+1
M[pz]zn+lcz. (11 111)

0 3aMeTuM, 9T0

k

__t -
A iiPAe P =

(Ae, PrPAg) =
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€).

U3 onpenenenna onepauyn yMROKEHKS MATPUL CNEAYET, YTO JAEMEHT 4y

marpuid A = PTIPT umeer BuA o = lgo kgop.n};"pz,. rae i —

aneMerTH MATpHuu U1, pI’ — antemenTn MaTpuun Pr. Moatomy

M(p?} = — !:!0 § ayM [e, &) = = g c"o?

LT mtl
ETH? —_“_'_1'7-

1 n !
=——E $ 2= §
W it abo (2o PRPDTIR O = 7 B 2

I=0

n
3nech Y = L py,pa — anemenut matpunn [. B
150

3ameaasmue L Beanunna M [p?) npencrasnser co6oR cpennee no
TOYKAM I, 3HAYeHMe AMcnepchy cayvalinof ownbku Adn(z) M3 reo-
pemur 11.12 enenyer, uto M [p?] » 0 Apu # + o, T. €. NpH HeOTpAHUYEH-
HOM pOCTe YMc/a HAGMWAEHHNA cpeflHee 3HAYeHHe AHcnepcHM OMHGKN
CTPEeMUTCA K HYJMIO.

3amevuanue 2 Pasencrno (11.111) noaTeepxaaeT npeacTasneAne
O TOM, Y4TO CTATHCTMUYECKME cBONCTBA METOAA MAMMEHbIUMX KBajpATOB
NPOABNAIOTCA NPH 1 » m, T. €. TOF/AA, KOTJa YHCI0 HAGNIONEHHH MHOrO
GONbIIe YHCA NBPAMETPOB MONENH

0

Beeaem 0603mavenust 6n = § (OL, 9), Sa = 6§ (PL, o°), dn = 6 (DL, 9
3aMernM, 4TO BelHYHHB dy NDpencrabnsier cobOH cpeaHeKBAAPATHYHOR
YKIIOHeHHE MHOFOWIEHR HAKAYUUIEro CpefHEKBALPATHYHOrO NPMGIHKEHHUS

®§ (nocTpoeHHOrO N0 PEKTOPY § MCXOARKIX AAHRLX, CORCPKAMMX cIy4aft-
Hbie OUIM6KK) OT BeKTOpa P° TOUHBIX 3HAYEHHA YHKUMYM f, KOTOPYIO Mbl B
nuTaeMcA OUeRHTh. MMenHo Ty BenMuuay cnefyer cunTats "ueTHuuoR"

MepO# nOrpelHocTH. Buurcamm MaTeMaTHYOCKHE OXHAAHHA BEAMYME 52 M

&

Teopewua 11.13. Cnpasedauen paeencmea

m+ |
n+1

M (62 = (85)2 + n';
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M(d3) = (622 + 231 o2, (11.112)

(11.113;



0 B cuny nemmut 11.1 uMeeT MecTO paredcTBO

s(s, o) = s (&, o) + | PAe]?,
KOTOpOe B MPMEATHX Buwe OG02mavennax npumer sua ds = (83)? + 22
BuuncaHB MATEMATHUECKOS OMHIAHME H WCOONL30BAB Teopemy 11.12,
nonyyuM pasenctso (11.112).

3amerum Teneps, 9TO B cuay nemmul 11.1 5 (&, 9) = s (o, 9) + | PAd2
IIpeoGpasyem nesylo 9acTh ITONO PABEHCTBA:

8(€,9) = (P — o) +¢|* = | P — &> + 2(Pe — o, €) + |e|2.
Taxum o6pason,

B= oo (e 9) = (87 + lel — ¢ + (PO~ ¢, €).

Yuurusan, 9ro

Mileld= EMED =+ 1) o2, M= T3 o7,

n + 1
M[(Pe — ¢, €)] = (P — ¢, M[¢]) =0,

nonyuum pasescrso (11.113). IR
5. O suGope crepenm 0606mEEROr0 MEorouneds. Iycrs ¢ymkumioo f
MOXHO 8NOPOKCHMHPOBATE ¢ NOCTSTOTHO BHICOKOH TOYHOCTBIO € OGoguien-

apiM MHorownenom Pu(z) = I:E»al\m(::) BeKoTopoft crenerM m. Ecau 3ta
cTenelb 3apaHee He M3BECTHA, TO BO3MHKaAET npobnema BHGOpa OOTHMAML-

@oft cTemenM annpokeummpyiomero umorounesa ®F s ycnoeuax, xornma
HcXOnHBIe faHHLIE §, CONSPIAT clyyaltHhe OWMOKH €,

Mycrs 99, 1, -y Pm — OHKCHPOBAHWHA HaGOp Ga3ncHMX PyHKIMI,
AMHEHO HE38BHCMMBIX B TO9KAX Zg, X, ..., Zp. [IpeanonoxkuM, 94T0 n > m,
a owmGKu €, yrosaersopaior yenosuam (11.105), (11.108). Bypem pemats
3a7a4y HaMMeMbIIMX KBaApATOB AA4A m = 0, 1, 2, ..., DocTeneHHO ypeTHIN-
BaA 4MCA0 NapaMeTpoB Mofend. OTuerwM, 4T0 SHAYEHMA CpefHeKBaapa-

THYHHX YKIOHEHMA Op M 6% AOMKAN ¢ pocTOM M yGmsaTb. JlecTBHTENDB-
HO, MHEOXECTBO BeeX MHOorowneHop $g4., creneam m 4 1 Bkmioqaer B ceba
MHOXECTBO BCEX MHOrOweHoB crepenm 9, u nosromy

bumet = min & (Puer, 9) S Min & (Pm, 9) = b, m 2 0,

anl L.
62"[ = min § (oﬂ"lr 'ﬂ) <min 6(*!‘: '0) = 6!2! m 3 0.
0.0[ 0-



3aMeTHM TaKkke, YTO B cHAy Teopemul 11.13 M 3akoHa GOnBWNX 9Mcen
(npu n > 1) cnpaseanuBH cNEAYIONME NPUEIHKERHNE PABSHCTBA:

82= 5 (O, 92 (82)2 + == o2, (11.114)

+1
da=5(k, l°)2“(52)2+ m¥

o2. (11.115)

Kak HeTpynHO BHEETH, ¢ POCTOM m MepBOE cflaraeMoe B MpaBoll 4acTH
pasencta (11.115) y6upaer, a BTOpoe BospacTaer. [loatomy caepyer oxmn-
ABTH, YTO BeAMYHHB de (MMEHHO OHB M XBPAaKTEPH3yeT YKIOHEHMe BhIuMC-

asemoro wmHorowresa ®f or ¢ynkmum f) ¢ pocTtoM m nonxHAR cHawana
yGuIBaTh, B 38TeM, ZOCTHIHYB CBOOIO MHHMNYMa MPH HEKOTOpOM m = my,
HAYATH BOIPACTATH.

Hrak, cymecrsyer onTHManbRas (B cMHchAe KpHUTepHA dy) cremens
SNOpOKcHMAUMH mg. OLHAKO HECMOTPA HA TO, YTO YBENIHYHBAN M, MOXHO

NOAYuaTh Bce Aydiuee cooTBercTBME Muorounena $f ¢ skcmepUMenTANbHM-
MM JAHHEIMM, clleAyeT MMETh B BUAY, YTO HAYHHANA ¢ M = Mgy, MHOMOYNCH
GyeT Bee Xyke cOOTBETCTBOBATL npHONMHAaemoft GyHRUMM.

Bui6op onTuManbHON cTeneMM my He NpeicTSBNAN On TPYAR, ecan Ou
JHAYECHUA dy MOKAO OHN0 BHIYMCAATE. OLHAKO B AEACTBUTENLROCTH MPA-
MOMY BHYHMCIEHMIO NOAJAIOTCA TONBLKO 3HAUYEHMA ¢peAHEKBAAPATHYHOLO
YKNOHEHHA g, AHANM3NDPYA KOTOPHWE MH M JO/MKHK BHGPaTh cTeNeMb
MHOMOWIeHa.

IpeanonoxumM, 410 AMcnepcHa 02 (WK ee olieHKa) CAYYANHLIX OmMHGOK
€, napecTHa. IIycTh TaKke H3BECTHO, YTO AJIA BEKOTOPOro 3HAYEHMA m € 2

BO3MOXKHO NpHGAMKeRne, 1A Kotoporo 83 ¢ o. Tornaa, HaYMAas ¢ 3TOro

aHaueHMs m, cornacho popuyae (11.114) ¢ yuerom Toro, yro = Tn 1,
GyAeT MMETL MECTO NpHONHKEHAOES PABSHCTRO
bn® 0. (11.116)

Takum 06pa3om, 3a ONTHMANEHOE 3HAYEHHE CTENEHH MHOTOYMeHAa cleayeT
NPHHATL TO 3HAYEeHHEe M, OPH KOTOpOM BnepRble GyAeT BLIMONHEHO NMPHG-
anxennoe pasesctso (11.116). [lpn mmeowmenica nrGopMauun Aysuni
BHGOp BPAL JIH BOIMOXEH.

Iycts Temeps 3HaYeHMe 02 AMcNEpcMM OWMGOK €, HAM HE M3BECTHO.
3a10 M3BEcTHO, 4TO0 PYyHKUMA [ AMGo nNpeAcTapnser coboht 0606IIEHARIA

muorounes ®, Hekotopoft cTemenm my (M Toraa b = ¢y = 0 AnA Beex
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m ? mg), MM60 Ke, HAYMEAA ¢ HEKOTOPOrO0 M = Mg, YBE&INYCHME CTENeHH
MHOTOWNEHA B LIMPOKOM ZAHANO30HE 3EAYeMHMA My & m € m; NPAKTHYECKH

HE BAMAET HA KadecTBO MpHOMxenmus (T.e. 63 ¥ co = const aas peex
mo € m < m,). Cornacio ¢opuyne (11.114) cnpasennmneo npubanxenuoe
PABEHCTBO

‘% nt+ 1

53”“+ 1

— n_m(a,‘:)u a2, (11.117)

Ilpn m 3 m; penMuMHAa, CTOAMAN B NPABOA YACTH 3TOTC PABEHCTBA, NpUG-

: : ':lc% + o2 u Be yGmBaeT mo m. 310 Habaomenne
N03BOAAET MCOOMIBIOBATD B PACCMATPMBAEMOR CHTYANMM C/IEAYIOMee Npak-
THYEeCKOe npaBuno Bﬂmpa: 34 ONTHMANBHOE 3HAYEHHWE cTeNenH MHOrO9Ne~

Ha ciaeayer NPUHATE TO JHAYCHNE M, HAYMHAA ¢ KOTOpPOrD Be/MHYMHA ‘2”

CTAGMAU3UPYETCA HIWM HAYMHACT BO3PACTATE.

JHKEHHO paBHa

Mpensep 11.16. Hatnem ommtuManbiy®o crentedb anreSpaHyueckoro MHOTOWIeHa
ONA anMpoKcHMallMK GYHKUMM, 3aaaHHON Taba. 11.13.

3auMetid, Uro AKTHYeCKH ONTHMANMLHAS cTeéfieHh M = 1 yme 6una HaftfleHa
npH pelleuy npumepa 11.15. OcHopaHHeM ANA Taxoro BHIBOAR MOCNYKWIO CpaBHe-
HUE CPENHEKBAAPSTHUHLIX YKmoHeHMA & N 0.0488 u 8, » 0.0481 ¢ ouenxoft yposus
"myua" Tabnuun — rpy6emt anazor kpurepua (11.116).

MonpoGye nonyumre TOT e BLIBOA, MCNOMLIYA 3HaueHMA Beamwmy (11.117).

Haftzew nonommrensio Py(z) = 0.425 n & » 0.162. Torna 63 = % 63 & 0.202,

o%=1—26?~o.00295,a§=l—$$wo.oossl.'rumaé>duv?<o§.mm
mmmwmemmmwefnpumm=}.

6. Honnpeflnan 3aA298 HANMEHLITEX KBAAPSTOB. JacTO M3 PHUIHYECKHX
WIH KAKHX-THG0 APYrHX coOGpaxenuil caenyer, 970 3aBHcUMOCTh §y = f(7)
MEXAY BEeIHIMHAMH § M £ [O/DKUE XOPOUWIO ONMCHIBATHCA MOJENLIO BHI3
¥y = g(z, 6), roe ynkuus ¢ (z, 6) = ¢ (z, a9, @), ..., 4a) HeANEEHRHO IABU-
CHT OT NMAPAMETPOB dg, 0y, .., Gy

Nycts dymrona y = f(z) sanana Tebamueh 3navenmh y;, = f(z),
i=0,1, .., n, roe n > m. Toraa npumeHenMe KpUTepHUA BAMMEHbLUINX
KBAZIPATOB NMPHBOAMT K 3a/1a4€ ONpefieICANA MCKOMMX MAPAMETPOB dg, 61,
vy Gg M3 YCTOBUA MUMHUMYMB QYHKIMM
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HennaeflHaa 3afa4ys HaMMERBIIMX KBaApaToB (0co6endo npH GoabuioM
9Mcie NapaMeTpoB) BecbMa TpyAHa Aan pemenusn. O6uYHO ANA BHYHCIE-
HUA NBPAMETPOB & NPHMEHAIOTCA CHCUMATbHLIE METORB MUBMMU3aImu [32].

B HEKOTOpHIX BecbMa CHOMMANLHHX CAYYAAX pelleMne HennHeNHoi
3aayl MAHMEHBIINX KBAAPATOB MOXKHO CBECTH K PelIeHMIO JHMMeRtHON
sagaun. [lycTs, nanpumep, 3aBHCHMOCTL y OT = MIIETCA B BHe y = aedT,
rpe a > 0. Jlorapupunpya 310 paBeHCTBO, NPUXOAHM K AMHeHON 3aBMcH-
MocTH Iny = In a + bz penmuman Y = In y or z. Teneps no Tebamue
agagesuft Y, =In g (2 = 0, 1, ..., n) MOXHO nerxo oNpeaeanTh 3HAYEHUA
In g 1 & NMopuepkuen Bre xe, 9T0 HAlfennbe TAKNM OGPA3IOM 3IHAYCHMUA
mapaMeTpoB 4 H b oTAMwAlOTCR OT Tex 3uadeMMi, KOTOpHE MOTYT GuiTh

HAlAeHH HeMOCPefCTPEHMOR MMHMMHIAOHER PYMKUMH #o(ae“' - )2

§ 11.14. Pasnomepnoe mpeGammcane ¢ynxmput

1. 3azava 0 BamsyuDoM pasEoMepEoM nDpatmmesmm. Ilycts f(z) —
SafisHHAA Ha OTPedke (e, B wenpepuiBraa ¢yuxnua. Byaem rosoputs, 4to
smorodnes Pn(z) npnGausser Gpynxunio f papaOMEpHO Ba orpeske (e, § ¢
TouMOCcTBIO €, ecnit A(Pp) =max |f(z) — Pu(z)] < €. Taxum oGpa3onm,

[a.8
penuauas A(P,) urpaer 3necs poAe NOrpemAocTH npHUOAHKEHNSA,

EcTecTseano NOCTABHTL CAEAYIOMYK 3ajady: Cpefid BCEX MHOMOY/esoB
duxcuposanuoll crenean n gaftTn Muorounes Qn(z), Ana Koroporo benn-
9NBA DNOrpeliMOCTH PpABMOMEPHOIO NPUOAMXEHMA MHMMMANALMA, T. €.
A(Qn) € A(Pp) Ana moboro mmorcunena Pg(z) crenenn n. [locrapneanas
3a/laua HASKLBAETCR Jddavell 0 NAUAYNUICH PEONOLCPNOL nPpulivxenss, a
HckOMMA wmuEOrOuneEm Qu(z) — anotovaenos NauAYNWELO PaoNOLCPNOLO
npubsuxenus. CrpaneIMBo CIefyIOMmee yTBEpXACHMHE.

Teopema 11.14. Jas 410608 nenpepuonodt na ompeaxe [a, b] Pynn-
YU [ ANOIOVACH KAUAYNULELO PAONOMEPNOLO nPpuliumenss Qn cmeRens n
cyyecmoyem u eduncmoen.

Iipsmep 11.17. [lokakem, YT0 MHONOMNCHOM HAWIYMIE!O DPABHOMEPHOrO MpHG-
mmnyueaonmmmcbylucunuy=ﬁmmm[0. 1] sBaserca

Q(z) = 1/2. 3auernn, wro A(Q) = max |z ~ 1/2| &= 1/2 (puc. 1112, a) u
(0.1]

ITOT MAKCHMYM JOCTHISETCA B Toukax zp = 0 u f = 1. Jlaa moboro npyroro

unorounena Po(z) = o, rae ¢ # 1/2, snavewe A(Pp) > 1/2. B camnon nene, ecm

ane



a>1/2 10 A(Po) ? |V — a] = a > 1/2. Ecmu me a < 1/2, 10 A(Py) »
>lfa~al=1~-a>12

LK yli
1 y-Vf )

y-Rn-a>4
/ g

fx)

j F‘s -c({ y-ﬂ,{x]

yn

4 .
Kp=0 Kl X Ap0| & Hl X
a &
Puc 11.12

Ipupened 6e3 NOKAIATENLCTEE OfIHE U3 BAHO0JIOe HIBECTHHIX Pe3ynbTa~
TOB O MHOTOWIEHAX MAWAYYINENO PABHOMEPHOrO NPHGANMOHESA.

Teopewa 11.15 (reopeua YeGumess). Jas mo1o «mobu unotovaen
Qn(z) Oua  uNOLONAENON  NAUAYNWELO PAONONEPNOIC  RPuUbAuNENUS
nenpepuonod na ompease [a, 8] pynsyun f(z), neobzodumo v docmamowno,
wmofu na ompeaxe [, B] nawance no xpadned mepe & + 2 movsu 2o <
<5 <123 < ... < Ipe) MaKue, yMme

f(=) - Qn(z) = of-1)*max | f(2)- Qu(z)|, t=0,1,.., 8+ 1. (11.118)

(s,

3decs & — nocmoannas, paenas 1 wau =1 das ecez i odnoopemenno.

Touks Zg, 21, ..., Tnel, YAOMIETBOPAIOMME YCNOBHAM TEOPeMb, NPHHATO
HASLIBATE MONKAAE webwuweocxoto dasmepuanca'. Pabemcrso (11.118)
HAKIAOKBAET HA TOUKH 9e6LIMIEBCKOrO aNbTepPHaHCa ABa TPeGOBARMA:

1) B TOUKAX 7, MOAYAb NOTPEMIMOCTH NPHUGAMKeAHA PyRKuuU [ Muoro-
anemon Q, nocturser uakcumyma: [f(x) — Qu(z)| = max |f(z) —

[a.9)
- Qu(9)1;
2) ana seex 3 = 0, 1, ..., n norpemnocts f(z,) — Qn(z) menses 3mak
OpH nepexofe OT T04YkHU 2, K clefyiolliell TOUKe Tynj.

1 Or nar. alternare — "yepenosamca”.
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Mpsnsep 11.18. B npumepe 11.17 rounamu 4eSHLIEBCKOro ANLTEPHAHCS ABAAIOT-
carou ;= 0 M ny = 1 (\Mcno Touex paBMO ABYM, Tak kak n = 0). B camon
hene, B 9TUX TOMKAX NOCTHTACTCA MAKCHMYM MOAYAA NOTpeliMocTH, & CaMa nor-
peiliHoCTh MeHAeT 3HAK NpH Nepexofie of Ip K 3.

Mpwsep 11.19. Hahfen auorowren Hawmyuulero paBKoMepHOTo NpHGTHMenWA

nepsoft crenesn ais byHKIMK ¥ = 4T Ha orpeaxe [0, 1).
B paccuatpubaesmon cnyvae n = 1 » Aokl 66T Mo Kpaduet uepe TpH
TOMKM YebblurepcHOro anpTepHaHca. B vactuocTH, 910 o3Havaer, uro rpadHku

by y=ﬁu y = Q(1) = ar + b nonxHbl nepecexathcAa XOoTA O ABAXAN

(pue. 11.12, 6). Oymxuns @(z) = Jr — Q(z) soruyra ¥ NoToMy MoxXeT wMeTs Ha
orpeake [0, 1] maub onHy BHYTPeIOOIO TOUKY 3KCTpemyMa 7). Crenosatensio, nse
¥3 TOueK YeSHIEBCKOro ANMLTEPHAHCA COBTIARAIOT C KOHLAMM OTpeaka: 7y = 0, np =
= 1. B 1quxe 5, pyyrumua ¢(z) yROBAETBOPAET HEOSXONMMOMY YCIIOBMIO BKCTPEMY-
ua ¢ '(n)) = 0, ¥T0 SKBMBANEHTHO YpaBHeHMIo

LYY (1L.119)
Wa

C yueron pasescrs p(z) = -b p(a) = Vo —an — b p(n)=1—a—b
YCOBUe TiepeMeHH aHaKa ¢{(8y) = —¢(n) = ¢(z;) SKBHBaNEHTHO ABYM ypaBHEHWSAM

b= +an + b (11.120)
b=1-a-b (11.121)

Ha ypasseun (11.121) cpasy naxonmm, wro @ = 1. 3arem u3 ypaswenwis (11.119)
onpenenaes, w0 3y = 0.25. Haxoney, us (11.120) nomyvaen b = 1/8,
Taxuu obpasos, Q(z) = 7 + 1/8 — uHOrOWIEH HAMMYVIEND DPABHOMEPHONO

MPHOAHXEHHA NepBoll CTenenH, AMMPOKCHMHPYIOWKA PYHKIMIO JE ¢ NOrpeliHocTbio
A{Q) = 1/8.

2. 3aza9a 0 HOEEXCHEN creneum MuorowneHa. [Iycth Pu(z) = aqt™ +
+ Gp ™1 4+ ... + 4y — MHOro4neH cremendM m 2 1, 3@a4YeHNA KOTOPOro
BHYMCAAIOTCA Ha CTARAAPTHOM orpe3ke (-1, 1] (mamomEmM, 410 ® cTad-
DAPTHOMY OTPE3KY MOXHO NepefiTH OT NpOM3BONLEOTO OTPedka [a, 8] an-
ueltaoit 3amenoil nepemenanx). [ocTasum cleaylomyo 3adavy 0 noxuxe-
NUE CMenens uNoioNAend: annpokcHmuposate Pu(z) Ha otpeske [-1, 1)
MEOrOUNeHOM Qg-i(z) BauAyylwlero paBEOMEPHOrO OPHGAHXEHMA HE €aM-
HUINY MeHbmeRt cTeneHM.

3amerunm, 410 Rp(z) = Pu(2) — Qumi(z) — mBOrOUNes cremeau m co
crapiinM Ko3dduuueHTOM, paBELIM cTapmieMy KO3phHUUEHTY &y MHOTO-
aneda Pg(z). [locrabnennyio 3agady MOXHO MHa4Ye cPOPMYJHMPOBATD TBK:
cpefM BCex MMOTOYNCHOB CTENEHH M ¢ QPMKCHPOBAHHEIM CTApmIMM KO3~
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duuMenToM 4y HalTH MuorouseH R, ANA  KOTOPOro BEMYMHA
max | Ru(z)| mmuvmansua. Kak wnasectno (em. § 11.6), peuienue Iroit

1.1

387189 8T MHOTOUNEH Ru(z) = 5:—?—1 Ta(z) # 1A Hero [ r:l&llt]IR-(r)l =
= é—:"—!- Takum 06pa3soM, pelllcHHEM MOCTaB/eHHOR 3afayM ABJNAECTCA MHO-
TO4JI€H

Qn-1(2) = Pu(®) - 5omy Tal2). (11.122)

CooTpeTcTBYIOIAA NCTPEUIHOCTS MPHOAHKEHNA paBha 12:._'['

3ameqdanne TpuenanbHuA c¢NocO6 MORMXKEHNA CTENEHH MHOTO-
ynena Pp(z) — 0TGpacriBaHHe CTAPILErO CJIBLAEMOTO dnZ™ AaeT Norpeu-

HOCTL, PABHYIO |em|, T. €. B 2®1 pa3 Gonsylo, YeM NpHGAMKEHHE
muorounenom (11.122).

3. HaxoxpoeMe MEOrOwneEO0s, GANIKEX K HAWAYImEM. B 6oabinucTee
peasbubX CAYYAEB 3aNaua O HAMAYYMIeM PaBHOMEPHOM MAPUGAMMEHHM
HelipepuBHOfl dyHkummn f asnserca oveHs TpymRoit Jlna ee peinenna
Pa’iBUTH CHEUMATEHLE YMCICHHEE METOfhl, peanM3oBaliHHe B BHIE cTaH-
BapTHHIX NporpaMM. 3aMCTHM, OLHAKO, 97C BO MHOTHX CHTYALUMAX AOCTa-
TOYHO OFPAHHYMTBLCA HAXOKIACHHMEM MHOrOYJEHA, GIMAKOrO K HAWAYYIIeMY,
An60 mPOCTO HAlTH MHOrOuNen, pasBHOMepHO npubankasiomui dyuxkumio f
€ 38BHHOA TOYHOCTBLIO £. YKamem HA [BA C/Ay4as, KOrJa BO3MOXHO Ha-
XOXAEHHE MHOTOY/ICHOB, GIH3KHX K HANIYYIINM.

1. Dyers npouaponunaa fin*1)(z) pynkuun fcaabo MeHASTCA Ha OTped-
ke [e, 8]. Toras MHTEpLONAUMOHHEA MHOrOuNeH Pp(r) ¢ 4eGHIEBCKNMH
yanauu (11.43) 6nu301¢ K MHOrOUNEHY HAMNYYDIETO PABHOMEPHOTC MPHGNH-
MEHHS.

20. Myets pynkuua f(z) aanaHs He orpeske |-1, 1) paBHOMepRO cxonA-
IINMcA cTeneHHuIM panoM (pagou Teltnopa):

f(2) =;§:°oa,,zt. (11.123)

Tpebyerca HaltTH MROrcY/IeH MHRHMAJILHOA cTeNenn, paBHONEPHO NpNGaAN-

watoumit Gynkumio f na orpeske [-1, 1] ¢ 3anaHHOR TOYHOCTBIO €.
Hanaraemuil nume MeT0f pemweHHA ITOI 3aJaYM YACTO HAILIBAIOT

axonouusayued cmenennsiz pgdoe. Cuavana Gepyr orpesok pags Teinopa

Pn(z) = éow,z*, ANDpOKCUMMDYIOIWMA GYRKUMIO f ¢ TOYHOCTBIO £y < E.

Janee cTenens MHOMOUJIEHA NOCACAOBATENLHO MOHMXAKT. Ecan morpewn-
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n

HOCTR £ = om-

NOHHXEHHA CTENeHH TAKOBS, 4TO £y + £; £ £, TO MHOIO-

aeH Py 3AMEHAIOT MHOTOUNCHOM Pn., = P — E:% Ta = :ﬁ;ail':". Ecan

()

NOrpeurHocTs €3 = ;:;' TAKOBA, YTO £y + £ + £ € £, TO CHOBA NMOHH-
o)

WAIOT cTENeHh MEOTOYNeHs Py N0 dopuyne Pp.y = Py — T Ta1 ¥

T. A. [Ipouecc mpepusaloT TOrga, KOTAa BRIYMC/ACHHME OYEPEHOrO £i RGET
€9+ € + ... + € > £. B 310M enryqse nonaraor f(z) ¥ Pa-ki(2).

Mpecwep 11.20. Haftnen MROMO'WieH MHHWMANEHOR CPeMexH, APOKCHMUDYIOUIHA

dymrupno y = gin z Ha otpeake {-1, 1} ¢ rownocrsio € = 1073,
. -4 2k
= - — 3HAKOMEPEMEHHBIR,

Pan sin z kl-:o(l)t(ﬁ"'“ a ero claraeubie yGniBa-

1ot no wonymo. [loorony norpeuHocts TpHOMMMeHHA GYHKUMKM 8in I OTpe3KOM
2k

pasa Tefinopa Pypu(z) = kgo(-l)k GET ) OlIEHWBALTCA BETWYHHOR £ =

I
= m, PABHOR MAKCHMMYMY MOAY/IA MNEpporo OTGPOLIEHHONO CHAMAEMOro.

Brbop n = 2 naer anavenme £ =3—;E % 2:10°4 < €. Cnenosarensro, MHoroWIeH
P

P;(:)=x—§-+l—ﬁmrpoucnuupyu dyrupio §y = s8in I ¢ TOMHOCTHIO £ N
N 2-10°4.
[onuxesne cremesin wotorounea Py GyzeT CONPOBOXAATECH AONOIHUTEMBHON
1

NOTPELLROCTLIO €] = 1—;—'- = 9% ® 5.2-10°Y. CnenoBaremeno, €9 + £ < € M

noche NOHIKEMMA crenielH no dopuyne

1 R
Ps(z)_m Ts(l)=3— F-+ l—ﬁ—r'z—o(lﬁl"'—mt’ +53)
NONYMMM MHOTOMNEH
5
Py(5) = % -3 8, (11.124)

Raounth mpHénuxetme K sin T Ha orpeake [-1, 1] ¢ roumoctrio 7.2¢10°4.
Tmme;=%i- %5> 103, To nanbHeAGe MOHMMEHWE CTEMEHH HEBOIMON-
HO W peilieHMen 3afaumu ABAseTCA MHorounew (11.124).
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§ 11.15. Jipo6eo-panEosanhukit SNUPOKCEMAITNS
H BEIECACEES AncMeETapEMY GyExmul

Ipn coapaAMyM CTAHAAPTHHX MPOrPAMM BHIYMCICHNA INEMEHTAPHMHX M
cneuMansHEX PYRKUMA cnemManHeTaMM 0O MATEMATHYECKOMY obecnede-
Mupo 9BM npumensiorca paanocobpai’Bnie NpHeMbl, Tpebyomue raySoKux
npodecenonansastx smanuil. Henonebayeusie BhYHCIHTENbALIE METOAM HE
ABNAIOTCA 3fech MALIMAHO-BEIABMCHMLIMM, 8, HAOGOPOT, CYIIECTBEMHO
YYMTHIBAIOT PA3PANHOCTE MAHTHCCHI, CKOPOCTL BEINOJIHEHWA apH¢MerHuec-
KHX onepausfi ¥ Apyrue ocoGemmocTR koakperHod DBM. Oruermum, uro K
YKAIAAALIM CTAHIAPTHHIM NporpaMuMaM OGHYHO DpelnABiAercA Tpebosa-
HHe O6ecnevyeHMA OTHOCHTE/NLHOR TOYHOCTH PE3YNLTATAa MOPAAKA MAMHM-
HOTO 3MNCHACH £y,

Hcenonpaosanme GoraToR AOMONHMTEAbHOR MHPOpMAUMM 06 aHANHTH-
qecKHX CBOMCTBAX 3MTeMEeHTADHENX W CcOeNMANbENX ¢$yHkouil no3ponser
3HAYMTENLHO YMEHBUIMTL O6bem BuiuMciennil. CymecTBeHHO HMCOONbAyeTcs
PO3MOMHOCT: NPECTARNCHUA BHUMcHAeMEX GYEKUMA cXOAAmUMMUCA
CTONEHBHMH PALAMH BUZA

Eocgz*. (11.125)

3aech 2 = 7 — 2y, 7o — TOGKA, B KOTOPOA OCYMECTBAAETCA PAITOKEHHE
bynkuun B paa. Ormerun, OOMBKO, WTO BONPEKH PacnpOCTPAHEHHOMY
MHEHMIO TAKHE PAAH HENOCPENCTBERHO NMPAKTHYECKHM HHKOrAa He MCNO/b-
3y10TcA ANA BRAMcNenns dyaxuub.

HInpoxo npuMeRseMbiM B HACTOAMIECE BPeMA CNOcOGOM NpeAcTAMICHHS
byHKUMA ABAAeTcA NMpUGIMKEANE HX PALIMOHANLHBIMH APOGAMH BHAA

g+ a2+ ..+ a2

R(')=bo+ het .. + bg

(11.126)

K npo6uo-panponansasiM annpoKCHMAIMAM DPHXOAAT PadlHIHBIMH NYTA-
M. B pane c1yuaes MCNONB3YETCA Pay¥oNGAIKAS UNMEPROAIYUS ~—~ HHTED-
monauus GyHkuuu paumonanshoRt apobsio (11.126). Toraa koadpdpunuen-
™ae(j=01,..n) (k=01 .., m) HAXOAATCA N3 COBOKYUHOCTH
coornowennt R (z) = y; (0 i < N, N=n 4+ m 4+ 1), xoToprie MOXHO
38MKCaTH B CJIEAYIOMeM BHAE:

j?odjl{ =% tgosktt

3T cooTHOWENHA 06pa3yloT cucTemy N JHHERHHX anreSpanyeckuX ypas-
neruit orrocuTensHo N + 1 memapecTHHX. Takue cHcTeMBl BCErlia MMEKOT
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HeTpHMBHaIbAHe pelleRUA. Moxuo 3anMcaTs R (2) m B ABHOM BHAE, eciM
MCMOJI30BAaTh ANMAPAT OGPATHEIX PadAeneaHbX pasnocten (9.

Onmst M3 BOSMOXKHHX DyTefi cOCTOMT B MCMONBIOBAHHMM TEOPHM YeEnxmuI
(uam wenpepuonnz) dpobed. Hanpumep, dyaruma i1g z npepcraBasercs
nenuoit apo6sio

I

r=T__ &
3_;‘-'
..

O6puiBAR TaKYI0 OecKOREUHYI0 ApOoGHL, NOAYHYAIOT HEKOTOPYIO KOHEYHYIO
ApoSs, ANNPOKCHMUPYIOIRYIO GYHKUMIO.

Bee Gonee momynspHHM B noclegHue POAW choco6oM npuGNinkeand
aRANUTHISCKHX GYHKULME cTaHOBHTCA aennpoxcusayus [fede — Takax
apoSuo-pausonansaan annpoxkcuManua (11.126), ana koropod

a _Gtagzt ..+ a2 .
A el v e e e Rl Con | (11.127)

Pasencrno (11.127) o3nauser, uto xo3ppuuuents 4y, 4y, ..., an, by, by,
v, bm BpoGn (11.126) nmopGmupalorTea Tak, YTOOH B PAIOKEHMHM €€ B PAL
Teiinopa nepbbie n + m + | cjaraeMbnx B TOYHOCTY COBMANANM € COOTBET-
CTBYIOIIMMM cnaraeMuNu paga (11.125).

B kauecTse npumepa npueeseM Ase annpokcuMannu [ane ¢yraxuumn e
peayyaax =2, m=2un=3, m=3:

12 + 6z + 2

12 — 6z + 2’

1A= + 10) + z(2 + 60)

12(22 + 10) — (2 + 60) (11.128)

eTn

pe

Oruetum, uro apyn |z| < 0.5 In 2 annpokenmanua (11.128) oGecneunsaer
TounOCTL 9+ 1079,

B saknouenne naparpada paccMOTPHMM, Kak BHIYMCJAAOTCA B OHOR M3
CTAHAAPTHHX NpOrpaMM PYHKuUMA y = In z. ApPryMeHT Z NpeAcTaBIAT B
BUde £ = p-2P, roe p — ABOMYHLIA NOPANOK, # — MaHTHcea, 0.5 € p < 1.
3aTem MCNONBAYIOT PA3NOKEHHE

Vg — 1
Bu o+ 1

Joseerm, 510 [o] € & = (F = /6B + 1) < 0172, Pan § ot o

3AMEHAIOT 3aTeM HA OTPEdke [~a¢, @] MHOrOuNeHOM, GNM3KHM K MHOTOYAEHY
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4YeTRepTOl  CcTENEeHHM MaMAYQIIerO PaAPHOMEPHOrO mpubaumxkeuua. B
pe3yAbTaTe NOAYY8eTcA GopMyaa

In z% (p—0.5)n 2 + v (2.000000815 + 0.666445069+2 +
+ 0.415054254¢4),

DOTPelIHOCTH KOTOpOl AAA Beex 7 ue npepuinser 3-10°8,

§ 11.16. JlononuETensuio 3aMCUANES

1. XorAa B naMHoM nocobiM MHTOPNOMPOBAHME PDACCMATPHBAETCA NOBOMLHO
noApoSHO, BCe Ke 33 NpefenaMi oSCYXNeHHA OKAILIBACTCA DAL MONE3HBIX NPHENOB
HHTEPNONMPOBAHUA ¥ COOTBETCTBYIOUIMX MPIUIOMEHHA (TAKMX, KAR, HAIDMMED,
HHTEpPNONAUMONHEIA MioTowien Beccens n obparsan murepnonsuus). Mogpobuoctst
Moxuo Haht B [9).

2. Ten, KT0 MHTEpeCyeTCA MPAKTHYECKUM MpHMEHEHUEN CTUIARNHOB, PEKOMENIyeN
xuury [16). B Hell moxHO HaATH He TONBKO MAIONEHWE TEODHM W ANTODHTMOB
pellleHHA 3a0aY, HO M NONMe3Hbie MPAKTHYECKHE COBETHl H TEKCTHl COOTBETCTBYIOUMX
OPTPAHHBIX NPOTPaMN.

3. Hanoxenne coBpeMeHHBIX BBHMMCIMTENLHLIX METONOB pelleHHA IJIMHEAHBIX
3afiay MeTola HAMMENBLIUMX KBANPATOB COREPKMTCA B OGWWETPU3HAHHOM yyeOHMKe-
enpasonke (50}, 3aumeTmu, YTO B OPHIMHAMLHOE MONSHME 3TOM KMMIM BRIIOMEHH
# TeKcThl COOTBETCTEYIOWMHX OPTPAHHEIX NOATPOrpaAMM, KOTOphie GLUIM, X coxane-
HHI0, OMYIEHH NPH NEpeBone.

4. UcrmounTtennho GOraThifl MATEDHAN NO CTIGUMANBHLIM H AIEMeHTAPHBIM
dynrkunau conepxut cnpabovmyk [1]. Ota 1omMra nombayercs 3acaymerHoR nommy-
NAPHOCTBIO ¥ CREUMANHCTOB, H TOT, KTO 3aHMMAETCA BLIMMCNICHMEM CNELMHATbHBIX
GYMKUKA NMIIB OTMMIOAMYECKH, MOMET HAfTH B HER OTPeThl Ha GOMLIMRCTBO
MHTepecylolMxX ero sonpocos. [Ipabna, Gomblas Yacth NMPHBEAEHHBIX B CITPABOHM-
Ke peaynbTatoB Guina nosyyena no 1960 r. Kak nonomiesve k [1} moxno pacemar-
psBath kHMry [51).

5. Jenaromuu 6onee TMyGOKO OAHAKOMMTbCA ¢ ammpokcuMauusuyt [lage u
HeNpepLIBHBIMK  (LIEMHBLIMH) ApoGAMH pexoMeniyeM OGpaTHTBCA K CTieUHANMLHOA
mrreparype (11}, [31).

6. TMomwepknem, YTO B A&MHON [/1aBe DACCMATPMBANMCH METONR MPHOMMKEHHA
GOynKUMR ToNMBKO OfMON BellecTpeHMOR Nepementof. B cmyvae ammpOKCHMBLHMN
OYHKUMA MHOTHMX NepeMEMHBIX MOMHO MCTIONLIOBATH aHANOMM'MbIEe MOAXONH (CM.,
nanpuwep, (9], [54)).



lacea 12

YUCNEHHOE
JIROOEPEHIIHPOBAHHE

Yucnennoe audpdepenupposaie NpUMeHAeTca TOLAB, KOrga QYEKIHIO
TPYAHEC MAM MeBoaMoxHO npoauddepenunpoaTs ananutTHyeck. Hanpu-
Mep, HEOGXOAHMMOCTh B YHCAeHHOM AuddepeRUMPOBAEHN BOZHHKAET B TOM
cayvae, Koras ynkuua safama TabaHnest. Kpome Toro, ¢opMyan uyncaen-
uoro auddepeHUNPOBAHMA MMPOKO MCNONLAIYKOTCA NPU pa3pabOTKE Bh-
YHCINTENbHEX METOAOB pellleHMA MHOrMx 3amad (peilenme auddepennu-
aZIbHLIX YypaBHeHWH, NOMcK PpeweHHR HeNMHEAHWX YypaBHeMHMA, NoKMcK
TOYeK IKcTpemyda GyRKumil U ap.).

§ 12.1. Opocrelimme Gopuyms
qucaesnoro AR depesnEmposaRnn

1. Buncnesse pepsofi npowasoamofi. [lpeanonoxum, 40 B OKpecTHO-
¢TH Toukd £ pynkuua f anddepeaumpyema gocraTounoe umeno pad. He-
XOAA M3 ONpeAesieHHA MPOU3BOAHON

f(z) = lim{E* 20 - U]
A0

€CTECTBEHHO MONBITATBCA HCHOAB3OBATH [AJIA €8 BHUMCAEHHMA ZiBe NpocTeit-
uMe nprGanxeRAne GopMyH:

f,(x)“fjr_*r_h% - f @ (12.1)
fayn LD = fh(: mll)} (12.2)

COOTBETCTBYIOIME BHGOPY PUKCMPOBAHHLIX 3MadeHMit Az = h n Az = -k

3necs k > 0 — manmit napamerp (wai). Pa3HocTHHE OTHOWEHMA B NPaBHX
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vacrax ¢opmyn (12.1) u (12.2) yacTo Ha3WBAIOT npasotd U Aceod paznocm-
asiuu npouasodnsiuy (70].

Jna oneRkH norpeitHoOCcTEN

r.(z,

h) =f'(z)—f(= + hl - f(:)‘
r(z, R) = 1'(z) - f(2) - fh(: - b

BBefiehHbX ¢OpMyn uMncaennoro anddeperunpopanna (noipewnocmetd
annpoxcu.eayuu) Bocnonsayemca ¢opMynamu Teitnopa:

r(&)
f(z2B) = f(2) £ f(2)h + —— I~ (12.3)

3nece 1 unxke £, B £. — HEKOTOPHIE TOMKH, PACNOVIOKEHHLE HA HHTEpBa-
nax (z, = + k) u (z - R, 1) coorsercteenno. lloacTasnas pa3nokenuns

(12.3) B Bripaxenna pna r,, nonywaeM ryz, k) = - % F (&) h, (2, b) =

= % [ () h. Caeposarensho,

In(z, Bl <3 Mh,  My= max (O, (12.4)
[z, = + 4

Iz, B €3 Moh, Mp= mex IO (125)
- A

Taxum o6pasom, ¢opmynm (12.1), (12.2) nmetlor nepemit nopAROK
TouHocTh no k. YHave roBopa, npasaA M nesadz Pa3HOCTHHE NPOMIBOARBIC
AMNPOKCHMHUPYIOT NpoH3Bopkyi0 f(z} ¢ NnepBRM NOPAZKOM TOYHOCTH.

k
Y ¥
b g-gtn) 1
Ny
A J-1(x)
o
W,
i L L L 1 1 o
0 x-i X Xoh x ¢ x-h X xeh x
a L]
Pue. 12.]



Mpusenennne ¢opMyan  uuchnenvoro AMPPEPEHIMPOBAHNA HMEIOT
NpOCTYI0 reoMeTpuyYecKylo Mutepaperawmio (puc. 12.1, a). Myers Ny, N. 1
N. — pacnonoxeansie Ha rpadguke pynkunu y = f(z) TOukM ¢ KOOpAMHA-
tamu (z, f(2)), (x — &, f(z - R) m (z + h, f(z + h)). Hanomuum, uto
npouspognan f'(z) paBHA TAHreHcY yrfa & HaknoHa K ocM (O KacaTenp-
Ko, nposesenHofl K rpadmnky ¢ynkumm B Touke N, Popmyna (12.1)
€OOTBETCTBYeT MPMOGMDKERHOA 3amene mpomaposHoRt f'(z) = tga npasont

PA3ROCTHOR TPOMIBOARON iz "1 - f(»

, paBHON TaHreHcy yrfa a.

AaKJIOHB K rpaduky dyHkmmm cekywel, nposefennol yepea Touku Ny m
N.. @®opmyna (12.2) cooTseTeTByeT aHANOrUYHOMN 3aMene IEBOH PaIHOCTHON

1@ - f(z- B
3

NpON3BOAHOR » PaBHON TaHreHcy YIraa a. cekyuedl,

npoBefenHON uepes Toukn Ny u N..

Ecrecteenno mpeanonoxurs (puc. 12.1, ¢ u 12.1, 6), yro AyymmM no
CPaBHERHIO ¢ 1ga. M tga. npuGamkenvex k f'(z) = tga ABnfeTcA TaHreHe
YT/1a HAKJIOHA (p ceKymeR K rpaduKy, nposelennoit yepes Touku N-u N,.
CoorsercTeyioman npuéankennan GopMyna HMeeT BUfA,

£(2) G h)g; flz - b (12.6)

Beanunny B npaeoit 4acTH 270t (POPMy/NE YACTO HASHBAIOT YEMMPAAsXOH
peanocmuod npoulecdnot.
IlogcTapnAn B BHpaXKeHNe OAA NOCPELINOCTH

ro(z, B) = f(z) - L2 *)2; f(z - B

COOTBETCTRYIOMME paioxenns no ¢opmyne Teitnopa

£
feah=f@) 2 fp+ L me o,

noayunm, ro(z, h) = - ﬁ‘”(.f.)l-; £3(E) k2. CnepopaTensuo, cnpapefian-

Ba OlleHKa NMOrpellHOCTH

lrolz, DI S G2, Mo=  max  |f9 (0 (12.7)
r—k, £+ K

TaknuM 06pa3oM, LEHTPabHAA PR3HOCTHAA MPOM3BOAHAA AMNPOKCHMMpYeT
npon3poaRyio f'(z) co PTOPLIN NOPANKOM TOYHOCTH OTHOCMTENBHO A.
366



Ona suuncienma f'(z) MOXkHO nonyunTth GOpMyAn AI060r0 NOPAAKA
TouysocTh (em. § 12.2). Onrako B Takux ¢opMynax ¢ pocTOM MOPAAKA
TOUROCTH BO3PACTAET M YHCIO MCAOAb3YEMBIX 3NaveRni ¢pyukuun. B xaue-
cTBe npumMepa npuseneM Gopuyny

f(z) » f(z=2h) - 8!(:';:) + Sf(l"l'h) = J(z+2h) ) (128)

HMEIONYIO YeTBepTHA NOPANOK TOYROCTH.

Mpwsep 12.1. Mycre dynkuma f(z) = e sanaua ua otpeaxe [0, 1] rabmiuen
anavyeHHi ¢ waron h = 0.2:

Ta6nuual2l

r 0.0 02 04 0.6 0.8 1.0

f( 1.000000 122140  1.49182 182212 222554 271828

Hcnonpaya dopuymsl umciennoro Anddeperuupopasis, vafiled 3HAYEHMA NMPOUd-
soamont f'(z) B yanax rabmmust

B toukax £ = 0.0 ¥ £ = 1.0 u2 npuBeReHHEIX B 3ToM naparpade dopuyn
MOXHO BOCNONB30BaThCA JHWE opuysamu (12.1) n (12.2). B ocrambhbix TouKkax
npuueruM dopuyry (12.6), Mnelomyo Gonee BLICOKMR MOPAROK TouMOCcTH. B~
YMCNEHHA DaloT clleayollyio Tabumuy mpon3BOAMLIX:

Tabanuual22

T 0.0 0.2 0.4 0.6 0.8 1.0

f(zy 110700 1.22955 1.50180 1.83430 2.24040 2.46370
r(z) -0.10700 -0.00815 -0.00998 —0.01218 —0.01486 0.25458

3nece ke npuBelieHBl 3HAYeHMA Norpewtnoctell r(z), KotTophie B AaHHOM Clyvae
Nerxo BhMcisnoren (Bedb f'(z) = € = f(z)). Kak M crenoanio oxuATs, 3Haue-
HHA NOTPELIHOCTH B KPaAMMX Tovukax (3fech MCNONBb3OBAMMCE HOpMYNIH NEPBOro
MOPANKa TOYHOCTH) CywiecTBeHHO Gonblle, YeM BO BHYTPeHHMX TOMKAX.

3aueruu, 4YTo AHa4YEHMHA NOTPEUTHOCTEN MOXHO GbUIO OLUEHMTL M 3apaHee, He-
nosibays anphopibie ollehky (12.4), (12.5), (12.7). Hanpnmep, Hepabehcrso (12 4)
Haet B TouKe £ = () oleHRY

Irl <3 Mp=3 max ¢ |-h=122140-02 w013
[0,0.2)
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B roue r = 0.2 43 Hepabetictea (12.7) enepyer, uro

el <3 Mt =1 max | 1= 1100182000 % 001, w1

[0.9.4)

Das pumeneua f'(5) npu £ = 0.4 u 2 = (.8 MOXHO TaKKE NMPHMEHHTB
dopuyny (12.8) u nomywouts axavenus £(0.4) & 1.49176 u f'(0.6) ~ 1.82203 ¢
Norpei ocT MM, Npuémokento papHbidu §+10°5 u 91075 coorercraenno.

2. Buimcneame propok npomssoamolf. HanGonee npocrot m mmpoko
npHMenseMol A npuGNIHKEHHOrO BLHYNCACHMA BTOPOA MNPOM3BOAHONA

AMIRETCA cllefyloman QopMyna:

Fwiz =M - 2£(=) + f(z + B (12.9)

BeanunBy s npasoft 4acTH 3TOTO NPHGIMKEHHONO PAaBEHCTBA YACTO HA3MI-
BAI0T emopot peanocmuod npouseodxot (70].
MoncTasnAs B BHp&XEAHE ANA NOrPEIIHOCTH

r (z, h):f'(,;)_f(-f - b - 2{2(:) + Sz + B

COOTBETCTEYOMME padnoxenna no ¢opuyne Teitnopa

@ g, 1@, @
feth=f@ s+ L0 L@y g,

noayumnm r (z, h) = — £246) -;‘f"(f-) k2. CnepovarensHo,

L

|r(z, B)| € T2

B M= max |99 (12.10)
(=h, o+N

Taxuu o6pasom, popuyaa (12.9) umeer sTopoli NOPAZOK TOYHOCTHM.
Nna suancnesna f7(r) moxEo moayuuTh PopMyAn n1060r0 nopAAKa
Toynoct. Hampumep, dpopuyna

Fla)w L=+ 16/(=h) 30/ () + N6f(HR) = J(242) 1y )

HMeeT 4eTBepPTHR NopAKOK TOYHOCTH.
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Mpeneep 12.2. Hcnombaya Tabn, 12.1 aHavenun dynkumy f(z) = e¥, Hafinen ¢
nosowbio Gopsyn uMcnennoroe audrbepeHUNpoBaHHA anauerns f (1) Bo BHyTpeH-
HMX yanax Tabmmgbl.

Briuncnennue no dopuyne (12.9) naer anavenus, npupenenxtie B Tatn. 12.3:
Ta6auualdl

z 0.2 0.4 0.6 0.8
4G 1.22550 1.49700 1.82800 2.23300
r(2) -0.00410 -0.00518 -0.00588 -0.00746

Npumenenue popmyan (12.11) noasonser noayyurs 3nagenns f(0.4) »
» 1.49204, f(0.6) ~ 1.82183 ¢ norpemRocTAMM, NPHGAMKEHHO PABRLIMMN
=2-10°4, =3-10"1,

§ 12.2. O sumone dopuyn wEcheaROro
ABddepesmEposanEa

Xora npocreiimme $opmyan uncaennoro anddepeHUMpOBaHNA MOXKHO
OONYYHTHL CPABHMTENBUO INIEMEHTAPHO, ANA BLIBOKA M AHANM3A TAKHX
¢opuyn B 6os1ee CIOKHBX CAYYARAX HEOOXOANMO HCNONbLIOBATH IRAYHTENb-
HO Gonee cephe3ublil MATEMATHYOCKHH ANNApaT. 3aMeTHM, 9TO OCHOBOR A7A
NOCTPOSHNA PAMIMYHLX NPHGIHXEHMMX POpPMYJ BHIYMCIEHHMA NPOH3IBOA-
HHX ABNAIOTCA MeTOAK TeOpHH NpuGAMxenna GyHrmuil, MeMeHTH KOTO-
poft GLINA HMINOXEHH B NpeblAyIned rrabe.

MpeanonoxuM, 9TO B OKPECTHOCTH TOYKHM  PYHKUHUA f annpoKCHMMpY-
e1cs HekoTOpO# Apyroit ¢pynkumedt g, npuuem nponasoasan ¢'¥) s Touke
slerko BuapcenneTca. EcTecTbeHEo B TAKON cHTYAnMW NOALITATLCA BOCAONbL-
J0BATECA NpHGAMKeHHON dopuynoi

fRr(z) » gth(z). (12.12)

Han6onee npocTo 3ror noaxop peanMayerca B cayyae, Koria npuGnHxe-
HHe OCYIUECTBIAGTCR ¢ MOMOLULIC HHTEPNONAKMM,

1. @opuymu smcrennroro ARGPOpeRIEPOBANNSA, OCHOBANELIS HA NETED-
monxnER anreGpamveckumm wBoroancsamm. [ycts Ppn(z) — murepnonaum-
OHHEI/l MHOTOYEH ¢TeNeHM N ¢ Y3JaMW METEPONWIANHMH Iy < £ < 72 < ..
w. < T N 1€[2g, 2p). B 31OM ciyuae ¢opmyna (12.12) npuANMaET BHL

fo(g) s Ph(z), 0Kk (12.13)
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[Ipu oroM cnpasexanusa cieaAylOWas OuUEHKA MNOTPeIIHOCTH (OPMYIH
(12.13):

[for(z) = PLO(2)| € CnkMpnhRil %, 0 < £< 0. (12.14)
3necs Cp p — NONOXMTENBHBIE YHCNE, 8 My = max | (7).
(£0.1q]

3ameuanmuel llopasok Tounocrn dopmynu {12.13) orHocHTens-
HO Amay PaBEH Pa3HOCTM MeXAY YHMCAOM YINOB MHTEPHONSAIMM M NG~
PALKOM BLIYHCTAEMON MPOK3BOAHON.

3aMeuyanne 2 Ecan popuyna (12.13) npuMensierca ana BbiumMc-
NEHMA NPOM3BOJHON B TOMYKE, OTHOCMTENbHO KOTOPOR YaJ TAGAMULI
PACNOJIOKERBI CHMMETPHYHO, H YHCIO 7 ~ k UeTHO, TO NOPAJOK TOMHO-
¢TH GOPMYALI NOBLILIAETCA HA €AMHUY IO CPABHEHMIO ¢ NOPAAKOM n +
+ 1 - k rapantipyeMsiM ouenkoit (12.14). Taxosbn, Hanpumep,
dopuyaw (12.6), (12.8), (12.9), (12.11).

3amernu, uto P({™ (1) = n! f(zo; z1; ..., 2p) (310 crreayer, B vacTHOCTH,

ua cdopmyas (11.52)). Takum o6paszoM, cnpaBeTHBa npHEINKEHHAA
¢opMyaa (oua erirexaer U ua (11.50))

A (2) % nt f (205 15 -y 20), (12.15)

MMeloWwan no kpafinell Mepe NEPBHIA MOPANOK TOYHOCTH. Ee yacTRbIMM
CYYARMH ABAAIOTCA cnepyionne GopMyns:

£ 5 f (a m) = L) = L), (12.16)
[ (2) % 2f (20; 1 22} = ;Eo f(‘ﬂ:fl("} -ﬂ‘g:ﬁo‘“’) (12.17)

Ilpn BuGope B KauccTBe Y3N0B MHTEPNOAALMM 3HAYEHMH Tp = 1, 11 =
= z+ k popuyna (12.16) npespamaerca p dopmyay (12.1). Iipu sutope
To = z - h, 7y = z ua (12.16) nonyyaerca ¢opuyna (12.2), a npn 2z =
=z-h, 3y = z + k — ¢opMyna (12.6). Ananornuno n3 ¢opmyan (12.17)
nonyuaerca ¢opuyna (12.9).

2. Henonbsopaane ralimn ¢ nocrosanbiM marod. HanGosee npocroin

BMA npuHMMaioT GOPMYNH YHCNeHHOTO AnddepeRunpOBaHUA NPH UCOMb-~
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sosanuy Tabaun y, = f(z;) ¢ mocroanuniM waroM. Hanpumep, ¢opuyna
ANy,
hn

B Tex caydanax, Koraa anaueHne NPOH3IBOAHON HEOGXOIMMO BLIUMCHATH

B KpalHMX AnA TAGIHUE TOUKAX Ty M Tp, UCTIONB3YIOTCA 0ONOCMOPONNUE

Popuyan wucaexnoro dufdepenyupooanus fi¥ (o) 8 PR (z0) m il (2)

Y P,‘l"' (zn). Hpueepem opuocTOponHne ¢GopMyan (MX JerKO MONYYHTSH

anddepenipposanneM uuorounenos Hewrona (11.57) n (11.58)) ana
BHIYMCACHNA nepBoft mpouasoxuoft f:

(12.15) B 2TOM cAyuae BLITAAZMT Tak: fl(z) =

f(z) %,'-fn g%yl Alyo, (12.18)
f(zn) }‘ ng %v".’lm (12.19)

UMellule n-A NOPAJOK TOYHOCTH.

Ilpn n = 2 ua (12.18), (12.19) nonywaiorca ¢opmyan
F(z0) # 53 (=3 (20) + 4F (m) =  (22), (12.20)
J(zn) % g3 (f (22) = 4 (2n1) + 3f (20), (12.21)

HMeoLIMe BTOPOfl NOPALOK TOYHOCTH.

Mpisep 12.3. BrivMcneHne 3Havenud NponasopHon bynkumum f(z) = €7,
samatHofl Ta6n. 12.1, no dopuynan (12.20), (12.21) naer awavenma f(0.0)
N (0.98445, f'(1.0) » 2.68700 ¢ norpewHocraMu, paBHbIMM 0.001555 u 0.03128.
Jnn cpaBheHuA HANOMHMM, YTO MOIPELIHOCTH 3HAueHWM, HaMAeHHHX B NpuMepe

12.1 no npoctetuium dopuynan (12.1), (12.2) cootpercreentio paBHel — 0.10700 u
0.25458.

3. Npyrue noaxonm. Mpunenenne Gopmyan (12.13) ana puuncirenns
nponseoproft 1N (pakTHUECKH OCHOBAHO HA KYCOUHO-TIONMHOMMANLHOM
urtTepnonaumn. [onyuennan TaknM o6pa3oM MpPOM3BOAHAA B TOuKe "CTHI-
Ka" ABYX COCeJHMX MHONOYNEHOB MOXeT MMeTh paspu. [loatomy, ecnn
TpebGyerca raob6anbHO HA OTpedke [a, b aNNpOKCHMWPOBATL MPOM3BOLRYIO
rnagkoil dyuxunell, TO Henecoo6palno HenonsaosatTs cnnafinm. Iponaeon-
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san S8 (z) cnnafina Se(z) npn k< m - r (rae r — medext cnnafina) naer

rAanKyio ra06ansuyio annpokcHuauuio ana fik (z).

B cayuae, korsa 3HayeHHa PyHKUMH cHABHO “3amyMneHu" cryuafHL-
MH O].IIH&‘.BMH, NONEe3HIM MOXEeT OKAJAATHCA HCNONL3IOBAHMME MEeTOA HA-
HMeHbIINX KBaIPATOB.

§ 12.3. O6ycnorneanocrs GopMyn
qucnennore nadpepeauEpOBAHEA

Hecmorpa Ha BHewmion npocrory ¢opmya uMcnennoro audpdepeRunm-
pOBAHMA, MX DpHuMenenMe Tpebyer ocoboit ocropoxtocT. OTMernM, uTO
McmONbL3yeMble npH  YHeneHHOM auddepenuuposanmu  auauewus  f*(1)
¢yuxuuu f(z) Henpemenno cofiepxat owmnbku. Ilosromy K norpeitHocTH
annpokcnMauui GopMyn uncaennoro auddpepeHuUMpoBaHMA AOGABIAETCA
HOYCTPAHMMAS MOTPEUIHOCTh, BLI3BAHHAA MOTPEUIHOCTAMH BHIMMCIERMA
byuxuun f Jlag TOoro 4To6H MNOTpPeliHOCTh ANMPOKCHMAUMM Ghila BOCTA-
TOuHO Manoit, TpeGyeTcA HENOnNL3OBaHWE TAGAML C MANBIMM WwaraMu h.
OanaKo, K COXAIEHNIO, NpH Manux warax GopMyan 4YHcaeHHOrO audde-
PEHUMPOBAHHUA CTAHOBATCA NNO0X0 OGYCNOBNEHHBIMH M pe3yAbTaT MX ApU-
MEHEHHA MOXKET GbiThb MOJIHOCTHIO MCKAXEH HeycTpauMmoft ommGkoi. Bax-
HO MOHMMATH, YTO AEHCTBMTENLAAA NPHYMHA 3TOr0 ABJIEHHMA NEKUT He B
HeCOBEpUICHCTBE MPEANOKEHHHX METONAOB BLIYMCNEHHMA NPOWM3IBOAHEIX, & B
HEKOppeKTHOcTH caMoil onepauuy AnddepeHUHpPOBaHUMA NPHOANKEHHO
sanannol dyukumum (em. ra. 3, npumep 3.5)

MoAcHMM CKA3BHHOE HB NpHMepe HcnONbaoBaHua d¢opmyan (12.1).

Monnan norpemmocrs r*(z, k) = f'(z) - [z + h)h— f) peanbHO

BRIYMCAACMOr0 3HAYEHMA NPaBOf Pa3HOCTHOR MPOM3BOAHON NpeACTABIAET
cO6oft  cyNMy  MNOrLpeIUHOCTH BAMNPOKCHMAUNHH r(z, k) =

- et B 1@

M useycTpaunMoR norpemuoct ry(z, k) =
= % ((f(z+ B) - 'z + B) - (F(2) - (D).

Mlyers A — Bepxuaa rpaumna aGeamornos morpemmnocts A(f*(z)) =
= | f(2) = f'(2)| mecnonbayemuix 3navenutt pynkuuu. TOrAa NOrpeLIHOCTH
Ty OLEHMBAETCA CAELYIOUMM OGPAlION:

Iral <32, (12.22)

Onenka (12.22) oznayaer, 4TO yyBcrsuTeabioeTs Gopmyan (12.1) k nor-
pellHOCTAM BXOAHRIX [OAHHLRIX XApaKTepH3YyeTcA abcOoNIOTHLIM YHCITONM
32



%. Tak kak 4, - @ opu k » 0, 10 dopuyna (12.1)
npH Manux h craHoBNTCA O9emb mAOX0 obycnosnenHoft. [loaToMy HecmoTpsa
HA TO, Y10 MOrpemIHOCTh ANNPOKCHMA-
UMK cTPeMUTCA K Hynio npu A - 0 (ew.
oueaky (12.4)), cleayer oxupaTs, 410
TMONHAA norpemHocTe GyAer HEOrpann-
yeHEo BoapacTaTe npu A + 0. Bo Bcakom
cliyyae TAK BefleT ceSA BEpXHAA IPaHMLA

06YCNOBNEHHOCTH V) =

nonHoA morpemnocty r (k) = % Myh +

+ i_ﬁ (rpadmk dyrkumn r (A) ana cay-

4as, pACCMOTpeHHOTO B mpumepe 12.4,
npueenea aa puc. 12.2).
BuifepeM ONTHMANIBHOE 3HAYEHUE [HAra

h, npn koropom penuunma r (k) ZOCTMrEeT MMEMMANLROPO 3HAYEHMS.

Mpupasuupas npoussomnyio r'(h) = % M, - :—? K HyNO, HOnyuseM

anaueame honr = 24 &/ Ma, KOTODOMY OTBE4BET BEHUMHE Tin = F (honr) =

—
= 2‘&”3

TakuM 0Gpa3om, Npu McnoAb3oBannu ¢opmyanm (12.1) ans Buumcne-
HMA npouasopuoit byukuumn f, 3agaHHoh ¢ morpemaocTHIO, cnenyer obpa-
T™MTL 0c060e BRUMAHHKE WA BHGOp wara h. OnHako aaxe NMPH ONTHMAJIBHOM
Bb6Ope 1WATA MOAHAA MOTPEMHOCTh OKAWKETCA BEIMYMHOM, mponopumn-

ofanbHOR AHLIG E .

@opuynsl OAA BHYMCAEHWA NPOM3BOAEMNX Nophaka & > 1 oGaanator
eite Gonpluell YYBCTBHTILHOCTHIO K OwMbKaM 3amanua ¢yuxunit. Ilosro-
My 3H8YEHMA NPOH3BOJHLIX BHICOKONO MOPAAKA, HANAEHABE ¢ MOMONILIO
TaKMX POpMYJ1, MOTYT ObITh OYEHb HETOYHHBMH.

Mpumep 12.4. PaccuoTpkn pesyABTBTHI NpuMenchua dopuymnt (12.1) ¢ paambi-
MM 3HAYEHHSMM Wwara h ANA BoMHCAEHMA mpoussoAnoRt dynkumu f(r) = € B
Touke r = 1.

B tafin. 12.4 npueenenr! anauena npubaxennh (f)° x f(1) = ew 2.71828,
nonyuyeHMbie Ha (-paapsgHon pecAtHutoil IBM M orBevalowMe 3IUAHEHHWAM A =
=101, 1072, .., 105 Jlna ynoBcTBa ananu3a yKA3AMBI TAaKKE 3HaeHMA
norpeuuocref r*,

3



Tabnuual2d

A 107! 102 1073 1074 10°S 106

(f)* 285890 273200 272000 270000  3.00000  0.00000
L]

r 14-1012  14-10°3 17-10°4 -18-10°3 28-102 -27-101

U3 raBnuubl BHAHO, 4TO NOrpelwtHocTh r* ¢ yMeHblleHnew A cHayana yGuiBaer no
MOAYJIO, A 3aTeM MauMHaeT peako Boapacrarh. Ilpu A = 10°¢ auayeHust pyHruMK B
Toykax r = 1 + A ¥ r = 1, HafifeHble ¢ WeCTbIO SHAKAMM MAHTMCCHI, COBNAJAIOT,
M NostoMy BblYMcieHMe Mo opuynie (12.1) naer npubnmkerne k f'(l), pasnoe
uynio. fAeno, o npu k < 1078 6yner nonyvathea Tor ke peaysbrar.

Ha puc. 12.2 ToukaMM nomeueMbl 3HAYEHHMA MONYNA NOTPELIMOCTH r¥, oTBeva-
Iolite PANIMIHBIM kb 13 DManasona 1074 < A € 10°2. Crnostolt mummel naobpaxen

- 5

rpadpur dbyriuuu r (h) = 1.4h + NT ABNAMUIEAC BepxHel ouenkoft nna

[r*(A)| (& namnom cnyvae Mz = mex |ef| < 2.8 u A = 5-10°6). Ornernn,
(1, 1.01]

4TO XOTS peanbHoe 3MadyelMe MOTPEMHOCTH r* M OKa3kIBAeTcH MeHbUle NONY4YaeMo-

o ¢ NOMOLLBIO OlEHKY 7, Bee Xe ByHKuus T (k) npasunbno oTpasaer ochoBHbie
0COBEHHOCTH NOBEAEHU A MOTPEIHOCTH.,

§ 12.4. Jlononnmrenanie 3AMEIaHRA

1. Qopuynnl uHcieHHoro AMdipepeHUHpOBAHMA NPHMEHAITCA M WA
MpUGIHKEHHOTO  BLIMMCAEGHWA  YacTHBIX  MPOH3BOAHLIX  DyHKUMA  MHOTHX
nepementBix. JIAA Mx NOCTpoeHMA HCNONB3YIOTCA PasniHyHble npuenel. Cpeny Mux
nocnenoBareNbHoe npUMeHeHHe ORHOMEPHRIX dopuyn MMCNEHHONO
mmbdepenunposaiun 1 audrpepeHUMpoBAHNE  MHTEPNONSMIMOHHBIX  GOPMYL.
Pacpoctpanednbid ABASETcA M METOA HeofpefeleHHBIX koapduumertor [9)
(uHorna oH McnONBE3YETCA K B OAHOMEpHOM CiTyYae).

2. llpu HanMuMy B JHaveuHAX yHkuMM cayvaliHbiX owWHGOK Hepedko
NPHMEHAIOT HEKOTOphlie NPpoleAYPhl NpeABapMTENLHONC craxkBahuA. B nociennee
BpeMA noAyYMna pacnpocTpaHenme rpynna NeTOfloB YMeneHKoro
Ak epeHUMPOBAKHA, B KOTODHIX MCTONB3YIOTCA MAek peryaspwsaunu (cw. [79,
. 4, § 6}

3. Nononnurensiyio HHGOPNALKID 0 MeTonaXx YMcieHHoro auddepeHpoBaHua
MOXMO HalTH, Hanpumep, B [43).



Fxaca 13

YHCAEHROE
HHTErPHPOBAHHUE

§ 13.1. Hpocrediumae kpajipaTypENe GOPMYIH

1. HocrasoBka 3anagd. B npukranuux uccN6A0BaHMAX Y3CTO BOIHMKA-
€T HeoOXOAUMOCTb BLIYKHCICHHA 3HAYCHMSA ONpe/INICHHOTO MHTErpala

I= ;fmjdx (13.1)

OTOT MHTErpan MOXET BHPAXATh MNOU@AL, 06LEM, PatoTy NepeMEeHHOHN
CHIW U T.0

Ecan dyuxunn f(r) nenpepnisa Ha oTpe3ke [a, b] u ee mepsooGpa3-
Ryt F (1) ypaerca BHpa3uTb uepe3 nasecTHule QYHKUMM, TO ANA BbiYUCTe-
uua unTerpana (13.1) MoxHo BOcnonb3oRATHCA dop.auysou Hyromona-Jlei6-
nuyat:

[ ()0e = F6) - Ko (13.2)

K comanennio, B nofasnfioimemM 60NbIIMACTBE CAYYAEB MONYYUTE 3HAMECRANE
CNpenenenRoroe MHTerpana ¢ noMouisio dopmyast (13.2) uau gpyrux aka-
JMTHYECKHX METONOB He Y/IaeTCs.

2
Mpumep 13.1. Wnrerpan Ze"dt UIHPOKO KCNOAB3IYETCA NPH  HMCCAEAOBAHUM

npoileccos tensicobMeda n AndrpysMM, B CTaTUCTH'ieCKON (HM3uKe M TeopuM Bepo-
arnocrei. Onwako ero aHaveHHe He Moxer ObITL BbIPameHO B BuNe KoHewHOR
KOMOUHALLUK 3NeMeHTapHbIX dyHKkuMi.

! Tordpun Buncrensm Jea6uuw (1646 — 1716) — Hemelikuit MaTemami, du-
Mk ¥ dwiocodp. OauH u3 cospatenedl AucdePeHIMATTEHOrG M WHTETPaJIBHOIO
HCYMCIIEHURA.
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3aMeTnM, 4TO faxe B TeX c¢Ay4YaaX, KOTZa YRaeTcA NONYYHTh NepBooG-
pa3nyio ¢ynknmio F (1) B aHanutHueckolt ¢opMe, IHARUTENBHLIE YCHIIHA,
3aTpaveHHble Ha 3TO, YaCTO OKA3BIBAIOTCA YPEIMEPHO BHICOKOR AnaToit 3a
OKOHYATENBbHH pesyasrar. JI0GaBHM emie, YTO BLIYHC/IEHHA HHTerpana B
amux cryvasx no ¢opuyne (13.2), kak npasuno, NpUBOJAT K FPOMO3ZKUM
(a 98cT0 — M ApHGAMMKEHHHM) BRYNCICHMAM. Crefilyer OTMETHTH TaKxe,
970 3aYacTyI0 HalTH TOYHOe 3navene HATerpana (13.1) mpocto HeBoOaIMONK-
uo. Hanpumep, 310 Mmeer MecTo, Korza Gynkuua f(z) sanaerca Tabanuedt
CBOMX 3Ma9€HHN.

O6bLIYRO /1A BHIYMCIEHNSA 3HAYEHHA ONPENENeHHOr0 MHTErpana MmpHMe-
HAIOT cnelManbHLe 4YHcneHuue MeroAn. Hambosee WIHPOKO HMCMOABIYIOT
Ha NPaKTHKe xeadpamypusie Gopauyssi — ApUGAMKEHRBIE PaBEeHCTBA BHAA

ff(x)dz . j.:,q.f (z). (13.3)

3nech 7, — HEKOTOpPwE TOYKM M3 OTpeska [a, 8] — yaam weadpamypnod
dopuyas; A, — uncnobue KodpPHUMERTH, HAILIBAEMEIE gecasy Kaadpa-

mypxo@ Gopuyaw; N > 0 — nenoe umcno. Cymma EoAJ(;')' KOTOpan
- ‘.
NPHANMAETCA 3 NPHGAWNKERROE 3HAYEHME MHTETpaNa, HAILIBACTER -Kaadpa—
mypwod cyw.uoé Benmumpa R = i!f(x)dz - EOAJ(;,) Ha3LIBAETCA no-
a "

tpewnocmsr0 (MAM ocmamoxnsiu xaexon) xeadpamyprod Popauya.

Bynem roBoputs, utO KBaapatyphas ¢opmyaa (13.3) mouna das aunoio-
NACNOG CTREnENU M, 6CAM A MOGOr0 MHOTOYIeHA cTeneHH Me Bbillle m ITa
¢opuyna gaer TONHOE 3HAUEHME HNTErpans, T.e.

[Pa(eriz = § Apatz.

Ipu onerike 3¢pexTHBHOCTH KBAAPATYPARX GOPMY/ YACTO HCXOAAT U3
TOro, 4T0 HanGonee TPYACeMKoi onepauMefl npH BuYMCTeHHH no $opMyne
(13.3) amnserca nHaxompeume aHavenns ynwwmn f IoaToMy cpemm msyx
dopuyn, MO3IBONAIOUIMX BHYMCAMTE MHTErpan ¢ 38JAHHON TOYHOCTHIO E,
Gonee 3¢deKTHREOR cuMTEETCA TA, B KOTOPO HCNOVIB3yeTcA MeHbllee
9UCIIO Y3NOB.

Buipepen npocteitiune Kpaxparyphbie GOPMYNE, HCXOAA H3 HACAARNBIX
reoMeTpuueckux coobpakennit. Byaem unreprpernposats MuTerpan (13.1)
KaK NAOmAAbL KPHBOAMHEEAHONA Tpaneumy, orpaHHyennoi rpadpuKoM GyHK-
wn y = f(z) (npu f(z) > 0), ocbio abeumec M MPAMHMM I = 4, z = b
(pmc. 13.1, a).
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y=f(x)

Puc. 18.2

PadobpeM oTpesoxr [a, b ma 3nemeuTapRule OTPe3kM [Z,.), 2] TOuKaMM
a= 25 < 71 < ... <zp = b. Hurerpan [ pasobrerca npu 310OM HA cyMMY
3/ieMEHTAPHHX WHTErpanos:

=% 4

o (13-4)
T

ree I, =:! If ()dz, 4TO cooTBETCTBYeT PAIGHEHMIO NMOLWAAN HCXOAHON

KPHBOIMHEAHON TpaneuHy Ha CyNMMY MJOWIaNER JIeMEHTAPHKX KpHBOJM-
Heltunix tpaneumit {(puc. 13.1, 6).

Baenen o6osuauenna: f = f{(z), fi-12 = f(z-10), The Z-1p =
= (21 + 7,)/2 — cepennRa 31eMeRTapHOrO otpe3ka. Jaf mpocroTh war
h = 2z, - x| 6yneM cYNTATE NOCTOAHHBIM.

2. Gopuynas APAMOYIOALEWKOB. JaMEHMM NPHGAMMEHHEO NJIOWEAAL
NeMeHTApHON KpHBONMHEAHOR TpamenmH nmJiomAALI0 MNPAMOYTrONLHHKA,
OCHOBAHMEM KOTOPOro ARJIAETCHA OTPE30K [Z.), ], & BrcOTA paBHA 3HAYE-
HHIO f, .| p (Ha pHc. 13.2, a uepes N, .|, 0603HAYEHA TOYKA ¢ KOOpAM-
HaTaMH (Z;- 1,2, fi-1 ). Tak mMu Dpuxogum K sscueNmapnod xeadpa-
mypno€ gopayase npsauoyioasnuxoe:

mn



L% k.1 p (13.5)

llpon3asoaa Takylo 3zMeHy AnA BCEX INCMEHTAPHHX KPMBOMHHEAHLIX Tpa-
feunn, Nony4YaeM cocmasuyw xeadpamypuyr0 Gop.uyiy npILOYI0ABKUKGE

I“Ihup=h(ﬁn+f3ﬂ+-o-+fn-lﬂ]="I§|fl-lﬂ- (13.6)

Ota ¢opuyna cOOTRETCTBYeT MPHOAWMEHHON IAMCHE SIAOULA/LK MCXOLHOL
KPMBOVTHHENHON TPANGUMH NAOWANBIO cTYNeHuaTol Gniypu, Haobpamen-
Hoit Ha puc. 13 2. 6.

3ameuanune Huoraa uenoneayior Gopmysl
n-i

Ish L f, - (13 7)
130

Ixh i:,l fo (13.8)

HA3LIBAEMEIE COOTBETCTBOHHO cocmaensisiy Xoadpamypuuay $upuysauu
AEONI H NPaesis npuoytosrnuxcd. [eUMETPHYECKlie WANIOCTpauMK
npusefienn Ha puc. 13.3, a u 6. B coorsercTBuu ¢ aTnM dopmyay (13.6)
HHOrIA HAB3WBAIOT cocmadnot Keadpamypuol Popauysod yewxmparisumz
RPRAUCYIOADNUKXOG.

3. ®opuyna tpauenmmii. Coepunus orpeakod Toukn Ny (rp.q, fio) u
N(z,, /) wa rpadnke pynkuun y = j(z), nonyyns Tpaneuuio (puc 13.4.
a). 3ameHNM Temeph NPHGAMXEHHO NIOHUIAAL INEMEHTAPHON KPHBOZHHeH-
HOI TpaneUMH NAOUIAABI0 MOCTPOEHHON ¢urypu. Tora noayunm ascuen-
mapnye xeadpamypryrw dopauysy mpaneyuil:

fow g Gt + £). (139)

Moneaysck a1oit ¢popMmyno#t apn 1 = 1, ..., n. BHBOAMM cocmaenyio xoadpa-
mypnyro dopuysy mpeneyud:

Iﬁ¢p=h[?+ﬁ+ﬁ+"_+fn_l+é’! =

=h [f%"'—w 3 f,}, (13.10°

Ota GopMyaa cOOTBETCTBVET NPUOAHKEHHOR 3aMelle NAOCIIARM HUCXOXHOA
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KpHBOAMHENHON Tpaneuuu naomansio PMrypul, orpaBMuenHORt AOMaHON
anaued, npoxonAamed yepea ToukH Ny, Ny, ..., N (puc. 13.4, 6).

4. @Qopuyaas Camcoma!. Ecniu naomanb snementapuoft Kpusonuaeit-
MO TpanemMH 3aMeMHTh NAoWAAbIO GUrYPH, PACHOIOXKEeAHOR nop, napabo-
not, npoxonameh depes Togku Niy, N; .| 2 u N; (puc. 13.5, a), T0 nony-

L
guuM OpuGankenace pasenctso J; :l Py(r)dz. 3pecs Py(z) — nurepoona-
i1
UMOHELIA MHOTOWNEH BTOPOR CTENEHH ¢ YINBMH Zyp, - |2, % Kak we-
Tpyano y6eanthea?, sepua Gopuyia

Pie) = fi-rn + A B 22 s ) 4

= 2fi cap + ha

+ W]2 (2= zi- 102

Ee MUTerpHpOBaHH® TIPUBOANT K PABEHCTBY

T

. %
J P = b4 A5 = ECEERPE

- zq
+ h 2{;{; 12 + fa z!.. (z-24- 1)z =

=Mi-tat g i=2iorat f) = §Ua+4hiint B

Takum 06pas’oM, BLBE/ICHA dActieNmapnas xoadpamypxas gopauysa Cuan-
coNa:

L83 (o + 410+ B, (13.11)

Mpumenaa 3ty GopMyny Ha KOKAOM 3NEMEHTAPHOM OTPe3ke, BLIBOAMM
cocmaenyo xeadpamypuyw Popuysy Cuxncona:

I Touac Cummeon (1710—1761) — aHrnMAckMA MaTeMBTHK.

2 Mpopepky Toro, w10 Py%iy) = fito Plti- 1) = k-1 Plz) = &
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-'w*'--(fa+4fm+2ﬁ+4;sﬂ+2h+ o 2 +
+4fn-lﬂ'|‘fn)=‘6‘(‘)+fn+‘llglﬁ-|n+2 i‘gxf')‘ (13.12)

damMevanue 1. YuuTeHBaA reoMerpM4ecKyi0 MHTEPIPOTANKIO
dopuynn Cuuncona, ee MHOrZa UA3LIBAIOT fopuysod napaboa.
3amMeuanue 2. B cayuae, Korga uMeno NEMEUTApELIX OTPE3KOB
pa3Gienna YetHo (r = 2m), B Gopuyne CHMOCOHA MOXKHO HMCMOABIO-
BaTh JMUIb Y3JIH ¢ NeJbIMH HHIGKCAMM:

In3Uo+hm+4 5 has2'S £
sl te]

Iipn euposie 31Ol OpMYAH pOAb 3NEMEATAPHOrO OTPE3Ka Wrpaer
OTPe30K [234-2, 22 Anuan 2.

5. Oneaxa norpemuocTs. OueHMM NOTPeUIHOCTL BHBEACMHBX KBAApPa-
TYpaEX GOpMYN B NPEAJOKEHHH, YTO NOAHHTerpansuan gpyaknus f aoc-
TaToyHo rnafkas. Kax M B npefmpaymmx rnasax, Gyaem WCNOab3OBATHL
oGo3uageane M, = max |fik(2)].

fa, ¥)

Teopeua 13.1. Hyems dynrxyus f deawdu nenpepuono dufdepen—
yupyeaua na ompesxe [a, b). Torda das cocmaenmz xeadpamypusiz Hopuya
RPSAOYLOAMNUKOS U MPANEYUU CNPABEAUOYN CALOYOUNE OUENKYU ROLPEUs-
Nocmu:

|- LA < “—‘ﬂF R, (13.13)
- 1 < 0= 9 e (13.14)

0 Busegem emawana ouemky (13.13). (Ipeperamum porpettmocts R =
=]- I,.g $opMynN NpAMOYIrONBRUKOB B BULE

R=Yseue-h hin= B S U@ -sae e
Hcnonwsaya gopuyny Tefinopa

F@ =S + fE i) -2-1 + D5 (- e,

the z € [zi), 2, £ = E(2)€ (211, 2, Mmoon
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I, Iy
Ro= | (@)= f(-1adz=g § [N =,

M.
| R ‘—r!_l(t-fu- 1 p)%dz = 2(3 z - uz)’l 2: k.

Tak kak R = 5 R, 10 |R| € ﬁ M’ h = M: h3n. 3amevan, uto nh =

=b-a, npnxo;mu k onenke (13. 13)

Jaa susona onenxu (13.14) BocmoneayeéMcss TeM, YTO OTpe3OK, coemn-
uaowmuit roukn Ny n N, npefcrasnsier co6oft rpadpuK MHTEPROAAUMON-
HOrO MHOrOusneHa nepeoit crenenw y = Pi(z) = f ‘lh_ Z 4 L z ; 2l

TlosroMy ana anementapuoil GOpMyNN Tpanenuil BEPHO PABEHCTBO

Iy

I
=) S@a=F U+ D= | (- P

1=l

Hcmonvaya onenky (11.28) morpemnocT! AnHeAHOR MHTEPNONAUMH, MMEENM
Ty M
IRl < 3 (- zu)(z - bz = M2 s,
-1

Cnenosatensto, gna R = - Ii-'p CNpaBei/IMBa ONECHKA

|R|<E IR <M pon = MB—0) 4o

IlpnBeneM Tenepb Gel NOKA3IATENLCTBA TEOPEMY 06 OLEHKE MOrPELINOCTH
¢opuyan Cumncona.

Teopewa 13.2. Tycms gynxyus f umeem xa ompeaxe [a, b) nenpe-
prany0 npouszeodnyrw vemaepmoto nopsdxa fli). Toida das gopauyam
Cuwmncona (13.12) cnpacedauea oyenxa norpewnocmu

|- 1*‘|<”‘(;m") At (13.15)

3ameuwanne l. Omenkn (13.13), (13.14) n (13.15) o3uavator, uTO
¢opMynH NPAMOYTONLHMKOB M Tpaneuuil MMEOT BTOpOl MOPAAOK
TOYHOCTH OTHOCHTeNbHO R, 8 ¢opmyna Cummcona — weTeprmit mopa-

mok TounocTH. Ha Tex e onexok caemyer, 910 GOPMYAN NPAMOYroab-
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HHUKOB M Tpamleunit TOYHH ANTA MHOrOY1€HOB Nepsoll crenenu, a GopMy-
na CuMncoHa — Zins MHOrOY/NEHOB TpeThell cTeneny

Jameuanne 2. Qopuyau (13.7) n (13.8) mmetor nums nepeumit
NOPAAOK TOYHOCTH (36cONIOTHAA MOrpelHocTs Kaxaoh na ¢opmyn He
npesnimaer 0.5 Mi(b — e¢)h) u nosToMy Ans BHUKCACHUA HHTErpanoR Ha
OpaKTHKe OHM HcNo/k3YIOTCA xpaiine pelKo.

1
Tipmuep 13.2. BeluucnuM 3naueHHe uHTerpana g e s, Mcnonk3ys KBaparyp-
vble GopMyNE NpsMOyTONBKHKOB, TpaneunR n Cumncona ¢ waros h = 0.1.

Cuayana cocrabuu Tabnnily 3HaYeHHR DYHKUMH ¥ = € 7%

Tabanuwalll

r e r e
0.00 1 0000000 0.55 0.7389685
0.05 0 9975031 060 0.6976763
0.10 0.9900498 0.65 0.6554063
0.15 0.9777512 0.70 0.6126264
0.20 0.9607894 075 0.5697828
0.25 0.9394131 0.80 0.5272924
0.30 0 9139312 0.85 0.4855369
0.35 0.8847059 0.90 0.4448581
0.40 0.8521428 0.95 0.4055545
045 0 8166865 1.00 0.3678794
0.50 0.7788008

fMponasonn Bulumcnienna no opuynaw (13 6), (13 10), (13 12), nomyunm Iﬁp =
= 074713088, fp = 0.74621079, 17 = 0.74682418.

OleHhM NOTPelIHOCTh KAKAOP0 M3 NOMAYMeHHEIX 3HaueHHM, HCNoIb3YA HepaBeH-

crBa (13.13) — (13.15). Boiuncaun f12)(z) = (452 - 2)e’2. Kak HerpylHo BHAeTh
|£2| € My = 2. CnepoBarentho,

2.1 . 2-1 -
-1 < S (0172 % 0.84-10°%, |1~ 2yl < T (012 % 1.7-10%.

Hanee, fl4) (1) = (16 — 4822 + 12)e' 2%, | 9| £ 12. Tlosromy

|- Igl 6% (0.1)4 » 0.42-10°6



Takuu o6pa3oM, Ma BEIMHCAEHUNA No GOpPMYyZie NPAMOYTONEHHKOB C YyetoM
norpellHoctd cleayer, yro J = 0.747 t 0.001; no dopuyne Tpaneumfl — yro J =
= 0.746 t 0.002; no dpopmyne CuuncoHa — 4ro I = 0.7468242 £ 0.0000005.

6. Cnyva#t nepemesHoro miara. IlpusefieM cocTaBHHE KBAIPATYPHEIE
dopmynn npasoyronsumkos, Tpanenuit 1 CUMncoHa B clyyae mepeMeHRo-
ro wara h; = z; - 2.

M‘1"'np= Elﬁ-mhi.

In Py = ‘glwh,

Iepo Bt Ui b

i=1

Bupog 3tix $opMya M NX reOMEeTPHYECKHA CMLICJ OCTAIOTCA TEMH Xe, YTO
M AAA cayyas nocToAHMoro uara. TeopeMn 06 OHMEHKax MOrpelIHOCTH
TAKXE OCTAHYTCA COpABEA/MBHIMM, €can B HepaseHcTsax (13.13) - (13.15)
3aMeHuTh A na hpgx = max A,

1€ i<n

§ 13.2. KsappaTtyprsie ¢pOpNyAn HETEPNOAAMEOEHOTC THIA

Jna npuGAHXKEHHONC BHYMCICHHA ONpPeNeICHRNX HHTErPaioB YacTo
HcOOABIYETCA chneayloinil ecTecTBeHHBI JANA METORCB NPHONNXEHMA
bynxupit npued. [opurTerpaniuyl0 ¢yAxknmio [ anMpOKCHMHPYIOT Ha
oTpe3ke [a, 6] HeKOTOpOR dynKumeRt ¢, MuTErpan OT KOTOPOil N€rKO BhIYMC-
naeTcA, a 3aTeM MONAraloT

E f(z)dz ? ¢ (z)dz. (13.16)

Touroere dopumyant (13.16) mMOXKHO MOBHIIATE 38 CYeT YCJIOKEEHMA
MmeTofa rrobSansHoll annpokeumanmy. OAHAKO vallle MCMOAL3IYETCR ApPYrof
noaxon. Unrerpan I npeacrannfior B BuAe cymmu (13.4) mArterpanoe mo
aNleMenTApHbIM OTpeakaM [zi, z]. Ha kaxmom TakoM i-M oTpedke (yHx-
ouie f(z) aONpOKCHMMHPYIOT HEKOTOpPOH nerko MrTerpupyeMoit gpyrkuued
gi(z). B peayneraTe nonywaerca coctapnan GopMmyns

| reass B 1" s
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1. Bumop ksapparypEnx GOpuMy/ EETOPHOASIMEOHHEOrO TEmA. PaccMmor-
pyM Gonlee MOZPOGHO 3TOT MOAXOA B CY4a®, KOrAA ANNPOKCHMALMA Ocy-
LWIECTBAACTCA ¢ MOMOILIBIY MHTEPHONAUMOHROIO MHOTOYNEHA. 3adHKCHpYeM

HEKOTOpHI® 3HaYeRMA 1y, U1, ..., Im€[-1, 1). Annporcummpyem dynkumio
f(z) Ra +M 3NMEeMEHTAPHOM OTPe3Ke [Zi.|, Z;] MHTEPNOAAUMONH LM MHOMOWNE-
HOM Pp (1) ¢ yanaum uRTEpRHOIALMMN z}ﬂ =zi-1p+ 4Rif2,5=01,2

.., m. B cayuae, woraa Bce 3RAYEHMA f; PRANMYHL, MOXKHO BOCMOMBIO-
BATHCA 3AMMCHI0 HHTEPNONALHOHKONO MuOrouneHa B ¢opme Jlarpanxa:

a . , _ z— 2%
Pn.!{i') = J?o f(z;;l )‘(-:;(3')1 !(.:11(2) =k@0 ﬁﬁ . (13.17)
ke

Hcnonbays aameny nepemennoit z = z,. 5 + ;—h':, BHIYHCEMM MHTErpan

ot Py, ua orpeske [z, zi:

I z;
:{_lPa,n(t)dz = j?of(z}il )r!.] f,‘."’,(t)d: =

= hi_’ﬁaﬂjf(ﬁ -aant !Mz)' g = % i ﬁ (t— %) di.
J‘ —

-1 kso (4 — )
l‘gj
g
Mpubnnkennan 3amena uurerpana | cymmont M = § [ Pum{z)dz

=1 T

APMBOOMT K chepywmed cocmaenod xoadpamypnod gopauyse unmepnoss-
YUONNOLO Muna:

[sph= 3§ a.vfo af (2i - 12 + Lih/2). (13.18)
i=1 j=

3aueuanue Keagparypurie GopMynsl HHTEPNONAUMONHONO THAA,
NOCTPOeRHHE HAa OCHOBE PABHOOTCTOALIMX 3HAYERMA {y, 1, ..., im, HE3LI-
BalOT $opuysamu Hyromona—Komecal.

PaccuoTpenHble B npennaymes naparpadge npocrefinye KpaapaTypHbe
dopuynn ARAAOTCA (POPMYAAMH WHTEPNOAALMOHHOTO THMa; Gonee TOro,

I Ponxep Korec (1682 — 1716) — anmmmMicknil MaTeMaTHK, IpYT W Y4YeHMK
H.Hetotona,
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OHU OTHOCATcA K knaccy ¢opuyn Huiorona—Koreca. @opuynn npamo-
yronsuukos (13.6), tpanenut (13.10) u Cumncona (13.12) orseuasor mc-
NONL30BAHKIO MHTEPMONANMOHHKX MHOTOYJIEHOB COOTBETCTBEAHO MYNEBOft,
nepBoil U BTOPOM cTenerM.

2. Oneaxa porpemmocra. [lpusenen Teopemy 06 OLEHKE NOTPeLIHOCTH
¢opmynu (13.18).

Teopewma 13.3. Hyems gynuxyus f umeem ne ompeaxe [a, 8] nenpe-
puenyro npouaeoduyro nopidxa m + 1. Toida das notpewxocmu xeadpa-
mypuott gopuyau (13.18) enpasedauea oyenxa

[T = | < CaMua(b - a)hiax, (13.19)

1de

Cn = geerlmy 1o (D18, ) = (¢ 1.
0 Tpencrasus norpemmocrs, R = I - It popuymst (13 18) » uze
2 .
- i fe)az=§ J Paiedz = ,-?.:!.,( f(2) - Padd)dz
Monssyacs ouenKoR (11.26) NOTPEWHOCTH HATEPIOAKIHH, B AGHHOM Cy-

Yae NpHHHMAaKOLIENR BHA

1f () - Padd) < (m”:';), | ﬁo (z- )],

M NpOM3ROAA 3aMeRY MEPeMEHHON = = z; ., + thy/2, nonyyaeM nenouky
HEpPABEHCTB

LY l 1/ - Pada)laz § Mot (1] (oo s9)1de =

lll[h‘].’ (mM:':)l ilz'l'l(‘) Idf: C"M.ﬂ'gl ﬂoz.

VunThiBad, yTo ‘Et AT? < AL '§1 ki = Ajax (b - a), npuxonMM K onemke
1] it

(13.19). 0
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3ameuanne l.Teopeun ocTaerca cnpaseaMBoit M B cAy4ae, KOTHA
OAA MOCTPOEHHA KBAanpaTypHoR GopMynn MCHONb3yeTcA MHTEPNOAANUA
¢ KPATHHIMHM Y3AaMM (T.e. KOTAS8 HEKOTOpHE M3 3HaYenuft &, 1y, ..., Im
COBNAZAIOT).

3ameuanne 2. Kak crenyer ua ouenku (13.19), keanparyprue

dopuynel MATepnonsuuontoro Tuna (13.18) ToOuHM ANA MHOrowIeHOBR
CTeMenn m.

OTMeTHM, YTO OAA HEKOTOPHX CHMMETPHYHBLIX KBaapaTyphux $opMyn
onenka norpewnocty (13.19) measerca rpyGofl M He OTPaKAeT MCTHHHLIA
nopagok ux TounoctH. Hanmpumep, coraacao 31oft ouenke GopMmyau npa-
MoyronsHuKos M CHMICOHa [OMKEE MMETH NMIOL NEPBRIl M TPeTHH NOpA-
JIOK TOYHOCTH COOTBETCTBEHHMO, & B NEHCTBMTENLHOCTH OHM MMEIOT HAa eflH-
HMLYY GONBIIMI MOPAMOK TOYHOCTH (cM. Teopems! 13.1, 13.2 u aamewanne 1
Ha c. 382). lloscHMM RNpHYMHY 3TOrO ABNEHUA Ha OpuMepe GopMynn
NPAMOYrOABHHKOB.

Annpokcumupyem GyHKkuMIO f Ha OTpeake ¢, z{] MHTEPNONAUMOHBLIM
muorounenom Py (z) = f(zi-10) + f(zi-12)(z = %i-1p) ¢ KpaTHEIM
y3nom z; - | p. Harerpnposanne muorounens P; (r) naer sHavenme J; ®

I
8 :l P, {2)dz = hif; -  p, coBnafatomee cO 3HAYEHHEM, NMOAYYAEMBMM MO

i1
aniemenTapHoit dopmyne npamoyronsHUKoB (13.5). I'eomerpuueckana nanio-
CTpauMA, npupefennan Ha puc. 13.6, noka-
auBaeT, 4T0 GopMmyny (IeHTpanbHEX) mpA- ) F
MOYIONIBHUKOB ¢ PBBHLIM OCHOBAHHEM MOX-
HO G6hin0 6ul ua3deaTs M GOpMynoi Tpane-
uni. Jleicreurensho, naomaas fi - 2 ki £
JNneMeHTapHOro npasoyroasumka ABCD
coenafaer ¢ nnomaakio tpaneuum AEFD,
onua wn3a cropon EF koropoit apnserca
KacaTenlbHOR K kpupoit y = f(z), npose- A . i) -
Aennoft B Touke N;.,;, (eegbr nnomagm 0 xq MW KX
m{::;mnm EBNi. 12 m N;. nFC Puc. 19.6

Takuu 06pa3oM, MOXHO CYMTATB, YTO
¢opMy/1a IPAMOYIONBHHKOB MOCTPOSHA HA OCHOBE HHTEPNOAANNHN (YHKUNH
f unorounemom nepmolt cTemeMM ¢ KpaTHWM yajdoM. Temepp ua Teopemn
13.3 ¢ yverom 3ameuaHns 1 creayer, uto 3Ta ¢OpMyaa AelcTBMTENBHO
HMeeT BTOPO/l NOPAXOK TOYHOCTH.

®opuyna CuMncoHa Moxer OHTL no/NyveHa (AHANOCHYHO) Ha OCHOBE
MHTePNONAUMY MHOLOUNEHOM TpeThell cTeNeHM ¢ YanaMW Iy, Zi- 1.2
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Z;, HEHTPAIBHHA M3 KOTOPHX ABIAETCA KPATHWM. CnemopaTensHo, 3Ty
¢opuyny ¢ AOCTBTOYHHM OCHOBAHHEM MOXHO GHI0 Gh naswpaTs U QoOpMy-
noft KyGmueckux nmapaton. 3akoHomeprO, yTO ¢Gopmyna CHMacoHa MMeer
YeTBEpTH NOPANOK TOYHOCTH.

3. OGycnorneanocTs KBafpaTYpPHEX GOPMYn NETOPIOAATMOHEOIO THIA.
Ilpn BHYMCACHAN MHTErpanoB, KAK MpPaBWNO, APMXOANTCA MCMONB3OBATDL
He TOuHbIe 3HA4YeMHA f(Zz) mOAmETerpansHoRt yEKUMM, a NpUGAMKEHHEIC
snaveuna f*(z). Hanomuum (cn. § 3 1), 910 samaua BruMcAeMMR onpefie-
JNIEHHOrO HHTErpana or NpUGAHXEeHBO 3anaHHON QYHKUMH ABAAETCA YCTON-

uusoit. B npeanonoxennun, aro | f(z),— f*(z)| € A(f*) mna seex 2€(a, B],
cNpaBeANMBA OUECHKA

A = 1= 11 = |[f e - [@ast < b~ 9B,

YHA3LIBAIOIAA HA TO, YTO aGCONIOTHOE YMcO O5Yc/0BJIEHHOCTH 3TOR 3ajaa-
yn pasHO b - @, T.e. LAKMHE OTPE3kA WHTEr pUPOBRHMA.

Kakopa xe uypcTeMTeNbHOCTH KBagparypHoit ¢opuyam (13.3) k mo-
rpemiRoCcTAM 3ananuA dynkuun f7 3amernm, uto

1E sy - Earcr< (£ 40|50,

Taxum o6pasom, keaapatTypHan ¢Gopuyna ycToldnea K OmIMOKAM 3afaHMA
PYHKUMH W ee uurn0 OBYCNOBNCHHOCTH ¥, PABHO ELIA,(.
‘l
3aMeTum, 4TO BCe KBAAPATYPHHE GOPMY/E MHTEPHONAUMOHHOrO THIA

TOYMH ANA MHOrOY/IEHOB HyNeBOR cTeNBHW M poatoMy b — a = ?l-d: =
a

= Eo A, CnenosatensHo, ec/in Bece Beca A, KBaapaTypHofi ¢GopMynH HH-
s

TOPHONAUMONHONO THIA MOAOKUTEIBREE, TO €e YHCAO OGYC/OBIEHHOCTH ¥,

copnapaer ¢ b - a. UyscTenTenbrocTs TakoR GopMyan K omMOKaM aje-
KBATHA YYBCTBMTE/NIBHOCTH BEIMCNAeMoro uurerpana. Ecnm we cpeam secos

N
A, nueiorca oTpHusTensrile, 10 ¥, = L |A,| > EOA. =b-a
120 '

H3asecTHo, 4TO mpH GOMBIIMX 3HAYEHHAX M CPefH BEcOB KBAAPATYPHON
¢opuyan (13.18) moarnAaioTca OTPHUATENBHBE M 3HaYCHHE YHCAA 06y CnoB-
AeRnocTM v, cTaHOBMTCA GonbumM. Hampumep, ana ¢opmya Hsioro-

na—Koreca v, 8 3.1 (b - a) npu m =10, v, % 83 (b - a) npu m = 20,
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¥y ® 560 (b - a) npn m = 30. B cuay mnoxolt OGYCNOBNCHHOCTH 3TH

dopuynsr yxe TpH m 2 10 uenonb3yloTea BecbMa PeaKo.

§ 13.3. Keanparypaue dopuymu Caycea

1. Hocrpoeame xsapparypanx ¢opuyn layccs. Us pesynbraton npe-
ABAywero naparpada creayer, 9TO Kpanparypaasa <¢opMmyas af (z)dz »

[ EAJ (z,), nocTpoeHnan HHTErpMpoBaHHeM WHTEPNONAUMONHONY MHOTO-
120

qneHa crenen¥ N ¢ PUKCHPOBAHELIMM Y3JIAMM Ig, Ij, ..., Zy, TOYHAa ANA
Bcex mHorowleHos crenemn N. Oamaxo, ecan mMMeerca cpofofa B BHGOpe
Y3J10B, TO MOXHO DACMNOPAAMTHCA €0 TAK, YTO6H noayuuTh ¢opuyny,
TOYHYIO VI BCEX MHOTMOY/EHOB HEKOTOPOH creneHM, npesnimatomeit N.

TlocraBuM clienylomyio 3anauy: Oopu 3agaAHom uncite N + 1 yanos
NOCTPONTEL KBAOPaTYpRYI0 GopMyny, TOYHYIO OAR MHOTOY/NEHOB HanGonee
Beicokof crencan. MOpMyNH, YAOBNCTRBOPAIOIMMHE ITOMY YCJIOBHIO, HPHUATO
@a3biBaTh xeadpamypnsiau Popuysamu [aycca. Kak mpaeuno, cmagana
crpoar ¢opuynul 'ayeca

Jroais & asy (13.20

ANR cTaHABPTHOrO OTpeaka (-1, 1). 3aTeM ¢ moMOmBIO 3aMeHN NepeMeHHON
a + b b-a

T = —F— + =5 ! OCYWECTBAAIOT Depexon k dopuynam uHTErpUpOBA-

HHMA Ha NPOM3BMIBHOM OTpe3Ke:

if(a:)dxu b ; z ‘Z'!oa,;[" ; bL2 ; “t.]. (13.21)

3amerum, 4T0 Qopmyna (13.20) TouHA ANA MHOMOUNEHOB CTENEHH m
TOrla M TONBKO TOrZA, KOrfZa OHa TOuHa AaA dbymkumn f(1) = 1, ¢, 2, ..
ey I D70 IKBHUBAJIGHTHO TOMY, 49TO Yaau i, u Beca a, ¢opuyaun (13.20)
JIOJIKHE YIOBJIETBOPATL CHCTEME HeNuHeAHBIX ypaBHeHUNH

g adf = -’l‘kdt = L'_I-li-__:ﬂ' k=0,1,..,m (13.22)

120

Moxkno nokasarts, 910 chcTeMa (13.22) mmeer eAMHCTBEHHOE pellleHHe dg,
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g, ..., an, Lo, U, ..., iy (mpuueM t; € [-1, 1]) Toras ¥ TOABLKO TOrAa, KOTAA
yHCcno ypanuamm CHCTéMbl COBNANAET € YHUCJAOM HEHN3BECTHHIX, T.€. B CAY-
yae m = 2N + 1,

Mpuep 13.3. Iloctpoum kBappatypHyio d¢opMyny Fayeca (13.20) ¢ amyms
y3naMu.
B arom cayuae, T.e. npr N = 1, m = 3, cucrema (13.22) npumer Bun

I 1
@+ q = ]ldt=2. alp + aty = !Idt
1
ol + af = lﬂdt 3 a0l + af = l@d!=
Pemlan ee, vaxoAKM 3HaYeHHA ag = a; = 1, I = = l—, h = l—— . Takun obpason,

'ER E

nonyvaeM KsaapatypHyloo ¢dopmyny layeca

if(t)dwfl——a s r]

TOMHYI0 AJIA MHOTOWIEHOB TpeThell CTeneHn.

Ina keagpatyproit popMynrl I'aycca cnpaBennmsa cieaylomasn oleHKa
NOrpelHOCTH:

|R| € anMameo(b - a)2Ne3.

[(N+ 1))
(2N +3)[(2N + 2P
po y6ubaer ¢ poctomM N. IlpuBeseM, Hanpuuep, RECKONABKO MEPBHIX €ro
anauyennf: ag ¥ 4-102, oy & 2-10, ap & 5107, a3 ~» 6-10°1°, a, ®
~ 410713,

Moxno 6mn0 6 pa3GUTL OTPe3OK WHTErPUPOBAHMA HAa YACTHYMBIE
oTpeaku M Mcxoaa u3 dopMyam [aycca noctpouth cocraBHyr ¢opMyny,
MMEOULYI0 MOPAACK TOYHOCTH, pasunft 2N + 2. Onuako npu MHTErpHpo-
BaHHM [OCTATOYHO TAAKHUX PYHKUMIt B ITOM HeT HEOGXOAMMOCTH, TAK KaK
yie mpn HeGonbwoM uncae yanos (4 < N < 10) ¢opuyna l'aycca oGecne-

Bxonawmit B nee kodpdpnumenT ay = O4YeHb GhleT-

YMB&ET OMERb BHICOKYI0 TouHOcTh. Ha npaktuke mcnoasaylorca n GopMyan
¢ JeCATKBMM M COTHAMM Y3JIOB.

2. Yanu n pecs xsaaparypaoil ¢gopuymu Faycca. [pusenem smavenns
yanoB v Becos KeagpaTypHolt dopumynn laycea ¢ umenom yanos or 1 go 6
(ra6a. 13.2):
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Tabnwualldl2

Yucno

Yanel OB 1 2 3

Beca
L) 0.00000000000 =0.5773502692 -0.7745066692
ag 2.00000000C00 1.0000000000 0.5555555556
4 0.5773502692 0.0000000000
o 1.0000000000 0.8888888888
5! 0.7745966692
o 0.5555555556

Yueno

Yanel anoe 4 5 6

Beca
to -0.8611363115 —0.9061798459 —0.9324695142
ag 0.3478548451 0.2359268851 0.1713244924
4 ~—0.3399810436 —0.5384693101 -0.6612093864
@ 0.6521451549 0.4786286705 0.3607615730
) 0.3399810436 0.0000000000 -0.2386191861
a 0.6521451549 0.5688888888 0.4679139346
1 0.8611363115 0.5384693101 0.2386191861
a3 0.3478548451 0.4736286705 0.4679139346
iy 0.9061798459 0.6612093864
a 0.2369268851 0.3607615730
L 0.9324695142
as 0.1713244924

H
Mpumep 13.4. Halnen sHavetne HHTerpana ge'xzdz, HCNOML3Y A KBAAPaTYPHYIO

¢opuyny Faycca ¢ nBYMA, TpeMA ¥ YeThIPbMA YITAMH.

B RaHHoM cnyyae ¢ = 0, b= 1, f(1) = 22 y popuyna (13.21) npunmumaer

BHA

N 2
I= ie'f"d:x In= % § g 05705t
120

[

Bass ua tabn. 13.2 aHayeHma yanos f, ¥ Becos a, npn N = 1, 2, 3, noayunm

caenyolme NpuGAMKEHHA:

Il = % (e'IO.ZIISHSGS,z + e-to.msrstss,?) % 0.7465046385;



2
T Iy = 5 (0.5555555856-¢ #1470 4 0 g4888a8ass- > +

2
+ 0.5555555556- ¢ (™ 887288335) 7y 0 7468145842;
2 2
I8l = -;- (0.3478548451 - & (0089931844, % 1 (a0 41649, o (0-980000478, %

+ 0.6521451549- ¢ 0-000990522)* 03478548451 - 0-930568156) )

% (.7468244681.

Otn aHAYEHMA COflepxaT TakMe abconorinte norpewHoctu: A(L) = 21079,
A(R) » 10°5, A(I3) ® 3-10°7. Daa cpabienns ykaxes, WTO 3HaYeHHe TOMO Xe
MHTETpaa, nonydehhoe B npumepe 13.2 no Gopuyne npAMoyronbHukos ¢ 10 yana-
MM, HMeeT aGCcoMoTHYI0 NorPeitHocTh npuMepiio 3- 1074, a no dopmyne Cunncona ¢
21 yanou — aBcomothylo NOrpeliNOcTh NpHdepHo 5+ 1078,

3. OGycnosnensocts ksapparypEnix ¢opuya Tayeca. Ksagpatyphue
¢opuynn Taycea obnafaloT ellle OAHMM 3aMedaTeNbHBIM CBOACTBOM: MX
pecoBble KOIPPHUMEHTH Beerfla NAN0KHTENbHE. JTO cBOHCTBO (KaK caeny-
eT M3 pactyxIeHMA npeabiAywiero naparpacda) CapsHTHpPYET XOpOLIYIO
obycnosneHHocTs KBagparyphofl dopuynn. Bonee Toro, umeno obycnos-
JIEHHOCTY PAaBHO b — @ M He 338BMEMT OT uMcila Y3noe. JTO MO3BOAAET NpH-
MEHAT: HA MPAKTUKE KBaaparyphhe ¢opumynn laycca ¢ umenom yanos,
JOCTHIAIOIMM COTEH.

§ 13.4. AnocrepROpELIe ONEEKE HOTPEIHEOCTH.
HonxTee 06 aAMNTHBELX NPOGEAYPAX THCACHHONO HHTETPEPOBANEA

Ilpumenenve Hepasencte tvma (13.13), (13.14), (13.15), (13.19) pnn
ANPUOPHON OLEHKN MOrPeIHOCTH KBAAPATYPHHX GopMyn B GONBIIMHCTBE
cly4yaeB OKA3biBaeTcA HedPGEeKTHBHhIM WK BOOGIE HEBO3MOXHLM. JTO
CBA3AHO KAK ¢ TPYAHOCTAMHM OLCHHBANMA NpPOM3BOAHMX MOALMTErpPalbHOR
byukupu f, Tak M ¢ TeM, 4TO MONy4aeMsle OUEHKH, KAK MMPABHNO, GHLIBAIOT
cunbHO 3aBhilleMHbMM. Ha npakTHke O6M4YEO MCIOAB3YIOTCA MHBE MOAXO-
AN K OLEHKe HOTrPElIHOCTH, NO3IBONAIOLIHE CTPOUTL MPOLEAYPH YHCAERHO-
r0 MHTErpHPOBAHMA ¢ ABTOMATHYECKAM BLIGOPOM LLIAra.

1. Pnasawul anen morpemmocrs. Hlycts /A — npuGauxennoe suauenmue

uurerpana I = if (z)dz, BHuncnesnoe no mekoTOpoft KBAApATYpHOR GOp-
a

MyJZe M MCTONb3ylomee pa3buenne oTpeaka (e, b) na anemenrTapunie oTpes-
ki anuun A [peanonoxku, 4T0 AAs norpewHocT 3108 GOpMyan cnpa-
BEIMBO npeAcTanenue!

! Hanommnu, uro sammch ¢ (k) = o (M) (umraerca "p (h) ectv 0 manoe or
hF) oanavaer, uro  (h)/h% + 0 npu k= 0.
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I-Ih = Ch* + o (h¥), (13.23)

rae C# 0un k> 0 — peinuMin, He aasncaume or b Torga penusumna Chk
HA3BIBAGTCA 14QONMA YAENOA NOIPEWNOCMU KBARPATYPROA POPMYAN.
3ameTHM, 4TO M3 HepaBercTBa (13.23) chefyeT cnpaselIMBOCTD OUEHKM

|I = 1| < Ch* ¢ nexotopon nocrosunon C > | C|. Tloaromy umecno k mpen-
cTaBAAeT ¢O60M He YTO MHOE KaK NOPAJCK TOYHOCTH COOTBETCTBYHOLLEH
KBaapaTypHoil ¢opuy/H.

Ecan nosgmurerpansian pyHkuma f HOCTATOYHO TAaAKaA, TO AAA KaK-
HOH M3 COCTAaBRNX KBaxpaTypHuX ¢opuyn

Ish= Elhz a)f (2, - 1 p + 44/2) (13.24)
=1 j20

cyllecTeyer rnasnbifl unen norpemwnoctd. Ilpusenem Ges pokasaTenncrsa
COOTBETCTBYIOWMA peayabTaT.

Teopewma 13.4. Tycms Ea, =1 u k — munumarsnoe cpedu namy-
70
PAABNBI VUCER, 04 XOMOPHWI GEAUNUNG

ke - 5
ct
-1 )'0"1

NIO—

omauuna om uyas. Ecau dynxyus f nenpepuano dudfepenyupyena k pas
xa ompeaxe [a, b], mo das morpewnocmu xeadpamypnoi fopuysn (13.24)
cnpagedauco npedcmaoaenue (13.23), 8 xomopou

C= Zh 110 (az = Teg (P2 (3) - A0 (@)

Cnenmcrenel Ecau dynxyus f deaxdu nenpepriono duddepenyu-
pyeaa na ompeaxe [a, b|, mo dxs nowpewnocmed cocmaonyz xeadpamypumz
fopays nPIAOYLOAVNUKOG U MpPAREYUE CRPaGedAUGH Caedyrowuc npedcmao-
Aenug:

b
I Ity = Coph? + 0 (W), Cnp= ‘ﬁ £ (), (13.25)

I- }:.'p = Crph? + 0 (B2), Crp=- :—2 if’(x)dz (13.26)

Cnepcrene 2. Ecau dyxxyus [ vemuipexds nenpepuiono dufde-
pexyupyeaa na ompeaxe [a, b), mo das norpemnocmu cocmaowotd xeadpe-
mypuoi gopuyare Cumuncona cnpnaec?auao npedcmaasexue

b
I-1 = Clt+ 0 (M) C, = -z [ﬂ"(z)d: (13.27)
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B cuny apemnonowxenma (13.23) ana norpemsnocTn KeazpaTypHOft
GopMyNIHl NpH BOCTATOYHO MANOM R CNpaBefiMBO NPHOINKEHHOE paBeH-
CTBO

- Ihs Ch. (13.28)

HecmoTpa Ha 3nemenTtapuuit xapakrep ¢opuyant (13.28), owa noasonser
cAenaTh pAM BaXHEX BHBOXOB. Ilepenift M3 HMX COCTOMT B TOM, 4TO yMeHb-
werRWe wara 2 B M pa3s npMBOANT K YMeHBiIERHIO MOTPEWIHOCTH KBAAPA-
TypHoit ¢opMyan npumepno B MY pas. Jeitereurenvuo, npu hy = h/M
HMeeM

h
I-1"s O = 3 Ché o (T~ ).

B uacTHOCTM, yMenbluenne wara A B IBa pad’a MPHBOAMT K yMeHbule-
AMIO NOCPEIHOCTH npHMepHO B 2K pa3:

I-Thh s 5,'5 Chk s i} (I- M. (13.29)

2. Mpasuno Pynre mpaktwgeckolt onemku norpemmoct®. Kak cnepyer
M2 TeopeMn 13.4, rAaBRHA uyneR NOrpelIHOCTH KBAAPATYPHOR GOpMYabl
MHTEPNONALMOHKOrO THAA UMEET BUJ,

ohs [Am st = T (pn (o) - o (@)

HenocpencTeeHnoe HenonbaosanMe 21oit GOpMynn ANA OUEHKM NOrpeLRO-

etn | ~ I" Heyno6HO, TaKk Kak TpeGyeT BHUMCAERMA NPOM3BOARMX (PyHK-

uuit f B Gonee cAOMHWX CHTYAUMAX BLIpayKeRME AN [NABHOTO YJEHA

NOrPEUIHOCTH MOXKET OKA3ATHCA CYIIECTBEHHO Gonee rpomoanxuu. Iloaromy

B BHIYMCAMTOIBROA TNPaKTHKE YABCTO INPHMEHAIOTCA METOAN OLENKH

AOrPeHOCTH, He MEMOAb3YIOlHe ABHOS BRpPaXeHHe AAA TIABROTO YJIEHA.
Buunras ua pasencrsa (13.28) papencso (13.29), noayunm

1
h2 - h ™ % Chk(2k - 1).

Yunruieaa npubnmkennoe pasenctso (13.29), npuxomum K caepyomed
npubanxeRRoi dopmyne:

I J'h"zw‘m!z-ﬂl 13
- 2F -1 - (13.30)
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Ucnoavaoranue 310t Gopuynsl AR anocTepHOPHON OUEGHKH MOTPEIIHOCTH

anavyesna /2 npMHEATO Ha3uBaTh npasusos Pynte (Mnu npaeusos dood-
Noto nepecxema).

3ameunnunel Tak kak [ - [k s 2K] - [/2) 10 ua (13.30) creny-

2k(jh/2 — h)
2F =1
BaTh AnA npuGAMXKeRHOA ONeAKH norpemmocTm 3HaveAma [h. Kak
ApaBUJIO, JTOr0 He JAENAIT, MOCKOABKY CcpeaM [ABYX BHIYMCIAEMAIX

er Gopuyna [ - Ik » , KOTOPYIO MOXHO 66110 66l MCOOIL3IO~

anayenuit nATerpana /* u /2 propoe ABAAETCA GONee TOUHBIM M MMeeT
CMBIC/I OLEHNBATh MMEHHO €10 NOTPEIHOCTS.

3ameganmue 2 3amenon h na 2k ¢popmyns (13.30) npusopurtea K
CTEAYIOWEMY BHAY:

h
1-m B (13.31)

Hlna ¢opmyn npamoyronbmankos u Tpaneuuit k£ = 2 (em. (13.25) m-
(13.26)), a ana ¢opmyan Cumncoma k = 4 (em. (13.27)). Mosromy pas
3TUX KBAIpATYpHMX cdopmyan pasesctso (13.31) npurmnaer crexyromnfi
BMA:

Byn3 (i - ") (13.32)
r;‘ -‘5 Bo- (13.33)
!-13-%(13—!2"), (13.34)

TMpswep 13.5. Mpunensia npaswio Pynre, olleNHM NOrpeliHOCTs NPHEMKEHHBX
anavemh Tnp = 0.74713088, I, = 0.74621079, I3 = 0.74628418, nonywemmx B

npuMepe 13.2 npu BoruMcnenwu uxterpana I = ie""d: H uchonbaylowMx GopMynsl

NPAMOYTONLHHKOB, Tpaneunht u Cumncona ¢ warow k = 0.1,
BoiyucanN NPHEIMKEHMBIE 3UAYEHUA MHTETPaZa Mo YHAJAHNbIM KBAAPaTYDHbIM

GopuysaM € YNBOGHHRDM 3MaYeHWem wara. B pesynetate nonmyuus I.?.g =
= 074805326, 2% = 074436832, J2* = 0.74682495.
Ipunenns renepb popuyns: (13.32) — (13.34), Haxomum



1- s % (0.74713088 - 0.74805326) » -3-10°4, I - Py % (0.74621079 -

- 0.74436832) & 6-10'%, I— P s :—5(0.74682418 — 0.74682495) % —5-10°3.

EcrecTpenBo, Y10 KpoMe NpasHAa PyHre cymectsyior ® Apyrue cnoco-
6H anocTepHOpHOi OolenKM norpeiunoctd. Hanpumep, Moxno Mcenoanao~

BAThH 3HAYEHMA I",.p H l’,‘ , BHIYHCHeHRbe no (GopMyNaM NPAMOYrONBHUKOB H
Tpanenufl ¢ ONRMM M TeM e WAroM, 1A NPAKTHYECKON OLEHKH norpem-
MOCTH KaXAOro M3 aTux auaveAui. eftcrsurentno, B pasencrsax (13.25),
(13.26) Cyp = -2 Cp. Moaromy

Iip = fhp = (Cop~ Cip)h? + 0 () ~ 3Cnpht.
Onciona creayer, 410
- w3 (o= Ihy), (13.35)
I-Byn-3 (f' o). (13.36)

Mpusep 13.6. [pumennna dopMyn (13.35), (13.36), ouemm norpemnocty
aHaueHuR Iﬁp = 0.74713088, I#p = 0.74621079, ARnAWMXCA NPUEIMKEHUSIMM K
JHRYeHuIo uuterpana | = ie"’dx (cM. npsumep 13.2).

Hueew [ — Iy » % (0.74621079 — 0.74713088) w -3-104, I — B,

8 -2 (-3 1074) = §-10°%. Ormernn, Y10 noAY4eHHBle OLEHKM COBNAJAIOT C
COOTBETCTBYIOUIMMU OlleHKAMM M3 npiMepa 13.5.

Hannuve HexoTOpOro mnpaBn/jia NOMYYEHHA ANOCTEPHOPHOR OLEHKH
OOrpeltMOcTH NO3BONAET ¢TPOMTL NPOUOAYPH BHIYHCAEHMA MuTerpaia [ ¢
3ANAHHON TOYHOCTBIO £, AOCTHUrBEMON NOC/NEAOBATE/AbHHM Apoliesnen
mara uaTerpupopaBHA. IlpocTefiniasn npoleaypa TAKOrO THAA COCTOMT B

NOC/AEAOBATENBHOM BHYHCIERMN 38a9enHil [™ 1 COOTBETCTBYIOMIMX anocTe-
pHOpELIX ONEROK morpemmocTd €, (BManpumep, mo npasuny Pynre) ans
h, = hy/2, rne Ry — HawanbEOE 3Ba%eRMe wars, ¢ = 1, 2, ... . Buyucaennn
NPeKpallaloTcA TOrAa, KOrAS NpPM HEKOTOPOM 1 OKasuBaerTcA [€,| < €
(TpeSyeMas TOYMOCTL AOCTHIHYTa) /AMGO TOTA8, korga beanuuma |€,|
HBYMHESET BO3PACTATh (TOYHOCTH HE MOXKET GWTL JOCTMTHYTA M3-3a BJIM-
AMNA BHIYHCANTENBHON MOTPEUIMOCTH).
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Mpaeep 13.7. Hafnen axayenme unrerpana | = I[e"-"d: ¢ ToYHocTBIO € = 1074,
0

HenonbayA opMysy TpaneuMil M NMPHMEHAR NpoleAypy NociefoBaTesbioroe ApoS-
JIeHWA LIATa HHTErpHPOBAMMA, ONTHCAHHYIO BHIllE.

Boabuen Ry = 0.2. 3navennst "0 = 0.74436832, ™ = 0.74621079 (rne A, =
= hof2 = 0.1) m g = 6-10"1 66 yme nomyuennl (cu. npunep 13.5). Tak kak
lei] > € To ymembmaen war eamoe: b, = hy/2 = 0.05 u shrucnnen 2 =
= 0.74667084, €, = % (™ - My = %(0.?4667084 — 0.74621079) & 1.5+10%. Tax

xak |€2] > &, To cHoa Apobum war: hy = hy/2 = (.025, uivucaen P =
= (.74678381, €3 = % (' - M) = %(0.?4678581 — 0.74667084) & 4-10°5.

Mockambky |€3] < €, TpebyeMas TOMHOCTb AOCTMTHYTA M € Y4YerToM OKpYTJIEHUA
nonyvaen J = 0.7468 + 0.0001.

3. Oxcrpanonsnan Pagsapacoss. Hanuume npubanmxenHoro paseHcTsa
2 _
I-mh" s %I Ch% n popmynu %-:_k R I:T:-l—f-h NO3BONAIOT MOMYYUTE YTOU-

HeHHOE€ 3HaveN e HHTerpana

Is hh +§,‘1—1(1M-Ik). (13.37)

TakuM 06pa3oM, KBaAPATYPHAS (POpMYna /A NOPOMARET HOBYIO KBALPATYP-
ayi0 dopuyny (13.37), umeomyio 60nee phCOKHA NOPAROK TOIMOCTH.
EcaH 370T NOPAAOK H3IBECTEH, TO MPOLECC YTOYHEHMA MOXKHO NPOAMIKHTE.

[Ipennonoxus, HANPUMEP, Y4TO AJA NOrPeUIHOCTH KBaapaTypHoit ¢op-
MyAHl COpaBe/IMBO NpPefiCTABNIEHHE

k k
I-h=Chr4+ Ch 4+ ..+ Ch M+ o (A Y (13.38)

mpuBeex N=1,2, ., npnaeM 0 < b < kb < ... < ky < ... . B arom caay-
uyae ¢opMyna (13.37) npuBoaNT K cneaylolieMy METOLY YTOUHEHMSA, KOTO-
PHIl HA3WBAIOT TaKXe aemodou axcmpanossyuu Pyvapdcoxal. IlyeTe mar
h uamensuaerca no npasuay b, = k. /2, j =1, 2, ..., N. Cuavana nonara-
10T lg = . [Ina sHunciienMs Beex MOCACAYIOWMX NPUOAMXEHMA MCHOAb-

3YI0T peKyppeHTHOe cOOTHOLeRMe

I Apan6ann Pun Puuapncon (1881 — 1954) — aurnufickuit MaTeMaTHK.
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Npusep 13.8. Tak xak ana Gopuynw Ttpaneumnit paseterso (13.38) Mueer
Mecro, mpuyen ky = 2, by = 4, ..., ky = 2N, 10 K Helt MOXHO NPHMEHHTH BKCTpPa~
nonAumio Puvapacona. B pesynbrate nomyvaercsi Tak MashiBaeMbid aemod Poa-
Gepia. CyulecTBYOT CTaHAAPTHRIE MPOrPAMMEl BRIMHCNEHMS WMTEIPAlioB MeETONOM
PoumGepra. [lpaBna, cneayer oruetnTs, 410 3DGEKTUBHOCTL  ITOrO MeTONa He
penika. Kax npaBuno, nNyyulHA pe3yneTaT naeT NpuMeHeHMe KBafpaTypHbix ¢op-
nyn laycca wim paccMaTpMBaeMBIX HMXKE aJaNTHBHBIX NpOUENYP YHC/IEHHOTO
MHTErpHPOBAHUA.

3ameuanne [Ileppuit xe wmwar merona PomGepra npuBOAMT K

YTOYUHEHHIO KBAAPATYpHOR (OpMy/Ab TpaneuMil, cOBNANAIOWIEMY ¢
dopmynoft Cuuncona. JleitcTeurensHo,

1 4 1
R AR R T
_2h(h + fo 2N R(h + fo, ™) _
BE +fg|fm]‘§[ 2 +:§1f'—
=ttt h+4 i e 28 =0

4. ApanTenane OpPONSAYPl YHCAGHEONO HETerpuposamma. Jlo cux nop
HaM Geino yaoGuee paccMATPHBATH METOLB YHCASHHOIO MHTErPHPOBAHMA ¢
NocTOARABIM maroM. OfHAKO oBM OGMANAIOT IHAUMTENBHO MeHbllelR 3¢-
DEKTHBHOCTEIO H MCAOL3YIOTCA B BHIMMCIMTENBHON OpPAKTHKE CYLIeCTBeH-
HO pexe, YeM MeTOAN ¢ nepemeRHbM waroM. O6nAcHAeTCA 310 TeM, Y10,
PAPHOMEPHO PACAPERENAA YN N0 OTPE3IKY WHTETPHUPOBAHMA, Mbl MO~
HOCTBIO UFHOpHMpYeM OcOGEHHOCTH noBeleMnA NogHATerpansHolt dyukunm.
B TO xe BpeMA MHTYMTHBHO ACHO, YTO HA YYACTKAX IUIABHOIC M3MeHEHMA
GyRKOMKH ROCTATOYHO MOMECTHTL CPABHMTEABHO HEGONMBIIOE YMEAO Y3JOB,
PadMecTHB 3HAYHTENBHO GOJIbIIEE HX 9HCIO HR YYACTKAX Pe3KOre HaMmeme-
Hua dynkuun. Pacnpefienedne y3l0B MHTETPMPOBARHHA B COOTBETCTBHH C
X8paKTepPOM NOBEACHWA NOAWHTErpanbHoll GYHRKUHM YACTO MOIBOAAET NPH
TOM xe o6meM uHcae yaNoB NOAYHNTh IHAYMTENBRO GONee BHICOKYIO TOW-
HOCTh. TeM He MeHee BMGOP COOTBETCTBYIOMIErO HEPABHOMEPHOTO pacnpefe-
JICHHA Y3JI0OB MHTETPHPOBAHMA ABNAETCA O9€Hb CJHOXKEHON 3apadel H BpAn
JAn Mor GHTh WMPOKO MCNO/L30BAH HAa NPBKTHKE, ecAH Gh ANA pelleHns
aTOft 3aMAYM He yAanock npupicds IBM.

CobpeneHHEe NPOREAYPH YMCMIEMHOTO MHTErpHMpOBaHMA (adanmuexwe
roadpamypxse npoIpasun) MCAONL3YIOT HEKOTOPHAl ANrOPUTM ABTOMBTH-
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9eCKOr0 pacHpefieNioBns Y3noB uuterpuposanns. Ilosasaoparesns Takon
nporpaMmMel 3afeeT OTpe3oKk (e, 8], mpaBunC BuuMchenMnA Gymkouum [ M
Tpebyemyio Tounocts € > 0. Iporpamma cTpemuTesa, HcnoNb3ys no BO3I-
MOXHOCTH MHHMMANBHOE YHCIO YANOB MHTErPUPOBAHMA, PACHpPENEIHTL KX

TaK, YTo6L EalifieRHOe aadcHMe [h = glf," YAOBJIETBOPAAC HEPABEHCTBY
1

| IR - ?f(z)dzl <E. (13.39)

a
Iy
3aech J"." — npuGANXeHAOe 3HaYeHHe HATerpana [, = z_[ lf (z)dz,puancas-
-

€moe no HekoTopoit GopMmyne.
Tunuanas fporpaMma pas3Guaer HcXOAMIR OTpeaok [a, §] Ha anemen-

TapHHe OTPE3KH [z, Z] TAK, 9106 AnA norpemnocreh R, = [, - ™oen-
NOJHAAOCH WEPABEHCTBO

.g. [R| <e. (13.40)

IIpy 2TOM KemZHA M3 NEeMEUMTAPHEIX OTPE3KOB MONYYaeTcs, KAK MpPaBMAo,
AeJleNMeM NONONAaM OAHONO M3 OTPEKOB, HANACHHHIX Ha 060nee paBHeM
urare anropuTMa. 3ameTHM, 9T0 HepasencTso (13.40) Bmnoamserca, ecam
Kax[aA M3 norpeitHocTell R, ynosnersopser ycaosnio |R,| < Ag/f(b - a).
Hecraurensso, Toraa | - It = |5(I. - 1‘:“)| < ElR.i < = Bh, =
=1 "l b-a 4,
=€
PaccmorpuM, Manpumep, oiHY H3 mpocTeHMIMX afalNTHBHEIX NPOUEAYP,
OCHOBAaHHYIO RKa ¢opMyne Tpanenuit

Lol =2 (e + ) (13.41)

1 MCMOMB3YIOIMYIO JUIA KOHTPOAA TOYHOCTH COCTABHYIO $OpMyay Tpaneuui
¢ waroM h,/2:

Lw = 2 + 210+ ) (13.42)

3ameruM, 9TO 6CAM 3IHAYEHME }:‘1'“ yme HakjeHO, 70 OJAA HAXONKASHHA

3HA9CHUA l'," Tpebyerca AHUb OAHO AONOAHWUTEJNbHOE BhIYMCIeHVe (yHK-
ouN fB TONKE T, - | 2
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MoikHO nOKA3ATE, uTO [AAA OUEHKM MOrpemIHOcTell KBAJpPATYPHLIX
¢opMyn HHTEpNONALMONHOTO THNA HAB MIEMEATAPHHX OTPE3KAX MpaBHIO
Pynre coxpanser cuny. [lo3ToMy DOTpelIHOCT: OPHEAMKEHHOrO 3HAYEHHA

f.‘ MOXHO OLEeHNTh Mo dopMyne

Rivei= g(r,u_re) (13.43)

™.V’

B paccuaTpHBaeMoil aganTHBEOR Npouefype NOCNefOBATENBHO BuGHpa-
OT TOYKH Z; ¥ BLIYMCAAIOT 3HAYEHMNA

i T
Si= _211‘,’-1' 8 [f(adz(i=1,2 .., n),
7 a

mocnesaee N3 KOTOPHX S, coBmaxaeT ¢ /A u npuuMmaercs 3a npHGAMKen-
HOe 3HaveHue wHTerpana I. Ilepen Havanom paGorsl monarawor Sy = 0,
Zp = G M 33AAIOT HEKOTOpOe HaualbHOE SHavedMe wara h;.

Onuimen il war mpoLeAYPH B NPeANONOXEHHH, YTO 3HAYeHHE S Yxke
HaltieHo M ouepesnoe 3naveHHe wara k; onpepeneno.

1°. To opuynam {13.41) — (13.43) puuncasior snavenns It

TP, ‘r'ili' €i
20, Ecam |€;| > hg/(b ~ a), TO war A, ymensiwalor B 2 pasa U NOBTOPA-
OTCA BRYHCAennAa n. 19,
30. Mocae Toro Kak ouepeface Apo6ieHue HIAFA DPUBOAMT K BHMIOMHE-

unio ycnosua [€;| € ke/(b - a), puuncaAiOT 3uadeRNA z; = 7, + &y, S =
= S|-1 + I?'

49, Ecan z; + k; > b, 10 nonarator ky = b - 1, B mporumROM cnyuse
ponaraloT Ay = h. Ha atom i war ssspepmserca,

SamMeuynnue ]. B HexoTOpHX aganTHBEHX NpOLEAYPAX NPH BuI-
nonsenun yenosua tuna |€;] < k£/(d - a) ouepennoe amauenme wara
yapanpaercA: Ay = 2 hi. Takum o6pa3om, war MHTErpPHPOBRHMR B
33BMCHMMOCTH OT XAPAKTEPA MNOBEACHMA MOAWMTErpanbHoN GyHKOUM
MOXET HE TONBKO H3IMENBYATECA, HO M YKPYTIHATHCSA.

3ameqanue 2 Hasecrno (9], 410 npu onTUMANBHOM pacnpenene-
HUHM Y3/10B WHTEr PHPOBAAHA MOAYNM MOTpeliBocTefl, NPUXOAALMXCA HA
eMEeMTADHKE OTPe3KM HHTerpupOBAMMA, AOMKHK 6HTh NpUMEpMO
onuHakoBrMM. Pacmpenenenvie ysnos, nolyyeHHOe ¢ MNOMOLIBIO &AM~
THBHHX OPOREAYP, K&K NPaBM/IO, HE ABJIAETCA TAKOBbIM. OOHAKO OAA
GoablMHCcTBE PYHKUM OHO ABNACTCA BAONHE YAOBNETBOPHTENBHEIM.
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§ 13.5. Buamenename nETerpanos
B BepEryAApELIX CAYIANX

Hepeako npMXOoAHTCA BRIYMCIATL MUTETPAIk
EF (z)dz (13.44)

or (GyHKuMit, MMEOWMX Te HIAHM HHue ocobennocrin. Hampumep, cama
dynkupua F (MM ee Npon3pOAEAN HEKOTOPOrO MNOPANKA) MMEeT YMACTKH
PE3KOTO M3IMEHEHWA, TOYKH pPA3PHBA MAM ABJIAETCA HeorpaHHYeHHO.
Takue pyHknMM NNOXO ANOPOKCHMMPYIOTCA MHOTOWISHBMH M TOITOMY AAA
BHIYMCACHHA COOTRETCTBYIOIIMX HHTErPANOB MOMET OKa3aTbeA Hedddek-
THBHHIM HENOCPEACTBHHOS NPHMEHCHHWE CcTAHAAPTHRIX KBaIPATYPHEIX
¢GOopMyN, PAcCUMTSHHEIX HAa BO3MOXKHOCTD KYCOYUHO-MHOIMOYIEHHOR aNNpOK-
cumaunn ynkuun F. Cayuait, xoraa B marterpane (13.44) mpomexyTok
MHTErpHpPOBAHHA GecKOHEYEH, TAKKE TPEGYET CMEUHANBHOTO PACCMOTPEHNA.
2
Mposep 139. Oyrumsa 1 & wueer ocoberocts B rouxe z = 0. TMonpo6yen

{z

NPHMEHHUTD AJIA BLIMMCJIEHHA HHTErpana

2
I= l—‘ % drw 1.680677 (13.45)
[z
$opuyNy NMPAMOYTOMBHHKOB € NOCTOAHMBLIN WArOM:
2
I8 Inp= .5 efrtf2p, (13.46)
Y

PesynbTaThl BHIMMCIEHMR ANA HecKONLKUX 3Havenuit wara kb npusenens! B

1abn. 13.3. 3aMernn, 4To 3Havenus Jnp CXONRTCA K I ouenn wennenno. Teopernye-
CKMA aHANK3 NOTPEIIHOCTH MOKAILIBAET, YTO OHA YObIBAeT MPONOPUMOHATBHO NHLIL

k72, a ne A2, kak B perynpHoM cnyuae.

L]
Tabnnualdld

h Tnp I-Inp
0.200 1.420 2.7-101
0.100 1.499 1.9-107t
0.050 1555 1.4-107t
0.025 1.5%4 9.6-10"2
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YKakeM HAa HEKOTOPHIe MOAXOAL K BLIYHCJIEHHIO MMTETpalioB B HEpery-
JAPHBIX CYUYAAX, NO3BIAIOWNE YIeCT: OCOGHHOCTH NnobefleRMA QYHKUMM
F v Gnaropapa 3TOMy 3HAYMTENBHO COKPATHTb 3ATPATEI NAILIMHHOLO BpeMe-
HH HAH JOCTHYL GOnblUedl TOYHOCTH.

1. Pas6menme MpoMEXyTKs NETErpuposamss oa qacta. [lycte nopmn-
terpanbHan QyHkuMa F aBnserca Kycouno-rnankot u ¢ < ¢ < ... < ¢p —
M3BECTHHE TOYKM pa3pnea (PyHKUMM F an60 ee npomasoguux. B atom
cAyqae MMEST cMBICA NPeAcTaBHTb MuTerpan (13.44) B Buae cymMmb:

c

[F (8)dz= | F(2)dz + ('F (dz+ .. + | F(a)dr. (13.47)
a a cl Cp

Briuncnenue KaXAOro u3 Bxoasmmx B cymmy (13.47) unrerpanos npen-
CTABIAET ¢OGOH cTAHOAPTRYIO 3alady, TAK HAK H8 KAXIOM M3 YacTH4HBIX
orpeskos [a, ¢, [e;, ¢3), ..., [ep, D] monmmrerpansnan pywkuus sBagerca
TAAAKOR.

Pa3s6Henne NpoMexXyTKa WATErPHPOBAHMA H8 98CTH MOXET OKAIATHCA
NOAE3HbLIM OPMEMOM M B APYIMX CIy9adX, HaNpUMep TOTAA, KOTA8 HMEer
CMHIC/I HR PA3HBIX YacTAX MPHMEHATs pasNnYHKe KBaaparypumue ¢opMy-
apl. JIpyroit npuMmep faer CTBHAAPTHHA APWEM BLIYMCIEHMA HOCOGCTBEH-

MuX uaTerpanoe suaa |F (z)dz. Ecin TpeSyercsa BHYHCINTS TakoRk MMTEr-
a

pan ¢ ‘I’?‘IHOCTBIO €>0, T0 €ero npeacTaBnAlT B BUAE CYMMH:

-

|F (z)dz = 7}" (z)dz + IF (z)dz. 3arem Gnarogapa BHGOPY AOCTATOYMO
a a

60nbuIoro b OGMBAIOTCA BHINONHEHHA HEDABEHCTRA IlF (g)dz] < /2 n

BHYHCAAIOT HATErpa h’ (z)dz ¢ TounoOCTHIO £/2.
a

2. Bupenenme becs. B HeKOTOpHX cayyasx NOABMTErpansHasd QyHKUMA
HDOMYCKaeT pasiokenue ua apa comuoxurena: F(z) = p (z)-f(z), rne
GyRKUNA p (z) ABAAETCA AOCTATOYHO MPOCTOfl M MMEeT Te e OCOGeMHOCTH,
uyro M F (z), a f(z) — rnankan ¢pyukuna. Torna nmeer cMuCA paccMaTpPH-
BaTb MHTerpan (13.44) B BHge

I= zp (2)f{z)dz. {13.48)

3necs byuknua p (z) Ha3HBaeTCA eccoeod Pynxyued (mau eecow). Ilpn
NOCTPOGHMM YMCTIEHHBIX METONOB BhYMcAeHMA uHTerpana (13.48) pecopan
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bynkuma cuntaercs dukerposannoit. B 1o ke ppema f(z) moxer Gute
NPOH3BONLHON AOCTATOYHO raanko# GyHxknmen.

TipnMepamm BecoBurx GYyHKUMA MOTYT CJTYXKUTh HOCTOARMBIA Bec p (z) =
21, pecopue ¢ynkunu fAxobu p(z) = (z - a)*(b - e)f (a < z < ¥),

Jlareppal p (z) = %70 < z < «) 1 Dpuuta p (2) = ¥ (< 7 < ),

COOTBETCTBYIOIME MHTErpasaM BHAG Ef (2)dz, i(z - a)¥z - b)Ff(z)dz,

Izﬂe'rf(z)dz, 'Ie'ﬂ)"(x)dr.

Meroan npHOAMMKEHHOrO BHIYMCAEHMA WHTErPAloB, PaccMOTPEHHbE B

npeAbnAyInHX naparpagax, NpHMEHHMb! M K 38[a4€ BHYHC/ICHHA HHTerpa-
JIOB ¢ BECOM.

Ilyeth Py i — nuTepnonsumonnne Maorounenn (13.17). Mpubanxkennan
aamena: Hurerpana (13.48) cymmon:

7]
= 'gl 4‘{p(t)Pm§ (r)dz

NpMBOAMT K crnepylomed KpaapaTypHolt ¢opMysle HHTepROAALMOHHOTO
THAA:

Ist= 8 ayf(zio 1 n+ th/2). (13.49)

if1  j=0

3aech KoapHuNEHTH! a;; BHYRCTAIOTCA NO Popmyne

1 m - 1
i = = - ; — di.
w=p orn+uyn |
kg j
Ecan ¢yukunsa f mmeer ua orpeske [a, 5] HenpepmBHYIO MPOM3BOARYIO
nopazka m + 1, T0 ana norpeirnoctd ¢opMyan (13.49) sepHa onenka
b
[T = 1* € CaMui [|p (2)|dzhmax-
a

lipswep 13.10. Bripegex ananor GopNynhl NpAMOYTOMLHHKOB € MNOCTOAHHBIN
warod ana BeEMHCAEHMA MHTErpana

! Snuynn Hukona Narepp (1834 — 1886) — dppaHuyackuil MaTeMaTHK.
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I= ! Ef(t)dt (13.50)

3amenan Gynxumio f Ha sneMentaphoM otpeake [z, £ MoctosHHOR ., M
YYMTLIBAR, YTO

1 2h
"‘-.f(f)dﬂ’ —fo1pdt=———f.n
L L ' 4+ (o
NOMYYHM CIEAYIOWYI0 KBAAPATYPHYIO dopMyny:
i—f(:)dswﬁ' [ e N S (13.51)

E "Ffﬂ?

Tipeasep 1311, [punennn keanparyphyic dopuyny (13.51) nna suumcnenna
uterpana (13.45) npyu Tex e AHAYEHHAX wWara, 4To H B npunepe 13.9.
B paceMatpupaeson cayvae dopuyna (13.51) npunnmaer sux

i—e“ad:ﬁi kg ’2

tl.’z
OE "I_"’r

Monyueitnie ¢ ee NMOMOWLIO Pe3yNsTaThl NpuBefeHnl B Tabn. 13.4. CpasHedue ¢
pesynbTaTaMK npHMepa 13.9 noxadnisaer, Yro AAA BbMHCAEHMA uiterpana (13.45)
dopmyna (13.52) umeer GeaycnoBHoe NpeuMylecTBo Nepen GopMYNIoR MPAMOYTOIL-
mscon (13.46).

(13.52)

Tabnuualdd

h n I-n
0.200 1.686276 34103
0.100 1.688958 7.2-10°4
0.050 1.689521 1.6- 104
0.025 1.689642 3.5-10°8

Jina suuncnenna uurerpanos (13.48) npumeHAIOT M KBagpaTypHME
dopuyau Taycca Zp (2)f (z)de = l?.AJ (z,), TOYHBIE AAR MHOTOWIEHOB

Hanbonee BHICOKOR cTemeHH. OHM CTPOATCA AHANOMMYHO TOMY, kKak GBINO
CAGIAHO B CNYRae MOCTOAMMOrO Beca p (z) = 1 (cm. § 13.4),

Mpeowep 13.12. llna serumcnenmA unterpana (13.50) nocrpoum keagparypuyio
dopuyny Caycea ¢ oapum yanom:
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i L f(Mew af(n). (13.53)

I

Torpebyeu, yrobsr popuyna (13.53) 66118 TOURA ANA MHOTOWIEHOB MEpAOA CTene-
HHM. DT0 SKBHMBAJIGHTHO BLINONHEHHIO PABEHCTB 2 = iid: = q,§= i‘—{d:=
0

* iz
= qn. Taxum obpason g = 2, 5 = 1/3 u dopuyna (13.53) npuunmaer Bun

| I‘l_ F(a)dz 2f [;] (13.54)

Xora dopuyna (13.54) u Kamercs mpUMMTMBHOA, MPHMEHAR ee ANA BhIMCNe-
HUA uuterpana (13.45), nonyvaem avavenwe ] & 1.780679, abcomornaa morpew-
HocTh Kotoporo paBua 0.1 ¥ NPAKTHYECKH COBRAfasT ¢ NOTPELIHOCTBIO 3MAYEHMA,
HafifenHoro B mpuuepe 13.9 no dopuyne npAsoyromeHMkop ¢ warow A = 0.025.
3ameyatentuo 1o, uro dopuyna laycca (13.54) pocturaer rounocern € = 0.1 mpu

HCMONB3OBAHHM TONBLKO ORHOMO BHIMMCTEHHSA suavennA dywmruu f(z) = 2. B 10

we BpeMs dopuyna (13.46) ana nocTmmenus toft xe toumoctH tpebyeT BLMMCIe-
uua 40 sHavenuN PYHKUMM.

3. ®opuyna Ipumma. [laa BHYNCEGHNA MBETErPancB BUAA i ACK ds,
Ao

Te. B cyuse p (z) = 1/{1 = 2, a = =1, b = 1, nenonsaylor Kamparyp-
Hy10 ¢popuyny I'aycca

| L gen IR fa),
-lm LY

HA3LIBACMYIO $opaysol Dpauuma. Yanaum 310i GOpMynsl ABIAIOTEA HYAM

uHorounena Ye6uumena To(z), T.e. unena z, = coa -(-?-'2;—1)—’. 1€1¢<n.

4. Hererpuposasme Gucrpo ocmmannpyronx $ymxmmli. B 3azawax
PAAMOTEXHUKH 9YaCTO BCTPEYaeTcA mnpoGiemMa BHYHCIEGHAHA MHTErpasoB
BHOA!

i f(z)ew: dz = E f(z) coswz dz + 171:)35:10: dz. (13.55)

I Hanpuwep, F (1) = f(z)e'™ orpevast Hecywlemy BLICOKOMACTOTHOMY KoneGa-
Wio e®T ¢ MoayIHpoBaHHOA aMmnuTyaoR f (7).
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3neck w (b - a) > 1, f(z) — HekoTOpAn AOCTATOYHO riaakaa GYHKOMA,
a 1 — uAnman egnAMoa. Oyukupm f(z)cosw z w1 f(z)sinw z apasiorca
6bICTPO MEHAIIMMHCA W MMEIOT B3 oTpeake [a, 8] nopaaka (b - a)w/r
Hyaeit. \Eciu nonuTaThed BHYMCINTL MHTerpan (13.55) ¢ nomompio ctan-
HapTHEIX KBEAPATYPHHX (POpMyA, TO AnA obecnedenHs OpUEMIEMOil TOY-
MocTH Ha kaxauk "moaynepuon" koneGanmit mognHTErpansHON GyHKOMA
notpeGyeTca MOMECTUTh XOTA 6b1 HeCKONbKO (HanpuMep, MOPANKAE NEeCATH)
Toyex. Tak kak ma orpe3ok [a, b] npuxoanrca npumepro (b — a)w/r Taknx
"nonynepnonos”, To HEOGXOANMO MO MeHbIUEN Mepe mopAfka w (b - a) » 1
yanos nurerpuposaumua. CnexoparenbHo, CTABAAPTHEIL MOAXOA K BRYMC/e-
Huio uurerpanos suaa (13.55) notpeGyer ciimmikom GOMBIWIMX 3aTPAT MA-
WHEAOCO BPEMENH.

JAna cywecTeeHHOro yMenbuleMMa ofObema BHYHCACHMIA B paBencTBe
(13.55) nonesmo pacemaTpusath GyHkIHIO p (2) = e™T rak Becosylo. Tor-
A KYCOYHO-NONUMOMMANbHAA HMTEPNOAAUMA PyExuuM f(z) npMBOAMT K
KBAIPATYPHHM GOpPMY/NaM HMHTEPNOIAUMOBHONO THNA, KOTOpHe MPHRATO
Ha3uBaTh gopuyrauu Pustona.

Busenem ozuy ma Takux ¢oOpmyn, OCHOBAHHYI0 Ha MATEPHONALMMN
byukunn f(z) Ha KAXOOM M3 NEMEHTAPHLIX OTPE3KOB [Ix-;, zx] AMHeRHONA
byakuuet Py (1) = fir + (K — fic)(z = 2x1)/hk v ARnsIOmMyroca anano-
roM cocTaBROR KBagpaTypHo#t ¢opumyan Tpaneumit. Ilonomxum

Zj "t h* Tk "t
T =1'L| f(z)e” " dzw Ik = ILlPl'k (z)e  dz.

h
Buiuncane maTerpan f:, nonyyaem ¢opmyny

h
rk* = 25 (Arfir + Bif)e™™1 22

3pecs
Ap = sinpg +1 Pxcos Py = BmPk. By = sinpy . PECOSP) = smpg.
Py Pl- Px
o why
pk - 2 -

B peaysnbTaTe NpUXOAMM K cocTaBHON dopMysie BHa

b Wz noRy oy
!I f(z)e " dzw El 2 (Axfic1 + Bifr)e .
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5. Apmrrungoce supeneame ocoGemmocrs. MHoraa noanmTerpanbHylo
$yurusio ynaserca npeacTaButs B Buste cymmnt F (z) = ¢ (2) + 9 (z), roe
dyuxuna o (z) comepKUT 0COGEHHOCTB, HO HHTETPUpYETCA AHANMTHIECKHM,
a dynxuma ¢ (z) smaserca pocrarouno rnaaxod. Torma uuTerpan or
dyuxuun F npefcTaBnfiorT B BUAE cyMMB ABYX MHTOrpasios:

? F(z)dz = ?p(a‘)dx+ i Y (2)dz = [V 4 (1

llepuift ¥3 HMX BLIYMCAAETCA AHAIHTHYECKM, & 3HAYSHME BTOPOTO MOXKHO
HBATH ¢ DOMOMILIO TOl MK MHON kBanpaTypaOl GopMyaL.

NMpiosep 13.13. YiadaHHbIf OpleM MOXHO MCMONBI0BATE ANIA  BHIMMCACHHA
unrerpana (13.43). [IpeacraBuM uiTerpan s sMae

- -z? _
i‘—l—e"’d:=il ﬂd:+i°___l_i_‘_2d;=;m+ﬂz|_
I ° [7 I
Hurerpan (1) surancnsierca ananuthdecku: ' = 1.6. B 10 xe Bpeua dyHxums

(e""’ -1+ r?)/]_: TPMXALI HempepbBHO anddeperunpyema ua orpeske [0, 1].
Mooromy murerpan 712 MoXHO BEIMMCAMTL Mo popMYNe NPAMOYTOMBMKKOB. B
pesysibTATE NPHXORUM K opuMyne

Ixf"=l.ﬁ+ﬁ§ L

=l "‘t'_IIZ

Haft fietititie no welt NpuGikenHbie J3HaYeHHA WHTerpana npusefensl B Tabn. 13.5:

(‘31?'I 21+ 2.4

Tab6nnualib

h m -1
0.200 1 687874 1.8- 1073
0.100 1.689227 45-10™1
0.050 1.689565 1.1-104
0.025 1.689649 2.8+10°5

Koneuro, orMeveRfiLie NpHeMbl NpefcTaBAIOT ML HEGONBIWYIO YacTh
TeX cpeicTB, KOTOPLIe MPUMEHAIOTCA MPU BRIMUCACHKH HATETPANIOB B Hepe-
rynapaux cayyaax. HHoras, Hanpumep, OKa3snBaeTcA none3Hoi 3amena
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b
nepeMenitux r = ¢ (I), ApHBOAAmAA MHTerpan K Buay [ F(z)dz =
a

B
= | F(p () ¢'()ar.
o

§ 13.6. lonanamrennEue 3aMeqaEEN
1 Mb He paccsaTpuBaem TipoGieMy BEMMCIEHMA KPaTHOTO MHTErpana

I=A{| " [f(a, 2 ... ta)dndz, ... dzm, (13.56)

NOCKOMIBKY 310 notpeboBato 6bl NPHBTEMEHHMA ROCTATOMHO CJIONKHOMNO MaTeMaTH-
yeckoro annapata. OrpanuyMMcs yKasaHHAM Ha TO, MTO B NMPMHUMNE BbMMCIeHMe
unTerpanon (13.56) MOXHO NMPOBOAUTL METONAMM, AHAMOTHYHLIMH DACCMOTPEHHHIM B
arolt rnase. CootBercTEyiOlHe xyfamypubie @opayas! NS BLIMMCNIEHUA KDATHBIX
HHTErpanos KMET BHA

N
Is & Af(g0, 4p, ..., 7). (13.57)
”

Cpenn dopuyn (13.57) ecte KyGaTyphble POpPMYNH HHTEPNONAUMOHHOIO THNA M
ky6atvpunie <¢opuynnl [aycca. Heorpa ana BelYMceHMS KpaTHOTO MHTerpana
OKAILBALTCA UeNecoobpasHbd CBefieHMe €r0 K  MOBTOPHOMY  BEIMMCIEHHIO
OLHOKpaTHbIX MHTerpanos. JAA nNepBOHa¥anbHOrG 3JHAKOMCTBA € MeTONaMM
BLIUMC/IEHHA KPaTHBLIX MHTETDAnoB NOXHO pexoneHnoBats kuury [9), [43].

2. BbluMciieMMe KDAaTHLIX WHTETpPAoB YXe NpM He odverb GONBWIMX 3HAYEHMAX
m3? 6 asnsercA ovens cnoxuod aanaved. Ilpumenerme ANA BBHIMHCAEHHA TAKMX
MHTerpanos KyGatypHux ¢opuyn Thla (13.57) Tpebyer (naxe Np OYEHBb CKPOMMbBIX
3ANpOCax K TOMHOCTH) Takoro Gonbuioro Yucna N BhlvHceMMA 3HaueHUR dyuKuMh
J uto peluenme 3alay¥ Nake MPH MCTIONMBIOBAHMM Cambix coBpemelHbx JBM
CTBHOBUTCA HepeanbHhid. [IpuBfexareNnHoM aNBTEPHATMBOA B TaKOW CHTYallHK
CTAHOBUTCA McNONbaoBaHue aemoda Monme—Kapao. [pocrefliuee NpefcTaBneHHe
06 3rom werone (Ha nNpHMepe BLNMC/IEHMA ONMOKPATHOTO MMTErpaNa) MOXHO
nOTYHMTh M3 ydeGhmka [21]. Mbl Bce ke pexoMenayeM oGpaTMTLCA M K BecbMa
conepxarenbiony obcyxaenmnio Metrolla Monre—Kapio, nposesentony B Khre [9).

3. Unorna BoaHMKaeT HEOOXOAMMOCTbL NO MaBectHON dyHkuuu f(2), aanaxHon
a otpeaxe [a, §, BoccTanoBuTE ee nepaoobpaaylo

! Bnpoues, dopuynnt {13.57) HaabiBaloT Takie M KBAAPATYPHLIMH.
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I
y(8)= { f(6ME a< < (13.58)

Ilp kaxpod ¢uxcuposannod z GyHrumoe (13.58) MOXHO paccMaTpMuaTe Kak
onpeaenenHbin MHTerpan suAa (13.1) M BHYMCAATE ¢ NOMOLIbIO ONHOTO M3 M3BECT-
ubx MeTofoB. OnHake ecnu Tpebyercs MaxOmUTh aHaueHMA ¥ (Z) B Gonbluod uncne
PAAIHYHKIX TOYeK, TO TAKOA MOAXOA CTAHOBMTCA HelenecobpasHeii. Qxasbmaerca
6onee BLMOAHEIM pasbuTe otpesck [a, 8 Ha anemeHTapHhle OTPeakh TOYKamH @ =
=< <pp<.. <zp=b a8 sarem coctabuTh TAbMMUY 3HadeHnR ¥, M y (7)),

h
0< < n 3HaveHna y, MokHo HafTH, HanpuMep, no dopMyne w = py + [,
I;

h
1€1< o 3geck o = 0, a I;' — npubmuxenne K wuuterpany L F(2)dz,
=1

NosydeHHOe ¢ MOMOWBI0 OfHOA M3 KBAaAPATYPHhx ¢opuyl. 3HaueHne y (1) B
moBoil M3 NMPOMEKYTOUHBIX TOUEK MOMHO 3aTeM NPHOMMKEHHO BOCCTAHOBMTB, MC—
nonbays HurepnonAuwmo. Tak kax anavenun y'(z;) = f(z) dakruuecku rakwe
M3BECTHB!, TO BEcbMa NOAXOAALIMM ANS HHTEPNONALMH Ha KaM[oM aAneMeHTspHOM
orpeake [r.), x] ABnmercs KyGuueckuil wMHorowleH Jpuura (oM. § 11.5).
HenonbaoBatine aroro cnocofa MHTEPNONALMH NO3BONAET HAXOAMTH 3HaveHus ¥ (I)
€ AOBOMBHO BLICOKOM TOYHOCTLIO MO CPaBHHUTeNbHO penkoft Taliuite aHAMeHM.

4. B paHHONt rnaBe B OCHOBUOM OBCYXMJAANHCE He BHIMMCIMTeNbHBIE ANNOPUTMBI,
a MeTOflll AMCKPETM3ALMM, T.€. METONB! 3aMeHhl ONPEeNeNeMHbIX MHTErpanos cooT-
PETCTRYIOLMNI KBANPATYPHLIMM cyMMaMM. Kak 6t M 6bi1 OpraHH30BaH anropHTM,
OH BCe Xe NMpeAnonaraer BhIMHCIEHHEe KBAAPATYPHOR cyMubl. C yBennyeHMenm uMcna
CNATaeMBIX BO3PACTAET BIMAHME BHIYHCTMTENBHOM MOTPEIHOCTH HA  Pe3YNLTAT
cymmuposarust. Ipy odexb Gonbuinux shaveHuAx N faxe nnA xopoulo o6ycnopned-
HBIX KBAAPATYPHHIX POpPMY/ COOTBETCTBYIOMHA BRIYMCAMTENBHLIN ANMOPHTM MOXeT
cTaTe MAoxo ofycnosneHHbM. Tew He wueHee NpH YMEPEHHOM 3HaYellMM YMCNa
YanoB BAMAHKe OMHOOK OKDYTTIEHHS HEBENHKO U MM YacTO MOXHO npenebpeys.



laaea 1§

YUCNEHHLIE METOIW PENIEHHUA
3AAYH KOMH /A OBHIKHOBEHHHIX
JHOPEPEHIHAJIbHBIX YPABHEHUA

Nuxenepy yacTo MPHXOOMTCA MNETh fIEJI0 ¢ TEXHMHYECKMMHM CHCTeMAMH
M TEXHONOTMYECKHMMH MPONECCAMH, X8PAKTEPHCTHKH KOTOPHX HEnpepbiB-
HuM 06pajoM MenAiorca co Bpemenem! f. CooTeeTcTBymoNe ABNEHHA, KAK
npaBuao, NORYMHAIOTCA PUIMYeckUM 3aKOHAM, KOTOpHE (GOPMYIHMPYIOTCA
B euae auddepennuanpinx ypaeHenit. OZHON U3 OCHOBHMIX MATEMATHYE-
CKHX 3afia4, KOTOphl€ PHXOONTCA pellaTh NJIA TAKNX YpaBHeHMH, ABaAeT-
ca sadava Kowu (mnm xavassnas 3adave). Uame Bcero k Hedl MpHUXOAAT
TOTZia, KOTfAa HAYalbHOE COCTOAHME HEKOTopoft PU3NUecKON cHcTeMH B
MOMEHT BpeMeHM Iy CHUHMTAETCA MIBecTHLHIM, H TpelyeTca npefckalarb ee
nopepenne npu ¢ 2 & [Nomnumamane TOro, uto 3amaua Kowm onMcmiBaer
PAABHTHE TeX MAM MHLIX MPOLECCOB BO BpPEMEHM, 3HAYMTENbLHO YTPOLLSET
BOCMIPHATHE KAK MOAXOJOB K €€ pelleHHIO, TAK U KPUTEpPHeB OLEHKH Kaye-
CTBA MONYy4YaeMbIX OpHGIHKEHMI.

MopaBnAONee GONBUIMHCTBO BO3HMKAIOIMX HA MPAKTHKE HAYaNbHLIX
3a71a¥ REBO3MOXHO pelluTh 63 NCNOoNb30BAHHA BHYMCIHTENBHON TEXHHKH.
Mo31OMy B MHXEHEPHHIX M HABYYHO-TEXHMYECKHX Ppacuerax 'THCNEHHbWE
MeTOAN pewenna 3ana4yn Komn urpator ocobyio pons.

Mopenuposaitne c¢aMux pa3HOOGPa3HHIX MApPOLECCOB  MPHUBOBHT K
HeOGXOAMMOCTH pellaTh cucTembl anddepenumanbuux ypasnenuit (MHorga
AOBOJIBHO BHICOKOTO nopapaka). Tem ne meHee Gonpuiada 4acTk 3ITOA rAABH
(§ 14.1 — 14.9) nocBAmeHa paccMOTPEHMIO METONOB peUleHMA 3a[AYM
Kown ana opnore anddepeRuyanbHOr0 ypaBHEHMA NEPBOro NOPAJKA.
910 TpanMUMONHEIA NOAXOA, YRIPOWAIOWMUA KAK MAOKEHUE METONOB, TAK
M nOoHMMAHMe KX cyuiectsa. [lepexof OT cnyuas OBHOrO YpaBHeHHMA K
cayyaio cucreM anddepenumanbABIX YpaBHeRMI He BHI3LIBAET 3aTEM cepb-

| B ponu t Moxer BblctymaTs M Apyras (Hampumep, NpocTpaHcTBeHMan) nepe-
Mennasn. Tew He Mehee B arof rnaBe NepeMeHHYlo { 6yfeN HA3hBaTh BpeMeHeM.
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eaMuX 3aTpyfAHenuit (no kpaituent nepe ¢popmansuoro xapaktepa). Hekoro-
prie ocoGerrOcTH peulennA 3aaaun Komu AnA cucTeM ypaBHeHHR HaIoke-
uut B § 14.10 n 14.11. Ipu 3170M 3HaYMTENBHOE BHMMBHNME yHAeNAETCH NpO6-
feMe YCTORYMBOCTM YMCICHHBIX METONMOB M TAK HAJMBAEMbHIM JKECTKHM
3aJ184AM.

§ 14.1. 3anaua Komu aas auddepeanmamnacro ypanseans
DEPBOre NOpAAKA

1. Hocrasobxa 3amaum. HanomMAMM, 4YTO pettenuesr oSuxnooennoto
JudPepenyuassnoto ypaenenus nepeoio nopsdxa

y'(8) = f{t, y(1)) (14.1)

Ha3nBaerca anddeperunpyeman GyHkuna y (1), KoTopas NpH mOACTAHOB~
ke B ypasnenne (14.1) oGpawaser ero B Toxpaectso. ['paduk peweans
auddepeHunanbHOro YpaBHEMMA HA3HIBAIOT unmeéipassnot xpueod. Ilpo-

nece HAXOXKAeHMA pellennh AuddepeHuanbHOro YpasHEeHHA NPHAATO Ha-
3LIBATL UNMELPUPOSANUEA ITOTO YPABHEHRMA.

Hexona U3 reoMerpraecKoro cMmcia apo- y‘
M3BOAHON y  3aMeTHM, 4TO ypaeneHmue (14.1)
3afeeT B KaxaoR Touke (!, y) NAOCKOCTH ne-
pemennux f, y 3madenue f(f, y) Tauremca

yraa a naknonra (k ocu (f) kacaTensroft Kk ’ k=tga=f(t,y)
rpadMKy peuleHHA, NPOXOAALNEre 4uepea 3ITY _
Touky. Bennunny k = tga = f({, p) nanee \ ¢
6ypeM Ha3HBaTh Yraoema xXosdPutuenmon Puc. 14.1

(puc. 14.1). Ecan Tenepb B KaXAOH TOuKe
(1, y) 3aa8TH ¢ MOMOIIBIO HEKOTOPOIrO BEKTOPA MANPABAeHME KACATENBHOM,
onpenensemoe snauvenneM f(1, y), TO NONYYHTCA TAK HAILIBAGMOS noAe

g1 y
v ,/ A
Wl A

—r:” ~ pd -
- "’/ 4 / —
== ...-rl - HOVOAMDE =
e e A 4 Movenve
b N -~ f‘,.y.’ hJ

Bl == E 5 X

a) ]
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naenpaoaenud (puc. 14.2, a). Takuu 0o6pa3oM, reoOMeTPHYECKH 3aAAYa HH-
TerpupoBaHMa AN¢gdepeHnHanbHX YPABHEHMH COCTOMT B HAXOMIERMM
HHTErPaJIbHLIX KPHMBLIX, KOTOPpHE B KawAol cpoell Touke HMEIOT 3aflaHHOe
Hanpasienne kacatenshoit (puc. 14.2, 6). Jas toro, uro6sl BRAENMTH M3
cemelficra pemennit auddepenunansHoro ypasnenua (14.1) omuo Kom-
KpeTHOe peuleliye, 3aJAI0T NGYAAPNOC YCR0dUC

y (o) = yo. (14.2)

3pecy {; — uHekoTOpoe (DMKCHPOBAHHOE 3HAYEHME apryMeHTa I, B ¥ —
BE/INYUMHE, HABLIBAGMAN NaAY¥aAsNMA INaveNuen. ['eoMeTpUuecKan HATepnpe-
TAUMA MWCOONBIOBAHMA HAYANBHOIO YCJIOBMA COCTOMT B BHGOpe M3
ceMelicTBa HHTErpayibHEIX KPHBHIX TOA KPHUBOH, KOTOpaA NpPOXORMUT yepel
dukenposanuyio Touky (fp, o).

3anauy naxoxaenua npu it > 1, peluewna y ({) anddepeHunanbuoro
ypaetenus (14.1), yRornersopaiomero Ha4anbHoNy ycaosuio (14.2), Gymen
HadmBaTh aadaved Kowu. B HekoTOpHIX ¢/lywasx MpEACTABAAET MHTepec
nosefienve pellienMa npu Beex ¢ > 1y. OAHAKO Yallle OrPAHMYMBAIOTCA
onpeneenneM pelIeHMA HA KOHeYHOM OTpe3ke (1, 7.

2. Paspemmamocts 3an878 Komm. Mycts IIT — MHOX6CTBO TOYeK (!, ¥),

yaosaersopaiommux yenosuio 7 € 1 € T, — o < y < o; 370 MHOKECTRO Gy-
JleM HA3HBaTh ROALOCOT.
Ilpueemem ofHy M3 TeopeM O paspemmmocTh 3agaum Komm,
Teopewual4.l. Tycms pynxyus f(1, y) onpedesena u nenpepuena @
nosoce “T ITpednoasoxuu maxxe, xmo ona ydoesemaopsem ycaosurw Jun-

wuyal

das acex Uy € 1 € T u npouzdoasnur yy, ¥, 10¢ L — nexomopas nocmosn-
xas (nocmosnnas Junwuya).

Toida 0% xax0010 NGYTABKROI0 INANENUS Yo CYULECTROYEN eduUNCMaEnKoe
pewexue y (1) sedavu Kowu (14.1), (14.2), ompedeaennoe na ompeaxe

)

3amMmeuaunune l [Aaa pupdepenunpyenux no y dyakumin f yeno-
sue (14.3) sunonusercAa TOrga M TOALKO TOrAR, KOTAA ANA Beex

(t, y)en 7 CMPABELNHBO HEPABEHCTBO

! Pynonbd Jlunmmu (1832 — 1903) — nemeltkui MaTeMath.
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1t 9] < L. (14.4)

[lootoMy ycnosne (14.4) MOXHO Takxke Ha3eiBaTh ycaoouen Junwuya.
3ameuanue 2 Teopema 14.1 ocTsercs cnpasennnpofi, ecin B ee

dopmyanposke ycnooune Jiummuna (14.3) 3aMeHMTs MeHee OrpaHHMum-
TeNbHEM 00MOCTIOPORNUA YCio0ues Junwuya

St )= f(t 9))(m - w2) € o (m - »)2 (14.5)

[Moguepkues, 4To BXORSLIASA B 3TO YCNOBMe MOCTOAHHAR O MOXKET MMETHL
npoW3BONbHLIA 3Hak.

Ana anddepenunpyempix no y dynkunit f ycnosue (14.5) suinonuserca
TOrla M TOABKO TOrsla, korna mnm Beex (I, y)ell o CUPaBenMBo

HEpaBeHCTBO
(b y)<a (14.6)

fAcuo, yro AnA Qywkun, ynosnerropAolMx yedosuoo Jlnnwmna c
NOCTOAHHOA L, OAHOCTOpPOHHEE YC/IOBHE 33BEJOMO BHIMOJIHEHO C MOCTOAH-
HOlt 0 € L.

NMpusep 14.1. Dyuruna f(1) = cos (1 + y) ynosnersopser yertosio Jiunwnua
¢ nocroarHoft L = 1, tak kak f; =-sin (1 + gp)u ]f;l € 1. Orciona crepyer, uro

pewerre 3anaun Kowm y° = cos (I + v). y () = y cymecTsyer u eNHHCTBEHHO
Ka mobom orpeske iy, 1]

fipumep 14.2. @ynxuna f(1, ¥) = t = ¥ He ynonnersopser ycnosuio Jiunuin-
La, NocKoNbKY f; = -3y u MOAYNE 3TOl BeZIMWHHBLI He orpaHuyed. B To xe BpeMa

ofiHocTopotee ycnosie (14.6) Brinomuaetes ¢ nocroanton ¢ = (. CnenoparensHo,
NOXHO YTBEpXAaTh, 4To pewenHe 3anasn Kowwm y' = 11— 1B, y (&) = yo cywecr-
BYeT M elNHCTBEHHO Ha mobom otpeske (4, T).

Nipuuep 14.3. @ynkuns f(1, y) = 1 + ¥ He ynoRNerBOpAET OAHOCTOPOMHEMY
yenosiio (14.6), Tak KaK 4acTHas npoMaBonHad j‘; = 33 He orpaMudyeHa cBepxy.

MMosromy monpoc o paspewnmoctu 3amayu. Kowu 3° = 1 4+ 33, y () = yo tpebyer
NONONHHTENLHONO HCCTeNOBaAHHA.

OTMeTHM c/IeRyIOULKIt NOJIE3HBIA PE3yALTAT, YKA3LBAIOIUMI HA 3aBMCH-
MOCTb CTEMeHH INAAKOCTH pellleRdA 3amauu Kowm OT cremeRM raagkocTi
npasofl YacTM AudpepeHINaNnEHOrO ypasHeHUA.

Teopewua 14.2. [lycms gynryus [ nenpepsano dudPepenyupyema m
pas ¢ nosoce N, Torda ecau $yuxyus y foasemcs na ompeaxe [to, 7]

pewenuens 3adavu  Kowu (14.1), (14.2), mo oxa uenpepuono
duddepenyupyena m + 1 pas na smou ompeaxe.
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310 yrEEpMAEHHE HENOCPENCTREHHO BLITEKAEeT W3 BO3MOXUOCTH Andde-
pennuposanna Toxaectsa y (1) = f(t, y (f)) ne menee yem m paa.

B panbueitwem ¢yukuun fu y Gyaem npeamonarate Anddepenunpy-
€MBMHM CTONBKO pa3, cKOABKO MOTpefyercs npH pacCMOTPEHHMM COOTBeTCT-
BYIOLMY YMCAEHHBIX METONOB.

3. VerofiumpocTs peneama 3anawm Komm Ra koHewHOM oTpeske. JroT
BOMPOC BECHMA BasKeH ANA NMOMMMAHMA OCOGEHHOCTell METONOB YMCNEHHOrO
HrTerpnpoBaka N depenunancinx ypasuwewnit. PaceMoTpuM cHauana
npotece pacipOCTPAHEHNA NOrpPelHOCTe, BHECEHHMIX B HaYalbHHE 3Haye-
una. [yes y; — BO3MYIIEHHOE HA4YANLHOE 3HAYEHME, €9 = Yo — Y, — €ro

OOorpewnocTs, 8 y *(t) — pewenne coorsetereyloen 3agaun Kowmn
(y.) '(i) = f(ts y-(‘))r (147)

¥°(t) = yg-

Buiuren M3 ypasnenua (14.1) ypasuenue (14.7) u pocnonsayeMmca ¢op-
Mynofl KoHeyHuX npupalueRuit Jlarpanxa:

@y () -1t v () =2 (Ny (D -y* (@), A (D) = £, (1, ¥y (D),
rae y (1) — nexoropoe mpoumexyTounoe mexay ¥ ({) u y*(!) swayenne. B

pe3y/ibTaTe NOAY4MM, 4TO norpetunocts € (1) = y (f) — y°(f) yrornersopa-
et nnddepenunanbOMy ypaRHeNHIO

e'(t) = A (&), (14.8)
M HBYAILHOMY YCJIOBHIO
€ {tg) = €. (14.9)

Pemenne 3ansun (14.8), (14.9) smpaxkaerca ¢opMynott

€ (2) = egexp [ i J«(r)dr].
0

Taknu 06pa20M, BeINYHHA

C (t) = exp { i A(r)dr] = exp [ i f(r, i(r))dr}.
0 0

urpaer B 3anaue Kown pone ko3pduupenta pocra OwMOKH.
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3aMeTHM, UTO 3HaK MPOM3BOAHON f!; OKA3LIBAET CYIIECTBERHOE BAMAHME
Ha nosemeHue norpemuoctH € (!). Ecan f; > 0, To seuuuna C (1), 2

BMECT® C HeHl M MOMLYJb NOrPEllHOCTH MOHOTOHHO Bo3pacrawer. Ilpu arom
COOTBETCTBYIOIIME MHTErpajlbHhle KPHBHE pacxofiaTea. Manwocrpaunest
TAKOrQO MOBEJEHWA NOTPEIIHOCTH MOXeT cayXuts puc. 14.3, a. HUuade
pefierT ce6 MOrpelIHOCTb B Clyvae f; < 0. 3pece C (1) u |e (2)] ¢ pocrom

{ MOHOTOHHO YOHIBAIOT, & COOTBETCTBYIOLIME HHTErpalibHblieé KPHBbE c6AM-
sajored. OmnbKa, BHECEHRAA B HAYANBHOE 3HAYEHUE, MMECT TEHAEHNIUIO K
aatyxahuto (puc. 14.3, 6). B cayvae, xorpa npoussonuas f; HEe3HaKONOCTO-

AHHA, NOBEJEHHE MOTPEIUHOCTH MOXKET OhITL 60/Mee CMOKHBIM.

¥ k ’(; >0 Y ] f; <0
oI~ ) () o ]
w | & E(t) % & &t)
y*it}
0 _f;_ 1 t é‘ I t.._
a) 9
Puc. 14.9

BakKHO OTMETHTB, YTO B JIOGOM CcAY4ae BHINOJIIHEHME OXHOCTOPOMHErO
yenosua Jlunwmua (14.5) rapautupyer, uto koapdpuument C () pocra
OWINGKN OKAKETCA OTPAHMUYEHHLIM, €cnM 3ajaua PeUTaeTcs Ha KOHEYHOM
otpeske [y, T]. B camon mene, B 3TOM cayuae

[ 5 (< adr=a(t-10)
0 0

unoatomy C (1) € K (T) nna seex 4o € t < T, rae

al T-tor

_ e npu o > 0,

Taxuu 0o6pa3oM, npu BHNOMHEHHH YCIOBUA f; € 0 cnpaBefnMBa OUEHKA

max |y (1) =y ()| € K£(T)|% -yl (14.11)
W< IsT
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BHPAXAIOLWAA YCMAUYUGOCML NA KGHENNOAL Ompesxe [to, ’I] pewenus sadavu
Kowu no navaasisia 3navenustal.

4. Mopensroe ypasnenMe. HauGonee npocThiM 06pazoM Beder ceba
NOTPELHOCTE B CNYYAE, KOrAa pellaeTcs NHHEeAHOe ypaBHeHHe

y'() = Ay (D) + f(1)

¢ NOCTOAHHHM Koadpduumentom A. B 3arom cayyae morpeunocTs € ynoe-
nersopser ypaesueuHio £ ‘(1) = Ae (i) u sopaxaerca ¢opuynol
Attty
E(t) = €pe . (14.12)
Mockonery bynkuua f(f) He BaAMAETr HA XapaKTep pacmpOCTpaHEeHHA
NOTPEIIHOCTH, NPH M3YYeHHM yCcTONYMBOCTH MO HAYaNbHBIM 3HAMEHMAM
ECTECTBEHHO OrpaHrultThca ciay4aed f (1) = 0 u paccMaTrpHBaTh ypaBHEH:e

y'(1) = Ay (1) (14.13)

Ypasuenue (14.13) vacro nadsiBalor modeavusia ypasuenues. OHO Hrpaer
BAXHYIO POJib NPH MCCISI0OBAHHM CBOACTE UGCNEHHBIX METOAOB PEIEHMA
sapauu Kowm.

Kak caepyer w3z dopmyam (14.12), MOLYAb RNOrpellHOCTH PpellieHMA
ypasnenusn (14.13) u3Menserca s e pa3 3a MHTepBan BpeMeHH 7 = 1/[A].
MosTomy sesimumny 7 = 1/|A| uxorpa Ha3wIBaAIOT opesenndid ROCMOINNOU
AN nocmosxnoll opemeny MOXENbHOTO ypasnewus (14.13). Ecau xe napa-
MeTP A ABNAETCA KOMMNEKCHBIM YHCJIOM, TO BPEMEHHON NOCTOAHHON Hadm-

1
BAIOT BENMYHAY T = TRe 3T

B canyuse, Koraa paccuaTpuBaeTcs pPacNpPOCTpaHeHMe MANOTO BO3Mymie-

HMA, BHECEHHOrO B pelenne y (1) ypaeHewna ¥ = f(¢, y) B Manon okpecT-

HOCTH TOYKH I, 3Ha4Yenwe koadpuumenta A (1) 8 ypasnennu (14.8) okassl-

BaeTcH GAU3KO K NOcTOsAMHOA X = _f;(i, y (1)). Mosrouy apn t » 1 capa-

BeINMBO npuGnuxennoe paseHctso £ (1) & Xe (f). O1o o3mavaer, uro

NOBEAENME MOTPELIHOCTIH IAA YPABHEHUA y = Xy mopenupyer nokaneroe
pacnpocTpaHeHMe NOU'peHOcTH AAA obuwero ypaexwenua (14.1). Pons

BPEMEHHOM NOCTOAHHOM WrpaeT 3aeck BeaMuMHa 7 (1) = LI

B
1 -
= ————— Tak Kak ee 3HaYEHHEe MEHAETCA ¢ MIMEHEHHEM TOuKK
1, (i (D)

TO €¢ Ha3WBAIOT A0KALsNOU epesenndt nocmosunoti. Ecnu xe dymkuna [
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MOXET NMPHHMMATL KOMNNeKcHBle 3HaAYeHHA, TO GOPMYNIA BAA T UMeeT BMZ
P T
IRef, (1. v (D)

5. YcroitunBocTe NO mpasoit gactu. Bymer nu pelenne 3aaun Koww
YCTOAYKBBIN HE TONLKO MO OTHOWEMHIO K NOTPEMIHOCTH £g 33JlaHUA Wa-
YanbHOrO 3Ha¥eHMA, HO M Kk AorpemHocTaM ¥ (I) 3aXaHMA NpPasoOf YacTH
ypasuennna? IlONOXHTENEHLIA OTBET HA 3TOT BONPOC AAET C(NeNYHOILAA
Teopema.

~ Teopewua 14.3. fTycms esnoanens yctoous meopeun 14.1. Hazee,
nycms y (1) — pewenue 3adawu (14.1), (14.2), @ y*(1) — pewenue 3adavu

(¥*)'(0) = f(t, 9" (D) + ¥ (1), (14.14)
¥*(to) = ¥, (14.15)
Toida cnpacediuca oyenxa )
max |y () -y (O < K(D)(lyo - ygl + f | ¢ (1)d1), (14.16)
< KT ¢

OMpPAXEIOWAR YCMOUNUGOLMS NA Konewnom ompeaxe [{y, T) pewenus 3adavu
Kowu no mavarsnua 3nauexssu u npaeoi xacmu. 3decs K (T) =
- eLl T‘tol .

3amey auune Beanunna K (T) urpaer s 3amave Kowst poas ouen-
KH 4Mncna obycnosienrocTH!. Ecnan B teopese 14.1 ycnosue Jinnummua
(14.3) samenuTe OogHOCTOPORHMM ycnosmem (14.5), To ouenka (14.16)
G6yAer pumontena ¢ mnoctoanHolt K (T), onpemenewnon ¢opmynont
(14.10).

6. YerofamBocTh pemeEMA HA HEOTPAHHHEHHOM MpOMEXyTke. Ilph
PelIEHKH c¢aMBIX Pa3HOOGPA3HBIX MPHKAAZHHWX 38434 OCOOHIA HHTepec
NpeacTasineT M3yyeHHe ONHCHBaeMHX aAHddepeHUNaANBEHBIMH ypaBREHU-~
AMM TpoueccOB Ha OONBIIMX BpeMelHnix oTpe3kax. B Takoli curyaumun
HEAOCTATOMHO HANINYNA Y 3afnaun Kowm csoficTRa ycTOMYIIBOCTH Ha KOHeu-
HOM oOTpeske. Ecnu pxogsaman s Hepasencrso (14.16) sennuuwa K (T)
MOXET HeOrpaHUYEHRO pactd ¢ pocToM T, TO TO 0O3HAYaeT, YTO AONYCKBeT-
cA HeorpaHnuenHuft npn T = o poct norpetnocteit. Kak craegcrsue, mpn
pocratouno Gonewmx T Takaa 3ajgava asnAerca MAOXo OGYCAOBNAEHHOA N
HafiTH ee pelenue Ha OTpe3ke [io, 7] ¢ npHeM/IEeMOil TOYIIOCTBIO OKa3bIBA-
€TCA HEBO3IMOXKHO,

! Hanomnum, 4to obliee noHsATHe 0 uMcle OGYCNOBNEHHOCTH BhLIMHCTHTENIBHORA
2aflauH CONEPHKHTCA B . 3.
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NMpiosep 14.4. Paccuorpus sazawy Kowm y'(ff = y(f) - sint + o0s ¢,

®0) = 0. Ee pewenmes, Kak HeTpyaHo
¢ nposephts, Amnserca ¢ywkumua y (f) =
= gin .

BHecen B HAYANLHOE 3HAYEHHe NOrpel-
uocts, 3awmeHHB ycaoe y(0) = 0
yenoemew y (0) = £. Pewennenm coorner-
cTBYyloleR 3aZaYH CAyxMT yxe yHKUMA
= r p(H) =sin t + cel. [orpeumnocts cet ¢

\/ poctod 1 ObicTpo yBeM4YMBaeTCH M, Kak
\ auaHo u3 pue. 14.4, yxe npH He odensb
yrsiat-get Gomuux ¢ ee aHAYeMHe CTAHOBMTCA

Puc 14.4 Henpuesmneno GoMbWHN.

yasinteeet

yesint

Odna Toro uTo6H 06YCNOBJIEHROCTD
aanauu Koumn He yxyamanachk ¢ poctou T, B chay 3ameyanus 1 K Teopeme
14.3 AocTaTOUHO NOTPe6OBATL, uTOGH MPAaBAA YACTb ypaBHeHUA YIOBRNETBO-
pANA HepPABCHCTBY f; (t, ¥) € 0 pna Beex t 2 {) ¥ npon3sonbHuEX y. Bonee

TOr0, MOXRO AOKA38Th, YTO NPM BHINONHEHUM YCNOBUA f; Ly<e<d

cnpasefiMBa cAeAYIOMIAA ONEHKa:

ly () - 97(t)] €0 (5o -y] +T%F max I (14.17)
L&t &t

Mpeanonoxnm, 4To Ha Kaxaom orpeske [ly, 7] ({p < T — npoussons-
noe) nepabenctso (14.6) punonneno ¢ sekoTopoit moctoAumol ¢ = o 7).
Toraa pewenne y (I) onpeneneno aaa Beex fh € 1 < w. Mycts ¥°* (1) —
pewenne ypasueaMa (14.7), orTBevasomiee NPOM3BO/IBHOMY HaYaJIbHOMY
anauenmio y,. Hasosem pemrenme aanaun Komm (14.1), (14.2) yemoduuonn

no Jlsnynoey!, ecnu cnpasepnmBa onenka max [y(f) - y*(#)| <
LEIET
< Kly - y,;l, roe noctosuaad K me 3apucHt ot T. Ecam pononsMrensno

nasecTHo, 4T0 ¥° (f) — ¥y (¢) » 0 npu { » », TO pemenne y ({) nasupaerca
GCUARMOMUYECKY YCMOUNUOMM.

3amevanne 1. Pemenna wopensHoro ypassennsa (14.13) c
BEMECTBERALIM NapaMeTpoM A yeToflunel no JIAnNyHOBY TOrAa M TONABKO

! Anerccanpp Mnxainosny JianyHos (1857—1918) — pycckui MareMaThk M
nexanuk. [lpuBenenxoe snech onpeuenexMe ycToAuMBocTH fo Jlsnywosy sBasercst
Gunee Ipy6ubd, Yen KiaBCCHYecKoe onpenenerue [93].
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Toras, korfa A < 0, ¥ BCUMATOTHYECKH YCTOAYMBM TOLAB W TOALKO
Toraa, korfa A < 0. D1or BHBOA JNETKO cnepyer ua dopuynu (14.12).
Ecnu xe napamerp A — KOMmneKcHOe YMCJO, TO M3 TOA *ke GOpMynn

cnenyet, uro |€ (f)| = |€o| eRe"(T-t"]. Hoatony pellenua MomenbHOro
ypaBsHenHsa ycrofiumen no JIAnyHoBy TOFA@ M TOABKO TOrAa, KOrZa
Rel € 0, 1 acHUMNTOTMYECKH YCTOHUMBLI TOrAA M TOJBLKO Torfa, Korgs
Re) < 0.

3ameuanne 2. llna penenns aagaun Komn (14.1), (14.2) (xak
shiTeKaeT U3 HepasencTsa (14.11) n ¢opuyam (14.10)) rpy6um AocTa-
TOYHHM ycaoBueM ycroftumeocrd no JlanyMOBYy cnyXMT BHIROJIHEHMe
HEPABEHCTER f; £ 0. Cnepcrsmnen smnonunenna ycnosus f; £ ¢ ¢ nocro-

AHHOMA 0 < () ABNAETEA SCHMNTOTHYECKAA YCTOAYMBOCTL PeUICHMA.
§ 14.2. Yucnemnne weroan pemenus 3axawm Komm.
OcBOBHEI® NOBATHA W OUpeAcncHRN

1. Cetku n cerounvie Gymxmuam. [lepenit 3Tan Ha nyTH nocTpoeHMA
YHCIEHHOTO MeTOXa pemienua 3axaun Kowm cocTomt B 3amene oTpeska

[to, 7] - 0618cTH HENpepLIBHOTO N3MEHEHMA APTYMENTA ! — MHOMKECTBOM W,
KOTOPOE COCTOMT M3 KOHEYHOTro 4YHcAa TO-

yek lp < ) < ... <ty = T n HasauBaeTen ¢, f, Loy ta tye T
cemxod. CaMmu TOYKM {, HA3HBAIOTCA yaaa- =~ ° ?‘ -
Ay cemxu, B peIMUMHA hy = 1, — g, - Puc 14.5

watoa cemxu (puc. 14.5). Iaa roro uro-
Obl ynpOCcTUTh H3NOXeHWe, GyieM paccMaTPHBATB, KAK MPABUJIO, paono.uep-
XMe cemxu, T.. TAKME ceTKM, ANA KOTOpbIX war h, nocrosnen. B arom

c.uyqaehﬂ=h=r !_v lt'lall,,=¢¢.+*rlk.,'n=1,2,..., N.

Hapany ¢ ¢pyHKUMAMH HENPEPHIBROTO APryMeNTA GyfeM patcuaTpHBATE
M cemounsie Pyuxyuu, T.e. Takne GYHKUMHK, KOTOpHI¢ Onpefefienbl AN B

yanax cerku wh. Jlaf TOrO 4TOGH OTAMYATE ceTOuYMme (yHKUMM OT
dyukuuit Henpeprisporo aprymMenta, GyaeM nomedars HX uHaekcom h. Tak,
Hanpumep u' — cerouyHes QyHKUMA. [INA KPATKOCTM 3aNMCH 3HAYEHMA

wh(1,) cerounont Ppyrknmun uh B yanax t, cerkm wh Gynem 06o3nauaTh yepea
Un-
2. Incupernan 3anasa Komu. Cnenyomufl 37an B NOCTPOSRUH YHCIIEH-
HOLO MCTONA COCTOMT B 3aMene 3amayu Koty ee AMcKkpeTHHIM aHanoron -
CHCTeMOH YpaBHEHMit, pellad KOTOPYI0 MOXKHO [OCHENOBATENLHO HANTH
3HBYEHHA ¥y, V2, ..., YN CCTOUROR ynkumm yh, urpaompue pons nputanme-
HMA K 3HAYEHMAM pelleHUs 3anaun Komm B yanax cerku wh.
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B ocHOBe MOCTPOGHMA KOHKPETHOrO YHCIICHHOTO METONIA NEXHT TOT MM
MHOI cnoco6 aamenn AudpepenumansHoro ypaswenus y'= f(1, y) ero
AMCKPETHLIM aHAJIONOM — YPaBHEHHEM BUIA

1
T f 4 Ynet-) = ® (n, Ynet-ks - Yy Yrots B), (14.18]
h:to

B KOTOpOe BXOAAT 3navenMa cerounoit dynunn yt 5 k + 1 nocneoparens-
HBIX TOYKAX lpep-k, .- In, Ine1- [Ipeanonareerca, uto ap # 0.
Bo Bcex paccMATPHBBEMHEIX B 3TOH I/IaBE METONAX CYMMY

1 .
7 (a0¥net + a1yn + ... + GkYnor-k), (14.19)

cTOANLYI0 B JeBOf wactH ypasHewuA (14.18), mokHO pacCMATPHBATH Kak
PAIHOCTHYIO ANNPOKCHMALMIO NPOM3BOAHON ¢’ B COOTBETCTBMM C ONHOM M3
¢opuyn uncaennoro puddepenusposanna (em. ra. 12). Mpasyo vacty ¢
ypaBneRMA (14.18) MOMHO PpaccMATPHMBATE KAK COCUMAABHEIM O6paloM
NOCTPOCHUYIO annpokcHMaunio Gynkuum f

3uavenne yp. NPHUGAHKEHHOTO pEllieHMA B OuepefiHON TOYKe HAXOAWT-
cA u3 ypaeueumna (14.18). Ilpn 31oM Henoap3yOTes HalileNHLle paHee
3HavyeHna cerounoft Pynkumu y" B k npepnaymmx TOYKAX fnej-ky ..., In.
losroMy Takue MeTOAM MAOAYYMNM Ha3BawMe k-watoenz. Kak merpyamo
BUJETh, ANA TOrO wTo6n HANTH 3HAMEHHA ceTOMHOA PYHKUHH y" BO BCEX

Y3NaX ceTkM o, Hcnonbays A-IATOBWME METON, HeOGXOAMMO 3anaTh k
NQXAAWNDZ INaueNutl.

™) = o, ¥™(t1) = W, -y Y1) = Vi1 (14.20)

3anauy emuucnenua cerounoit ¢pyuxkumm yh, ynosnersopaioweft ypas-
Heumio (14.18) anA ecex n 2 k - 1 ¥ npUAKMaIOWEll 3afaHHKE HAYAIbHINE
anadeuna (14.20), 6ynem nasuBaTh ducxpemuoti sadaved Kowu.

3ameyanne [Ippuaro cunrats, uro ypaeueuneM (14.18) 3apaerca
uncen it Meron pewenud 3anaun Kown. Jlanee mMn Gynem oroxaect-
BAATH CBOMCTBA YNCAEHHOIO METONla, AMCKpeTHOIro ypasuenHAa (14.18) n
cooTBeTCTRYIOWEN AncKpeTHON 3anawn Kommn.

Npn k = 1 ypasneune (14.18) ynpomaerca 1 pHHMMaeT BHJ,

LI = @ (tn, Y, g, ). (14.21)

CoorsereTyiomuft METOfi APHRATO HA3LIBATL OdNOWA100%.4. BhuHcacuue
SHAYEHHA Yp+ OCYLIGCTBARETCA 3/l6Ch € MCMONL3OBAHMEM TOJIBKO ORHOrO
NpenAYIero 3HAYEHHA Y. [o3TOMy oaHOWIArOBHIE METORB YACTO HA3hi-
BAIOT CQ.4OCMAPMYIOUFUMY,

420



Mpuwep 14.5. Mpocrenwnn Auckpernnift ananor AudpepenunansHoro ypabBHe—
uusn (14.1) npeacraBnsner co6oit ypaBHelue

Uﬂ'lh_ ¥n _ f(ta gk (14.22)

NpMBOARALLEE K M3BECTHOMY atemody Jiaepal.

NMpusep 14.8. Metog Onfnepa sABNAETCA NpPHUMEPOM ONHOUIATOBOTO MeTONa.
BulYncneHHe 04eDeAHOTO 3HAYEHKA Yp.| OCYIUIECTRIACTCA 3nech No GopMyne

Wnet = Yn + A (tn, yn)- (14.23)

Mpu & > 1 uMcaeHHuNl METOA HA3WBAIOT unctowarodsia. [pumepn
TAKHX METON0B MOXHO HaHTH B § 14.7 n 14.10.

3amevynnue. Henonsaopauue MHOMOWAroBOro MeTOAA MpeANOnara-
eT mpeofoneHue ofHofl cneuudHecko TPYZAMOCTH, M€ BO3HMKAIOWER
ApH NpPUMEHEHHH OHOWAroBRX Meromos. Kak yxke orMeuanoch Bhine,
k-warosuit meTon Tpebyer 3ajaHua k navanenux auauenun (14.20), B
TO BpeMA K8K B mOcTaHOBKe 3anavyu Kolm copepxmTcA TONBKO OAHO
uavansuoe spavenue yo. floaromy apu k > 1 Meron we amaserca camo-
CTAPTYIOIMM M AAA BLIYMCICHMA ROMNONHMTENLHEIX aHAYCHMA ¥, ¥, ...
vy V-1 HEOOGXOAMME CHEUMANBHLIE MOLXOMM.

3. flpnHnie u HeamBEne weroan. PeanuaauMa 4McNIeHHOrO MeYONA HA
OBM npeanonaraer nocTPOEHME ANrOPMTMA, NO3BOAAIOWIETO BHYMCINTE
pelleHHe mocTaBeHHoN auckperHoit 3agaun Koww. B cayvae, korpa Bxo-
Aaman s ypasuenne (14.18) dyuxknun & He 3aBMCUT OT Yn.|, BHIYMCTECHHE
3HAYEHHUA Yne) HE DBLIBLIBAET 3IATPYAHEHMH H OCYUIECTBNAETCA MO ABHON
¢opmyne

k
Yna = 061 [_ Elaﬁml-} + A (4, Ypor-kr s Y ")]

Io>ToMy cOOTBETCTRYIOWME METOAL HB3WBAIOT fonsuu. B mporueononox-
HOCTb HM, MeTOAK, B KOTOPHX (DYHKUHMA ¢ 3aBHCHT OT ¥p.), HAIBIBAIOT
negansiuu. [Ipy peannsauMy HeABHOrO MeTOMA NPH KakAOM n (MIH, KAk
FOBOPAT, H8 KAXKTIOM LIare) BOBHHMKAET HeoOXOZHMMOCTH pellleHHA OTHOCH-
TENBHO Yno HENHMHEAHOrO ypaBuenua (14.18).

Mpusep 14.7. Meron Dfnepa, 1A KOTOPOTO BHIMMCNEHHA Yps| NPONIBOAATCH
no aBHon <opuyne (14.23), npencrasnser co6ofl ABHBIA MeTON.

 Neonapn 3finep (1707 — 1783) — mareMaTHK, bM3IMK, MEXaHMK, acTPOHOM.
Ponunca B Uleenuapum, ¢ 1726 no 1741 r. u ¢ 1776 no 1783 r. paboran 8 Poccun.
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NMpesosep 14.8. Mpocrefmny NPHMEPOM HEABUOTO MeTolf ABNACTCA NesoNsidl
Memod Ofaepa, COOTBETCTEYIOWMA ammpokcuMauuy aMdrhepeHUNANBHONO ypaBue-
uus (14.1) aucxpernnid ypasheren

) : (14.24)

Jlpyrus mpiuepon HesTBHONO METOfia MONeET CITYXUTE APLsus0 mpaneyss
- 1
Bl = = 2 (b W) + S (trots ) (14.29)
Kax B toM, Tak M B ApYTOM MeTOfle JHaYeMHe Jins; ONpefensercs ypaBHeHMeM
HEABHO, U JUIA €ro BEIYHCNEHWS NPUXOAMTCA MCNOTL30BaTh OAHH M3 HTEPAUMOHMBIX
METONROB pPellicHHs HeHMHefINbIX YPaBHEHWA.

4. Yeroliamsoers. Ecnu pemenne auckpernoi 3agaun Koum me o6na-
JIA8T YCTORYHBOCTHIO MO OTHOMICHHIO K MANbIM BO3MYINEHMAM HARYANbHLIX
3HAYEHHA W NpaBOfl YacTH ypaBHEMHA, TO cOOTBETCTBYIOMMMR uMcNeaauit
METOZ, HeNb3A MCNOAbIOBATh B NPAKTHYECKMX BhuncileHMAX. [Ipubenem
onpeneneuMe YCTOAYMBOCTH, AOCTATOYHOS JJA MOHMMAHWMA OCHOBHOIO
COnEpPXAHMA 2TOrC M cleAylomux dernpex naparpadop. Bonee moppobuo
ofcyxenune 21oft npoGaemn Gyaer nposefeno B § 14.8.

Buecem B npaByio 4acth ypasaemua (14.18) u B HauanbEmle ycnoBMa
(14.20) nponssonbKbie Mankie BOIMYIIEAHA Y, H £, £f, €3, ..., £ COOTBET-
creeuno, Monoxuu y5 = g0 — €o, ¥ = M1 = €1, oy Ygq = Yot ~ €1 Myemn

y*h — pewenne cooTBeTcTBYIOWER POIMYMIEGHHOA 3a1a%H
L e ety = ys R+ (14.26)
hjao P17 m Yperekr = Yn» Yopd s .

yr () =gy (W) =y], . v ) = v, (14.27)

Bynem uasuBsaTh OMckperryio sagawy Kowwu (14.18), (14.20) u cooreercT-
BYIOIIMIt YHMCTEHHBIA METON yCmMOoUNUONUU NG XONeuNou ompedxe (mnm
npocTO ycmogvues.uu), ecAu npu seex A € Ay (rae Ay mocraTouno masno)
COpaBeaMBO HEPABEHCTBO

- N-1
max |ya-yi| CK(T)| max [ep| + T [¢al-h|, - (14.28)
0< kN 0K n< k-1 nek-1

rae peananna K ue sasucnt or h, €, (0 < n < k=1) u ¢, (k-1 < n < N-1).
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3ameqanue Hepasenerso (14.28) apnsercs guckperHhiM amano-
roM HepapeHctea (14.16), Bmpaxamoomero ycrofiunsocts 3amaun Koma.
Jaa opnowarosux meromoe (T.e. mpn k = 1) nepabencrso (14.28)
nNpUHMMaeT BHJ,

- N=1
max |y =¥, < K(T)([eal + E [¥n]- 4),
0€< kN n+o

1 ananorua c (14.16) cramosurca eme Gonee ouesmauoit. Heficrenrens-

N-1

HO, CYMMY 3°|¢'n| « h MOXHO paccMATDMBATE KaK JMCKPETHHA aHaNor
ne

uu-nerpam}l ¥ (1) | dt, nocrpoennut no GopKyne AepLX NPAMOYIrONbHM-
0

KoB (. § 13.1).

5. Amrpoxcamanma. Ilycts y (f) — npon3sonbuan raagkas GyEKUMA.
3aduxcnpyem 3Havenre 1 = f, M yereemuum A K Myai0 (8 n cOOTBETCTBEHHO
— K Geckoneunocrn). Bynew npegnonarats, 4T0o 3amena B gopuyne (14.19)
38a4eHnil gp.y-; ceroumolt ¢yHKMM y' COOTBETCTBYIOIUMMH 3HAYCHHUAMM
y (I«(71)k bynknnu y naer sennauny

%(ﬂoy(f +8) + oy () + ... + oy (- (k- 1h), (14.29)

crpemAuyloca k y'(t) npu A = 0.
AMAaNorvyHO APERNONONKHM, YT0

Ot y(t-(k=-1h ..,y (), y(t+ 4),h) =~ f{t, y (1)) npu k + 0.

3ameunnne Hacpenanunix npepnosoxenuit cneayer, 910 ko3~
dnument ap, o, ..., Ok AOMKHN YOOBJIETBOPATL YCIOBHIO

a+t o +..+ar=0. (14.30)

B camoM nene, ana y (&) = 1 semumma (14.29) npeppamaerca » --;.

roe a = §°u,. Mo yenosuwo, % = y'(?) = 0 npu A » 0. Ho 210 BO3MOXMO
J«.

AMUL OpH & = 0, 9TO SKBMBANEHTHO pasercTay (14.30).
Nyers y (1) — pewenne 3amaun Kowm (14.1), (14.2). Hasosem cerou-

ayio GyRkumio ¢, onpezensemyio ¢opuynon
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k
U= § 50 (tmr) = # (3 (-0, o 7 () ),

ROLPEULNROCMSI0 aRNPOXCULAYUY ANCKpeTHOro ypasHenna (14.18) na pewe-
Huu y. Ota ke GopMya, 3BNUCBHHAA B BUJE

%éoﬂ)!f (‘ml-;) = @ (tn, ¥ (tne1-k); -, ¥ (tner), R)) + ¥n, (14.31)

no3BOARET 38METHTB, YTC (yHKuxA y (1) yIOBNETBOpAET YPaBHEHMIO
(14.18) ¢ TOYHOCTBIO A0 MOTPEIIHOCTH ATINPOKCUMALMH .

Cerounyw ¢ynkumio Pt Mcnonpayior Ans npeaBapuTeNTbuHOf OUEHKU
TOr0, HacKONLKO TOYHO annpoxcuMupyeTca anddepeHnHanbHOe YpaBHEHHE
ero puckpeTHHM aunanorom. TosopaT, 4ro Jucxpemnoe ypasnenue (14.18)

annpoxctauupyem dudfepenyuaarnoe ypaenenue (14.1), ecnu
max |¥n] = 0 npu A » 0, u annpoxcuuupyem ero ¢ p-u nopsdxon,
k—1<n<N
ecny cnpasefiuBa ouedka max  |y¢,| < ChP, p > 0.
k—1<n<N

YacTo ana OueHkM kavecTsa oxnowaroesix Meronos (14.21) mcnoneay-
IOT H€e NOrpelIHOCTE ANNPOKCHMALUHKH, & APYTYI0 BENHMHHY — NOKaJbHYIO
norpetHocTs. [IyeTh yne; — 3HAYEHHE, HANACHHOE M3 YpaBHENHUA

"'"_yml ;‘ y('ﬂ,) = “l’ (fm v (tn)' Yneis &)! (14°32]

T.e. u3 ypasueHua (14.21), B roTOpOE BMecTO y, MOACTABJIEHO TUMAOE
3HaveHHe peweHus AHPpdepeHuUanbHONG YpaBHEHHMA B TOuKe ! = I
Toraa pasHocTs lp = ¥ (lne)) — Yne; HAIBIBACTCA AOKBALNOL ROIPEWHOCTMIHIO
aemoda (MAn ero norpewnocmsw xa wate). dpyrumn cnosamu, I, — 210
AOrpeliiHOCTh, KOTOpPYIO NONYCKAeT 3a OfMH War MeTo/, CTApPTOBABIUMIL
TOUHOTO pelleHus.

B cay4ae, korna ¢ ue sament o1 yn (T.e. Meron (14.21) samnserca
ABHEIM), JIOKATBHAA NMOrPEIHOCTE M MOTPEIHOCTh ANMPOKCHMAMKM OKA3bI-
BAIOTCA CBR3aHH NMPOCTHIM paBeHCTBON I, = Yph, 4TO HenocpeacTBeHHO
BRITEKAeT U3 JaHHKIX ONpefeaeHul.

Mpusep 14.9. TlokaxeM, 4To meron Dinepa uMeeT NepBHIA NOPANOL: ANNPOKCH-
MalHH.
HasectHo, wto

y(ln + :) - Y (‘n) = y'(tn) + g y”(ﬁn)‘
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e tp < €n < ipey (em. § 12.1). Yuurnisan pasetcreo y (8n) = f(tn ¥ (1a)),
AN NOrpewHOCTH AMNPOKCHMALIMK NONyYaeM clefylolliee BhpakeHue:

¥n = y(tn + :) e AL - f(tn (o)) = g ¥ (€n). (14.33)
Iloaromy
max | ynl (';f—zk. M;= max |y” (D). (14.34)
0< n<N [ to v T]

T.e. NeTofl AelCTBHTEILHO MNeeT nepBblfl MOPANOK annpoOKCHMalMK.

Mpisep 14.10. /ina norpewinocT annpoxcMMauMu HeABHoro Metoda Jislepa
(14.24) tawke cnpaBeanuba ouleHka (14.34) M noatoMy OH Takke MMeeT NepBbIA
nopsAnox annpokcumaunn. [lpocroe pokaszarenbcrso otoro ¢akTa peroMeHiyeM
NMPOBECTH B KAaveCcTBe yNpakHeHMA.

Mpep 14.11, Hanpen BbipaxeHie AAA NOKANLHOA NOMPElIHOCTH Meroaa
Onnepa.

Mo onpenenenwto, ln = y (Ine1) = Ynets A€ Yot = ¥ (In) + Af (tn, ¥ (2n)). Ho
B cuny pasenctsa (14.33) ¥ (tre) = ¥ (tn) + Af(tn, ¥ (1)) + AYn = ynu + Aypn

Moatomy Iy = hyp = ,":—2 ¢"(£n)- Takum 06pasoud, NOKANLHAA MOrPELIHOCTE METOAA

Jfnepa MMeer BTopofl NOPAKOK MANOCTK OTHOCHTENBHO wara A.

6. Cxopmuocrs. Ilyere y (1) — pewenune 3agauu Koumm. Haszosem 140~
Gaasnott noipewnocmsio (MAH NPOCTO norpewnocmsi) YHCAEHHOrO METONa
cerounylo QyRKkuMio €1 co 3HaveHnAMM €, = y (I;) — yn B yanax t, B
KayecTBeé MEpH AGCOMIOTHOR NOTPelHOCTH METONa NPHMEM BEIHYUHY
E(h) = max |y (t) - wnl.

0< SN

Yncnennuit Meron peweHnA 3anaud Kommn Haausaor czediyumcs,
ecnn ana Hero £ (k) » 0 npu h » 0. IlpauaTo ropoputs, 410 memod czro-
dumes ¢ p-u nopadxons mounocmu (MM uaeem p—-i nopRIdox Mounocmu),

ec/IM QIR norpelHocTyH cnpasenausa onenka E () < ChP, p > 0.
TokaxeM Teneps, YTO AR YCTOMUMBOrO UMCIEHHOTO METOA3 H3 HA-
ANNMA annpOKCHMMALME ¢ MOPAAKOM P cAEAYEeT CXOAMMOCTb € TeM ke

nopAakoM. Byrew npeanonaraTs, YTO HAYANLHLIC 3HAMCHMA Y1, ¥2, ..., Ph-l
3aflaib € p-M  MNOPAAKOM  TouMocTH!, Te. BepHa  OueHKa
max |# (2n) = wn| < CohP.

1< n<ik—1

Cnpaseanuea clefyICIIad OCHOBHANA TeOpeMa.

| lnA onHOLIATOBRIX METONOB 310 NpeAnOVokKeHHe HANHUIHE.
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Teopewua 144. [Tyems vucaenxsud memod ycmotvue Na XoneNnou
ompeaxe u vmeem nopsdox annpoxcumayuu, paexsi p. Totda ecau navasy-
NME INGYENUS Yy, ..., Y| 3¢daNW € P-4 nOPIOXON MOYKOCMU, MO U Memod
czodumcs ¢ p-4 ROPSIKOM MONNOCTIU.

0 Hycrs ¢ — norpewnocts annpoxcumaunu. Monoxmm gy = y (1n)-

Pasenctso (14.31) noasonser yTeepxkaaTh, UTO ceTounad Qymkuua y*h
ABjAeTcA pelllenMen AuckpernoR 3agauu Kowm (14.26), (14.27). Yeronun-
BOCTb METOfia O3HAYAET BHMOAMeHRHe HepapeHcrea (14.28), koTopoe B cuny
pabencts y, = ¥ (n) M § (1o) = yo MOXKHO mEPENMCATD TaK:

max |y(w-ml<im[ max |y (te) = gul + 5 |¥n|-A).(14.35)
0< KN 1€ n< k-1 n= k-l

Vunrtusan, yto

M [¥al-h € (T= 1) max |Va| € (T- 1) CH,
ﬂ.‘k"l 0"‘(”

npaBylo uvacrh HepasencTea (14.35) MOXHO OUERMTL  BeMUMHON

R (D(Co + (T - t)O)k? = Ch*. Urak, max |y (&n) - yn| < Ch*. B
0S¢ KN
6. Canas ¢ 3amavell suauchesus mwrerpana. CyutecTeyer TecHas cBA3L
mexay npoGaedoll pewleHHA 3azavn Komm M 3anavell BHYMCAGHMA UHTEr-
pajia ¢ NepeMeHNbiM BEPXHUM NpeiesioM

¥(0 = (7, << T. (14.36)
[i]

JeficTBuTenvHO, BRuMchenHe unterpana (14.36) 3keuBaneHTHO penieHMIO
aazaun Komm

y'(8) = f(1), y(t) = 0, (14.37)

ABAAIOMESACA YACTHEIM cayyaed Gonee o6meh 3anaym (14.1), (14.2).

Takum o6pasoM, Beaxmfi vHcAeHHH Merop pemenns 3anauu Komm
NOpOXJAECT COOTBETCTBYIOWIMA MeTOs uMcneHHoro unrterpupobarua. Ha-
npumep, Merof, DAnepa yn = yn + A1) npuBoanT K GopMyne nesnx
APAMOYTONbHMKOB:
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y(t) % 3n =151 (1) (14.38)

Hessumft meron Ofinepa ynei = yn + Af(tna) meer ¢opmyny npasmix
NpAMOYTONBRNKOB:

v (tm) %y = b 5 7(8),
a npaeuao Tpaneuuit (14.25) npupoaur K ussectHoi Gopuyne TpaneuHi

y(t) 5 3 () + £ (1)

Ha npumepe ¢opmynm (14.38) nerko yeupgeTs paanHume Mexpy so-
KanbHoft M rnoGancuofl morpeminocramy. JlokansHaa norpemnocTs — 3ITO
AOTPELIHOCTE, AONYCKaeMasd Ha OIHOM NEMEHTAPHOM OTPE3ke, T.e.

Tnet
= [ f(f)dt - Af(tn),
tn

8 rI0GANBLAAA MOTPEWHOCTE — ITO PeayNbTHPYIOUIAA NOrpelIHOCTD, T.€.

in n-
en= | F(dt-h T f(t).
to r=0

y ylts y

=
-
-~
-I‘.'i-

L)
-y

Puc 14.6
B naunoM cayyae B cuay samuefinocrn 3aflaum (14.36) rnoGanehan

n-1
MOrpellIHOCTL €CTh MPOCTO CYMMA NOKANbHWX mOrpemuocreir: €, = I .
t=0
Ina wenuueitnoro ypasuenna y' = f (1, y) 710 yxe He tak. B 3apucumocTn
OT XBpAKTEepa MNOBENCHMA HHTETPANLHBIX KPHMBHIX r06anbras OMMGKa
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MOXeT OKa3aTheA Gonsule (puc. 14.6, a) nau menwise (puc. 14.6, 6) cymmnt
COOTBETCTBY IOIMX JIOKANBRKX NOTPeLHOCTEMN.

§ 14.3. Hcnonbaosaane Gopuyast TeAnopa

Opue u3 Haubonee NpOCTHIX ANA NOHUMAHWUA NMOAXONOB K PEUIeHHIO
sanaun Komm ocrhosan Ha Menons3lopanun dopmyas Tennopa

yt+n =y O+ Or+ L8R4y i—';',—(') W + Rpu(t, b).(14.39)

(p*1
3nece Rp.i(t, b) = %-E—g? AP"' — ocTarounmi unen dpopmyan Teinopa,

§ — HexOTOpaA TOYKA, NnpuHALAexallan oTpeaky (¢, 1 + A].
OT6packBan OCTATOYHBNA 4/IeH, NONAY4YaeM NMPHOINKEHHOE DABEHCTBO

y(:+a)ug(z)+y'(¢)a+i§?az+...+%‘—)M’. (14.40)

Ecan anavenue pelleHuA ¥ B TOUKe ! H3BeCcTHO, TO B cH/1y PaBeHCcTBa

v’ () =f(t (1) (14.41)
r
3HAYenHe npou3pofnkofi y'(f) Takke MOXKHO CYMTATE MIBecTHMM. Jlas Toro
YTO6GL BHYMCANTL NPOM3BOZHME ¥, ¥", .. 60N€e BLICOKOrO MOPAJKA,
sxopamme B Gopmyny (14.40), npopnddepeunupyem pasencrso (14.41) no
1, vcnonbayn npasuno am¢rdepenunposanus caoxuoit gpyukumn. Torna
noay 4uM

V=f+hy' =h+ [} (14 42)
V=Y Ay R LYY+ ) =
=AY + NP I+ LS + L+ AP P (14.43)

n t.a. Kak Herpyano saMemuts, Buipakenns AAs npoudsomunx y'* ye-
NOXHAIOTCA MO Mepe pocTa nopAfka k.

Henonszosanue npuGnnskenuolt ¢popmynw (14.40) npusognt k caegy-
IOIEMY ABHOMY OJLHOLIATOBOMY METOLY.
Y YP

Ynet = Yn + Y R+ Tl 24 ..+ T B2 (14.44)

3nece y, = f (tn, ¥n); 3navEHHA Y, W ¥, MONYYRIOTCA B pe3y]abTaTe MOA-
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craHORKH B dopMynbl (14 42) u (14.43) snavennit { = t, M y = y,; aHANO-
MYHO BEIYMUCAAIOTCA 3HAYEHHA y}u"' npu k> 3.

JlokasiHaa norpewMocTh 2TOro Merofa I, coBnamaer ¢ BeMYMHON
Rpa(fy, h) ocratounoro viena dopuyan Teftnopa, nponopumoHansHON

W' Moanayace ITMM, MOXKHO HOKa3aTh, YTO METOR (14.44) ecxommTen u
HMEET NOPAAOK TOMHOCTH, pasHuIfl p.

HecmoTpa Ha TO, 4TO paccMaTpUBAEMBIA METON TeOPETMYEecKH AAeT
BOIMOMHOCTE HANTHM peuieNue ¢ MIO6HM NOPAZKOM TOYHOCTH, Ha MpaKTHKe
OH NPHMEHACTCA AOBOMBHO pefko. Jleno B ToM, 4T0 ncnosib3oBanne ¢op-
Mynn (14.11) NpHBOAMT XK HEOOXOAMMOCTH BHYIICAEHMA GOABIIOrO YWenaa

desf

YACTHHX NMPOMIBOANKIX Ef— » 4TO 4alle BCcero ABJACTCA BECbEMA TpYLOEM-

o
KONl M HEpelkO aHANHTH4YECKH HEBHINONHUMON Onepaimef.

Bonee cymecTBeHHBI ApryMeHT nPOTUB MCAONB30BAHMA Metoan (14.44)
COCTOMT B TOM, YTO K HACTOAIUEMY BPeMeHH pa3paboraum 3¢ dexTipubIe
YHCAEHHBIE METOOb petiieHMA 3anauun Koww (Hanpumep, Meroau Pym-
re—KyTTh u Anamca), npeanonsraioiine HeoGXOAMMOCTE BHIYHCAERHMA
slla4PHUM TOIBKO (YHKUNK [ 1 He MCNOABIYIOWUE €6 YACTHHE MPOM3BOA-
ue. UMCHHO 3THM METOLaM, pearH3OBAHHLIM B BMAE CTAHIAPTHHIX NpOr-
PBMM M NAKETOB NPUKIALARLIX NPOTPaMM, Ml M YAEJUM OCHOBHOE BHMMA-
HHe B AANbHelmeM.

Tem He menee ANA PeIIGHHA HEKOTOPHX CNEUMANbHBIX KJIACCOB 3aKay
DpHBEACHHBI BHILLIE METON MOXET OHTb MONedeH. B YACTHOCTH, OH MCNOAB-
BYETCA NMpPM pelleHIl HEeKOTOPHLIX 3afilaY HEeGecHON MEXaHMKH, B KOTOPHIX
BLIYMCIEHHC NPOM3BORHUX Y'Y ne TpebyeT cyilecTBERHLIX AOMOANMTENb-
HLIX 38TPAT B CHAY CNEUMANBHOA CTPYKTYPH HpaBMX YacTell.

fipumep 14.12. Hanuen uncnenHoe pewenne 3anavk Kowu
y' =2y y(0)=1 (14.45)

Ha' otpeaxe [0, 1], ucnonsaya meron (14.44) npr p = 2, o6nanaloumit BTOPbIM
nopaakoM ToMHocTH. Kak HeTpyaHO NpoBepuTb, TOYHLIM pelueHMed 3Tofl 3anauK

annserca pyuruna y () = e‘z.

Mitddepertitpya ypaBHeline Mo {, noNyuud clefyioulée Bblpaxenwe ANA BTO-
poit nponssoanoht. ¥ = 2y + 2ty = 2 (1 + 28#)y. TloaroMy pacuerHas dopMyna
(14.44) B paHHOM CNyvae NMpHUMET BHA

2
ot = Un + Rngn + 5 21+ 28)n = (1 + 2k + (1 + 20)R) pn
Hanneunoe no oroft dopuyne nna h = 0.1 npuGanienHoe pelleHxe NPHBEAEHO B

1a61. 11 1. llnn cpaBHeHWA B Hel Xe NMPHBeleHbl 3HaYeHUA TOYHOIO pelleHHA.
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Tabénuualdl

1 Meron (14.44); Tounoe t Meron (14.44); Toutoe
k=101 pewenve k=0.1 pellielne

0.1 1.01000 1.01005 0.6 1.42840 1.43333
0.2 1.04050 1.04081 0.7 1.62438 1.63232
0.3 1.09336 1.09417 0.8 1.88396 1.89648
0.4 1.17186 1.17351 0.9 2.22835 2.24791
0.5 1.28108 1.28403 1.0 2.68783 271828

Kak BUAHO M3 Tafnulbl, pelleHHe 0Kkalanock HallfleHo ¢ TowHocThlo £ ® 3-1072,

§ 14.4. Metoa Dftnepa

1. leomerpEveckan uETepuperanma Meroaa Jinepa. [lpocrefiumu u
MCTOPMYECKHM MEPBLIM YMCIICHHKIM METONOM peluenus safauu Kowm amns-
erca me1on Jitnepa. Ero mMoxHO monyuuts, ecnim B npuGAMMEHHOM paBeH-
cree (14.44) OcTaBMTH TOABLKO ABA NEpBHX cAaraeMmx (T.e. 83ATe p = 1).
Torna ¢opuyna (14.44) npuMer sun

Yne1 = Yn + hf (tn, yn). (14.46)

T'eoMeTpHueckan mHTEpperauMa ONHOrG lWara Merola Jilnepa 3akmo-
YaeTcA B ANNPOKCHMALMM PellieHA HA OTPe3Ke [fn, ln.] KacaTenmsHON y =
=yn + ¥y ({ta){(t = t,), npoeepennoft B TOuYKe (I, ¥n) K MHTErpansHOM
KPHBOH, mMpoXoAAueil Yepe3 3Ty TOUKy (pme. 14.7).

TakuM 06pa3cn, nocne BHOOAHERNA N LIATOB HEMIBECTHAA KHTErpPalb-
HAA KPMBAS 3aMeHAeTcA JIOMAHON nAuHwed (somanod Jiaepa), ANA KOTO-
poit yrnopoft Koapdnument k, 0uepexHOro n-f0 3BeHA PABEH 3IHBYEHMIO

f(‘m B'n) (puc. 14.8).

tgda=ka>f{tn.4a)

]
I
|
0 & [ ™

Puc. 14.7
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Puc. 14.8

Kak yxe 6ma0 ormeueno s § 14.2, neron Dlinepa npencrasnaser ABAHWN
onHowaroselfl MeTox. [N Hero nOrpewHocTs annpoKCHMAauuM MMECT BMI

¥ = 3 9" (6n).

2. Yeroftuupoers. [fokakeM, 4TO meron JAnepa YCTOAYMB Ha KOHEYHOM
orpeske (cM. onpegeneive yerofiuusoetn s § 14.2). Ilpeapapurensio ycra-
HOBHM CNPABEAJMBOCTD CIEAYIOIEro BOCNOMOraTe/IbHOTO YTBEPAACHNUSA.

Aewmma 141, Myems P — neompuyamessnas cemounas @ynxyus,
ydoesemoopsrowas das acex n 2 () nepagencmey zp4 € (1 + @)z + Pp, 2de
a 20, fin>0. Torda npu acex n 2 0 cnpasedausa oyenxa

n-1
ez + kEoﬂk). (14.47)

0 CnpapesnuBocth nepabeHcTsa {14.47) ycTAHOBMM MeTOAOM MKAYKUHH.
Ilpr n = 0 onO npeepamaeTes B OYEBUANOE: 2z € 2.

Mycre Teneps HepaeeHeTBO (14.47) BHAOMHEHO NPH HEKOTOPOM N = m.
Torna, Henoub3ya oueHkn 1 + a € e u 1 < e! ™12 goayuum caeayolyro
LENOYKY HEPAaBEHCTD:

Zme1 € (1 + 0)zm + P € €029 + (™0 g g

€ e%ema (2 + :E:ﬁk) + etmhag, = etmhia(g, 4 kﬁoﬁk)'

T.6. HepapeucTBO (14.47) Bepwo w npu n = m + 1. Hrak, ono BepnO npu

BCEX n.
MycTts Teneps y*h — pemenne poamymennon auckpernoit 3anaun Kowwn
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Ynot = Yp + R (f(n, 33) + ¥n). (14.48)
y*h(to) = yg. (14.49)

Teopema 145 [MTycms Pynxyus [ ydoeremaopsem ycaosuro
|f;| € L. Totda cnpasedauco nepasencmeo

. Lt T-tol . N-1
max|y, - yn| <e (g = vl + 2 T |xl), (14.50)
0< n&<N k=0

oaxavawuee, Yymo auemod Fisepa ycmodvue Na XOKEUNOM oMpPeIxe,
0 Buiuntaa u3 ypasHenna (14.48) ypasueune (14.46) M noawayace
dopMynoR koreynbx npupawennit Jlarpanka

F{ty 92) = (1 w) = fi(tn v )(v7 - 9,),
nony4yaed paBeHcTBO

y:u[ - yﬂﬂ = (1 + h.’;(tn' in])(y;: - yn] + bu“'nl

OTKyHa c/efyer

(970 = ¥ral €1+ ALY 41 = yn| + Al ¥nl. (14.51)

3aMeTuM Temeph, 4TO AAA 3 = |y» -y, |, a = kL n B, = hlY, | B

cuny (14.51) cnparennuso HepaBeHCTBO 24, € (1 + @)z, + A, Cornacxo
-1

newme 14.1, nmeen |y; - y,| < emhl{|ys -y | + :2 |, |h). YunTusas,
)

yto nk < Nh = T - o, npuxonns k nepasenctey (14.50). [l

3. Oneaxa norpemrmocti. Tak kak Meroa Jiinepa ycTOUMB HA KOHeY-
HOM OTpe3ke ¥ MMeeT nepBhl NOPAAOK annpokcMMauuu (cM. npHMep
14.9), 10 u3 Teopemmn 14.4 cAeayeT, UTO OH cXONHTCA € NEPBRIM NOPAAKOM
ToYHOcTH. TOuHee, BepHa cCNYIOUAA TeOpeMa.

Teopewma 146. [Mycms ddyuxyus [ ydossemaopsem ycaoouro
]f;[ <L Toida das memoda Odaepa cnpasedauea maxax oyenxa

tao00assnol noipewnocmuy;

max |y (2n) = yn| € C (D, (14.52)
0< nEN
L(T-1)
we C(T)=e (T-t)Ms/2, My = max |y"(0)].
[t(hn
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IIpueeneM NOKalaTeNbCTBO TEOPEMH, He McNOAB3yIOmee Teopemy 14.4.

0 Mycrs ¥ — norpeurnocTs annpokcuMaumy. [lepennuiem ee onpenene-
uue (14.33) & suge

¥ (tne1) = ¥ (ta) + A (J (tn, ¥ (tn)) + ¥n).

Monaran y, = y(n), 3aMevaeM, uto cerounan ¢yukuma y*h asaserca
pewermnen auckpernolt 3anaum Kown (14.48), (14.49), rae y; = y,. Torna

B cUnY TeopemH 14.5 cnpaeefinnpa OLUEHKa

L(T-'")) N-1
max |§'('n)_§n| Ce L |\bn|h-
0< KN n:0

N-1
Yunrwisas, 40 I |¢a|h € max |#,|(T - &), » ucnoas3ya ouenky
n=0 0<n<N
(14.34) nanA NOTPEIIHOCTH  ANMPOKCHMAUMM, MONYYHM HEPABEHCTBO
(14.52).0

MMpumep 14.13. Haitnem uucnemHoe pelrerve szanauw Koun y' = 2y,
y(0) = 1, Ha orpeake [0, 1), ucnonbays Meron Dnnepa. 3aMethM, 4TO Ta Xe
aaflava ApYTHM Metofom ObUTa peilieda B npusepe 14.12.

B nanHom ciywae pacdernas dopuyna (14.46) npuwvmaer Bua

¥l = un + R2tyyn = (1 + 248,y (14.53)
MomyveHHbie ¢ NoNOWEIO 2TOR GopMyAbl ANA 3HadeHnn waros A = 0.1, A = 0.01 u
h = 0.00]1 npu6auxeHuble pelueluA NpHBefeHsl B Tabn. 14.2. Jina cpasneHuA B

nocyienHeM cTonGite NAHBl 3HAUEHHA TOMHOTO pelueHus y () = e?. Huknss ¢TpoKka
TabNMILBl COMEPKUT 3Havenust abeomornoit nNorpewnoct E (k). Kak u cnenosano

O0XMAATH, NpM yMeHblleHMH wara s 10 paz mHorpewHocTh yMeHblujaercs Talkoke
npunepto B 1{ paa.

Tabnuualdl

t Meron Dinepa; Meron Jnnepa; Meron Jiinepa; TouHoe
h=0.1 k=0.01 A= 0.001 pellleHHe
0.1 1.00000 1.00903 1.00995 1.01005
0.2 1.02000 1.03868 1.04060 1.04081
0.3 1.06080 1.08071 1.09383 1.09417
0.4 1.12445 1.16835 1.17299 1.17351
0.5 1.21440 1.27659 1.28328 1.28403
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ITpodoaxmenue mada. 14.2

1 Meron Dfinepa;  Meroa Dfnepa;  Meron Dinepa; TouHoe
h=0.1 k= 0.01 k= 0.001 pellreHue
0.6 1.33584 1.42277 1.43226 1.43333
0.7 1.49615 1.61733 1.63080 1.63232
0.8 1.70561 1.87513 1.89432 1.89648
0.9 1.97850 2.21724 2.24480 2.24791
1.0 2.33463 2.67379 2.71376 2.71828
O NLE 45-10°2 4.6-1073 -

4. Bamsmme suamcamremsaoft norpemmocrm. OneHusas Meron Jfnepa
HeO6XOAMMO YYHTHIBATB, YTO NPH €ro peannsauuu #a OBM nenabexno
BOGHMKHYT OWIMGKU OKPYTNIeHMA. B peaysnerare pakruuecku BruHcafieMue
3HBYEHNA Y GYAYT YAOBNCTBOPATL COOTHOUIEHHIO

Ynot = Up + b (In, 97) + .

BeamuMan 5, y4uTHBAIOT BKJIAJ NOTPeuIHOCTell OKpYrJieHHA. DTO COOTHO-
UIeANe MOXKHO PAcCMATDHBATH KaK BO3MYyLleHHOe ypaBHenue suxa (14.48),
B KOTOpOM ¥, = §p/h. Torna Heparencrso (14.50) aser creayoOuULyi0 OueH-
KY BANAHMA NOTPeulHOCTe OKPYTAeHuA:

+y.y N- i
max |y, - ya| € HUT0) ! [ 8] # HLT0) g (14.54)
0< KN n=0

3neck & — HekoTOpPOE cpefinee anaueHMe BeINIMHB §p, & N = (T - 1) /h.

Takuu 06pasom, ¢ yderom nepaeeucts (14.52) w (14.54) noaywaerca
CMEAYIOWIAA OUEHKA MOTPEMIHOCTH (PAKTHYECKM BHIYMCAAEMHIX 3HAYEHUA
e

max |y (ta) - vl 5 Br (1) = 4707 - ) [’% b4 ﬂ
0K N

Cxematnveckn rpaduk ¢pynkuun Er (h) npusenen ra puc. 14.9.

Oka3npaerca, YTO MOMHAA MAOTPELINOCTL YGLIBAET TOABKO AMUIL WPH
yMeRbUIeHMH wara A 10 HEKOTOPOro 3HAYEHUA Agqy. JOCTHXMMAA TOUHOCTB
MEeTONA OrPAaHMYEHA CHM3Y BenHuYMHON En, M MOANTKAa YBEAMYUTH TOY-
HOCTb 38 CYeT YMEHbIUEHMA Wara A nNpM A < Ahgpr NPMBOAMT ANLIL K pe3-
KOMY pOCTY MOTPElIHOCTH.
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Puc. 14.9 Puc. 14.10

3uauenne hgqr, KAK NpaBUAO, GHBACT O04YEHL TPYAHO ONpEefeNNTL 3apa-
nee. OHAKO €CNHM OYEHb BRICOKAA TOYHOCTL He HYXKHA, TO HEOGXOAMMEIA
ANA ee HOCTHXEHMA ular h O6LIYHO GHBaeT MHOro Gonbiie Agnr.

Ecau me TpeGyercsi BLICOKAA TOMHOCTL peIIeHMA, TO AOCTHYL €€ ¢
AOMOULBIO MeTOfa OiNepa Hens3f, Aake ecJd NOATH Ha 3IHAYMTENLHLIC
38TPaTH MAUWMHHOTO BpeMeHN (HenaGexXHHE NpH pacyeTe ¢ MANKIM 3Hade-
uued wara h). Heo6xopuMo HMeTs B CBOSM PACNOPANEHMH METOIH, MMe-
ompe 6osee BHCOKMA NOPAAOK TGYHOCTH H NOIBOAAIOMIHE BECTH pacyeT co .
CPABHMTENLHO KPYNHBIM LiaroM k.

§ 14.5. Moaudnkauwm uerona Ditnepa
BTOPOrO NOPAAKA TOYHOCTH

Meanennana cxoAMMoOcTs Merofia Ofnepa (ero MOrpelsHOCTb YGHIBAGT
NPONOPUMOHANIEHO NHIUL NEPBOA cTenedn h) ABNAETCA cepre3HnM NpenAT-
CTEMEN ANS HCHONL30BaHMA erc na npakthke. Ha puc. 14.7 Bupgmo, uto
yxe OfMH Uar A0 KACATE/NbHOA K MHTerpansHOf KpHBOK NPHBOAMT K
3HAUMTEABHON BeMYMHE MOKANLHOR mnorpemiRocTH I,. Moxro nn Tak
NOANPABUTE pacyeTHYI0 GOPMYNY METONa, YTOGH CYUIECTBENHO YMEHBUIMTE
pennunny [,?

Myere y (1) — pewenue audydepeRNNaNLHOTO YPaBHEHHA

y'(8) = f(1, y (1)), (14.55)

yRomneTsopAomee yenosuio ¥ (1y) = yn. Janee, nyets

kn = ﬂﬁ;uﬂ = tgyn (14.56)
— yrnosoft ko3pduusenT cexyuied, npoxopniuet yepes Touku (tn, ¥ (1))
1 (ine1, ¥ (tne1)) rpadnka dynxunn y (9 (puc. 14.10).
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fleno, uto "meron”, coctodinmit B BuHcACNHY nO dopMyie
Ynel = Un + hky, (14 57)
HMEET HYNERYIO JIOKAIBHYIO MOrpeinoets [l1a Toro urobnl BOCIGNL3OBATH-

cAa aroft GopMynon, HYKHO AL "ayYHTHCA BBI'IMC NATE SHaveie kn"
[furerpupyn o6e yacti ypasHenusa (t4 55) no tor 1, 10 (1, M HCNOMB~

{ne
aya dopmyay Hewrona—Jlenbuuua [ y'(1)df = y (1) - y (1), npuxo-
in
JAUM K PAarcHCTBY
thei
y(tn) =¥ (ta) = | f(t y(0)dt (14 58)

th
U3 pasesers (14 56) u (14 5R) enenyer, uro

fl‘&
kn= 1 lJ’(f. y (0)di (14 59)
¢

T

3ameTHM Teneph, YTO MPHMEHAHHE NNH l'IPIIGJ'IHjREHHOl'O BRIYMCJIEHH A
HMHTerpaia, CTOAmMEro B npABoit uacrtH Bupakenua (14 59), dopMyam
Ine,
AcBux npavoeyroasiukos | f(1, v (()dt & kf (L, y (1)) wememnenuo
b,
npusoaut ot (14 57) k Merogy Jinepa (14 46)
Hanectdo (cm ra 13), 4To GOARLIMA MOPAIAOK TOUHOCTH IIMeeT GopMy-
aa Tpanenvn

)
! f(tv Y (t)) dt ~ g (f(‘rh y (tu)) + f“n*l- ¥ “n‘l)))
tn

Henocpenctrennoe ee npnMmeneHMe K BHIYUCNCHWIO Kk, NPHUROAMT kK
NPABHAY Tpanemmi

oot = U+ 3 (f (i, In) + £ (tner. Yno)) (14.60)

(cp ¢ (14 25)) Dvor veron uuveetT RTOPOi NOPFI0K TOYHOCTH, 1[0 ABJIAETCA
HeasHhu [loaToMy ero peamuzaummus cBA3aHA ¢ HCQBAOLIMOC 'BIO PCILEHMA
OTHOCHTEJNIBUO Yy HETUACANOIO YpaBuenua (11 60)
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IloctpouMm ua ocHOBe NpaBuaa Tpaneuuit AsnniA Mmeron. Jas asroro
MOAICTABMM B NpaByio uacth (popuyan (14.60) anauenme yn.;, "npemckasn-
Baemoe’ metTomom Dinepa. B peaynsraTe nonyyaerca meron

ot = I+ 5 (F(tn, 30) + S (tmets w + B (b, $0)), (1461)

KOTOPHIt HAINBAIOT aemodou Jdaepa—Kowu (unn memodoa Xsrwona).
lFeoMeTpnueckas MAMIOCTPALMA 3ITONO METOAR NPENcTaBJcHA HA PMc.
14.11. Buuncneana paasbupaior Ra ABa arana. Ha neppom 3tane (arane

NpOrHO3a) B COOTBTCTBMM ¢ METONOM Dfnepa o) = yn + RS, K =
= f(tp, yn) BHuUMcAAIOT rpyGoe npubiMkenme K 3uaveRMio ¥ (fn.). B

T0uKe (In41, Ynet) ONPEREARIOT yr0noR Koapduument k> = f(tner, yhot).
Ha s1OpoM 3Tane (3Tane KOPPEKUMM) BLIYMCIAIOT YCpPeZHEHHOE 3HAYCHHEe

yraoeoro koadpuumenta kn, = (k' + k2')/2. VTounennoe snavenme yn.
RAXOAAT No GOPMYNe yna = Yn + hk,, 4TO cooTRercTByer mary no
npamolt, npoxopsuielt uepes Touky (I, yn) M MMelomeh y/mamﬁ
koa¢pduument, papuun ki,

Puc 14.11

3ameuanue Merop Dilnepa—Kown oTHOCHTCA K KAaccy memo-
doe npoixosa u xoppexyuu (MHAYe rOBOPA, memodod muna npedux-
mop—xoppexmopt).

1 Or awrn. to predict — 'npefckassiBath”, "mpornoanpoeats'; to correct —
"yucnpasnnAte', "'koppeKTHpoBate”.
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Merox (14.61), xoTOpHIft wOXMO paccMATPHMBATL KaK MOAN(PHMKAUHIO
merona Jfinepa, uMeeT BTOPOi NOPAROK TOUHOCTH. Eme ogny Moandmnka-
UMK BTOPOrO MOPAAKA TOYHOCTH MOXHO MOJIYYHTH € MOMOMILIO GOPMYAH
(uenTpanbHbBIX) NPAMOYTOJbHHKOB

I
[ (¢ y ()t 5 hf (tne1 2y ¥ (tnst 2))s Mot 2 = tn + R/2,
in

ecnn ANA NPUGANMKEHHOIO BHIYMCACHMA 3HAYEHMA ¥ (In.) ) MPUMEHMTE
meton Ofinepa. B peaynbTare monyuum pacdyerHnie GOPMyNR ycoseputencm- -
e0alnNo10 memoda Jisepa

g 2= wnt 3 KD KD = £(tn, 3,
(14.62)
Yno1 = Yn + hkn, kn = f(lna 220 Yne1 ).

leomerpnyeckan NAMOCTPALNA ITOTO METOA NpHBeneHa Ha puc. 14.12.

lipmsep 14.14. Mpunenum pac-
cMOTpeHHble B 9roM Naparpade
METOAB! AJIA 4MCTeHHOro pellieHMsA
aanawk {14.45) ¢ waron & = 0.1.
Pacyetiaa ¢opuyna wnetona
Kn Jnnepa—Kowk npuHKMaer BHA

¥

I
|
: {rb” »9‘;-9'!) : Ynel = ¥n + g (Z%yn +
A 1 H o
t, [y E 5 ¢ + 2pa(yn + B2ty)) = (14.63)
) vl s’x! =yn[l+h(tn+tm|+
Pue 14.12 + 2Winta))

BhiuncneHna ycosepiieHCTBOBaHHOIC Netoaa JfiJiepa NpoM3BOAKM Mo GopHyTe
- h)( k -
¥n = Yn + 2k (tn + 5K ¥n + 5 2nyn) = wn(l + & (200 + A)1 + hti)).(14.64)

Mpabuno Tpaneunn (14.60) npusonut K ypaBHeHMIO

h
Ynet = ¥n *+ 3 (2thyn + 2tneiyna),
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KOTOpOE B IAHHOM CHIY4ae JIMHERHO M Nerko PaspetaeTci OTHOCHTENBHO Ynoy!
ynnt = yn(1 + htn)(1 = htnyy). (14.65)

Pesynbrarei BeivMcnenmit no ¢opMynan (14.63), (14.64) v (14.65) npueenensl B

2
1abn. 14.3. Tan Xe A1 CPaRHeHMA NMpencTanNeHBl JHaueHHA pewenun y (i) = ef .

HuxHaa crpoka Tabnuubl CONepKUT BenuuuHy abcoNioTHoi norpewHoctit E (A).

Tabanmuyaldd

1n Meron Onnepa- Ycosepiutencrso- Mpasuno TounHoe
Kowmn; h = 0.1 BauHbiR Neton TPaneiwi; petexne
Ditnepa; h= 0.1 h=10.1
0.1 1.01000 1.01000 1.01010 1.01005
0.2 1.04070 1.04060 1.04102 1.04081
0.3 1.09399 1.09367 1.09468 1.00417
04 1.17319 1.172563 1.17450 1.17351
0.5 1.28347 1.28228 1.28577 1.28403
0.6 1.43236 1.43038 1.43624 1.43333
0.7 1.63009 1.62749 1.63700 1.63232
0.8 1.89345 1.88870 1.90350 1.89648 -
0.9 2.24260 2.23546 2.25958 2.24791
1.0 2.70906 2.69843 2.73660 2.71828
E(h) 0.03-1072 2.0-1072 1.9-10°2 -

Kak suaHo ua cpapHenunn tabn. 14.3 ¢ ta6n. 14.2, npoBenennnie B 5TOM Naparpade
MOAMGDMKALMY MeToAa JANepa AEACTBUTENLHO NIPHBEIH K NOBbILEHHIO TOYHOCTH.

§ 14.6. Meroau Pysre—Kyrru

Hanbonee nony/AsApHHIMM Cpelll KJIacCMYECKMX ABHWX OIHOLIATOBHIX
MeToa0B ABAnIOTcA MeToan Pyure — Kyrru!l. Meroasl Dinepa, Diinepa —
Kowm u ycosepuieHeTBOBaHHLIfl MeTOA Dilsiepa MOXHO paccMATPHBATH KaK
apocTefitinx npeacTapHTENel ITOTO KIACCa METOMOB.

1. Bumop pacuershix ¢opuyn. [loscuum supoa pacueTnHmx ¢GopMyn
merona Pywre—Kyrthi. ITycte (kak u 8 § 14.5) y (1) — pewenne nudpe-

! B.M.Kyrta (1867—1944) — Hemeuxuit MartemaTHk.
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peRuManbROrO ypasHenMa y° = f(f, ¥), YOOBNETBOPAIOIGE YCIOBHIO
¥ (1n) = yn- 3anuwenm panencteo (14.58) B crenyomem Bupe:

trol
¥(tnat) = y(ta) + | f(2 y(9))di. (14.66)
tn
Ecau 66 BXogammit 8 370 paPeHCTBO HHTErPAN MOXHO GbiNO BHIYMCIMTB
TOYHO, TO OOAYuMnack Gu Opoctan ¢$OpMyna, NO3IBOAAIOMAA MNOCNEROBA-
TeBHO BEIYMCAMTL 3HAYCHUA pelteRMA B yanax cerkd. Iockonsky B nef-
CTBHUTENBHOCTH 3TO HeBO3IMOXKHO, noapobyeM mnONYuHTh npHGAMKeHMYIO
dopumyny, 3aMeHnB MBETErpas KBAAPATYPHOA cymModt (em. ra. 13).

Beenem Ba otpeske [, fne)m cnomoraTensamx yanos ty!' = i + mh,
12 =t 4+ ah, .., ti™ = th + aph, TAE 0 = a) € @ € ... € ap € 1.3aMe-
UM, uto " = t,, t&™ < 1p.). 3aMemas sxonAmui B pasercteo (14.66)

MHTErpan KBaZpaTypHOH cymMmoft ¢ yanamn &y, ..., tx™, noayusem npu6-

NNKEHHOE pABeHCTBO
¥ (twt) % 3 () + AE e (4", 5 (12°). (14.67)

Onraxo Bocnosb3oBaThcA pasercrsom (14.67) ana swumcnenna § (Ine)
He/Ib3A, TAK KaK 3HAYeAMA PYRKUMM Y B TOUKaAX " anai=23, ..., m
HenabecTHH. UT06L HAATH ITH 3RAYEHMA, 3ANMILEM PABEHCTBA
e
n

vyt )=y () + | fLy(D)MHt(1=2,3,.., m), (14.68)

tn

ananorMynne papenctny (14.66). 3amenasa ana wawporo i BXoAAmMA B
¢opuyny (14.68) uurerpan coorsercTeyiowieli emy Ksanpatypuo#t ¢dopmy-

(1) 2) irl)
N LUy

J0ft ¢ yanamu ip , IpHIeM K NPHGAMIKEHELIM PAaBEHCTBAM

(2)) By (tﬂ) + lef(‘(l'l y (‘l('l“))l
v (t ")~ y (tn) + h(ﬁnf(t‘“ v (r ")) + ﬂazf(t"' v (t:2"))),

(t' ") 8y (ta) + b Eﬁ.,i(tn” u”')),
¥ (6™) 5y (1) + b Bl (8, 3 (7))
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MO3BONKIOMMUM OCIOAOBATENBHO BHYMCAATL MPHOAMKEHHA K 3HAYCHMAM
gy (162'), .., y (™).

0603ua4MM Tenepb 4Yepe3 yn' BCIOMOTATENBHEE BEMNYMHBI, MMEIOLLHE
cMBICA NPHGIMXennit K auavennam y (1,7); nyers kS = f(h", w") -

npHGIMKEHNe K 3HAYCRNIO Yraoporo koadduumenta k B Touke th! . Toraa
pacueTHne GOPMYAR NPUMYT BUA,

ot = g+ ke, k= § e,
1=

Ill =f(t“' yn“) III = Un
k=S, ™), v =y + hBaky",
2 = f(, 9n2), v = yn + A(Bukn! + Bukh?),

k'm = f{‘tal’yﬂml)1 lml =yn+ h’:?:ﬂmk:;“.

Yacto M3 atX QOPMYA MCKIIOYAIOT BCNOMOTATEAbHEE BEIHYHHL y,'r;"
3anUcHBRIOT POpMYynb TakK:

Vot = 9o+ hbn, kn = £ ki,

k' = f(n, yn),
k2 = f(tn + ok, yn + Buky"),
3 = .f(fn + ﬂaﬁ Yn + h[,&'3|k”' + ﬂsz*lz' ))

kn™ = f(th + amh, yn‘l'h SﬁanU' ).

3ameTM, YTO BbiBefeHHBle (GOPMYAB 33JalOT ABHHI OAHOWIATOBLIA
MeTOA, BUAR Yna = ¥n + AP (i, yn, h), rAe ANA BHYMcCHMA 3HAYEHMN

m

bynxumm & (tp, yn, 2) = L ckh" HenonbayioTea 3naueHMA MpaBoit YacCTH
=]

f B m BenomoraTensHbX TouKaxX. J103TOMy OTOT METOH Ha3WBAKOT LONMM

m-smannsiu memodon Pynte—~Kymmu.

Bri6op KOHKpPETHBIX 3HAYEHHI MAPAMETPOB C;, &, f;; OCYUIeCTBAAETCA
MCXORA M3 PA3NIMYHLIX cooGpaxennit. EctecTBenHO, YTO OAHMM H3 OCHOB-
BHIX ABACTCA XenaHue cAeNarTh DOPAAOK ANMPOKCMMALHM p MAKCHMAJIBHO
PO3MOXHBIN.
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2. VeroitampocTs M cxopamocts. Cnefyomas TeopeMa NO3BONAeT B
fAaneHedilled Ha3uBaTh MeToan PyAre—KyTTm, nseromme p-i mopAanck
aNApPOKCHMalHH, METOJaMU p-TO NOpPAAKA TOYHOCTH.

Teopewma 14.7. Nycms npasas vacms duddepenyuassnoto ypasne-
NUK YdogAEMOOPREM YC200UNW If!;| € L. Totda acsxui senstii m-amannsi

aemod Pynte—~Kymmu ycmodnue na xonevnon ompeaxe
Cnencrene [lyeme eunoaneno ycaosue |f;| < L. Towde ecau

fausit m-amanusid uemod Pynie—Kymmu uaieem p-d nopsdox annpoxcu-
AQYUY, Mo oK CTOGUMCER ¢ Pp-Al ROPIOKOM MONNOCIY.

CnpapeansocTe caeicTeusA BHTEKAST U3 Teopembt 14 4.

3. CemellcTBO ABBHIX ABYX TADELIX MeTofoB. Brupenem pacuernue ¢op-
MyZibl ceMellcTBa ABHMX AByX3ranHX Merogos Pyure—Kytrer Broporo
NopAZKa TOYHOCTU. 3anuiueM ¢GOpMyNEl ABHOTO ABYXJITANHOrO METOAA

Yneit = Yn+ A (c.k:,” + Czk:'lm ),
A = S (tny ya), kT = [ (tn + ak, yn + ORS')
B BMIE
ymlh- = cif (tn, ¥n) + 2f (In + ah, yn + BAf (15, yn)).

IMapameTpaMy 3TOMO METONa ABNAKTCA BEMUYHUHH ¢, C2, a, f.
NpencrasUM NOFpelIHOCTE AMOPOKCUMALHH

p= Yt 2) = YO ef(, 9) - eof (1 + ab, y + MBS (1, 1),

(rne t = tn, vy = y (Lp), y (t) — pewmenne aupdepeHunansHOro ypasHenun
¥ = f(1, ¥)) B BiAE P2NOKEHHA MO CTENEHAM h
@opmyna Tetnopa

v+ B =30 +v0h+ L0+ 0w

¢ yyeroM pasencts y' = f, y" = f, + f;f(cu (14.42)) naer dopuyny

Ut B Oy L+ fph+ 0

(apryments f, y y ¢ynkuuu f M ee uvacTHBX UPOM3IBOAHMX f,, f;

OnycKaem).
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TMpencrasuM aunuenne pynkumu f B Touxe (1 + ah, y + hFf), nenonep-
aya ¢opmyny Teftnopa nna ¢PYHKuUM# ABYX NEpeMEHHHX € LUEHTPOM B
TouKe (¢, y):

J(t+ ok, y+ hBf) = f(1, 9) + frah + fRBf + O(A?).

Taknm o6pazon,

V= (1- - c)f+((1/2 - @a)f; + (12~ aB)f,f] b+ O (W).
Eean norpe6osath, 4TOGH BHINOAHANNCH YCAOBUA ¢ + ¢2 = 1, cza = 1/2,
¢2f = 1/2 (uTo 3KBUBANEHTHO BRIGOPY ¢ = 1 — ;_a' ¢ = ;_a' A= a) 1

nepenie Apa cnaraeMux B GopMyne ana ¢ OGpaTATCA B HYAb, H MO3TOMY
MeTon, 6YZeT uMeTs BTOPOA NOPAAOK aNMpOKCHMALMMH.

Urak (¢ yueroM cleficTeuA M3 Teopemn 14.7), MOXKHO yTBEpKAATH, YTO
npu aw6oMm a€(0, 1) meron

ot = 3+ b [(1 =501 ) +

+ %;; I(tn + “hr Yn + ﬂ'hf(‘m yﬂ)]] (1469)

uMeer BTOpOA NMOpAAOK TOYHOCTH.

3ameTnM, 110 apH a = 1 ¢popmyna (14.69) meer meron Ditnepa—Komn,
@ Apu a = 1/2 — ycoepiencTaopankuit Meron Jfnepa (cM. § 14.5).

4. Meron Pysre—Kyrru serseproro mopsaxs Toumocts. HanGonee
M3BecTHMM K3 Meroaos Pymre—KyTTul ABnAercs wiaaccHueckHit 4-3TanHmnit
METOJl, YETBEPTOTO MOPAKKA TOYHOCTH:

et = Un+ B, ko = g (57 + 262 4 269 + KY),

KR = f(tn ), k2P = f(ta + %‘. yn + g kx"), (14.70)
HO = [(tn+ 3, ¥n+ % k), k' = f(tn + b, yn + hERY).

3TOT MeTO BechbMA MAPOCT M, KAK NOKA3IWBAET NPAKTHKE, AOBONBHO

3 dexTBen B OGLIYHBIX PacyeTax, KOraa orpeaok (i, 7] we oueHr eenmk
M HYXHA CPAPHHTENILHO HEBLICOKAA TOYHOCTS.

3ameynnne. lpuvesenne merona (14.70) k pewennio sanaun o
puuMcneHny MATerpana (14.36) nopoxaaer ¢popmyny CuMncona

Yot = ¥+ § (1) + 4f (b 2) + f (1),

443



TakuM o6pa3oM, Knaccuueckuit Meron Pynre-KyTTm uersepToro nopaa-
ka TouHocTH (14.70) MOXKHO paccMATPMBATE Kak aHanor ¢GOpMyAn
CHuncoua, oTeeyaomMil peurenuio aagaun Komn.

Mipssep 14.15. Tponemoncrpupyem paBory meroma Pywre—~Kyrrel uerpeproro
NOPANIKA TOYHOCTH NPHMEMHTENbHO K pellennio aanayx Kown (14.45).
B a10M cyvae pacderHble dopuyNbl MPUHHNAIOT BHA

oot =+ R k= 5 (B 4 T 4 26D 4 KD,

D = 2tyn, K7 = 2( + gKn + 5 KD

B =2t + Don+ 5 BD) B = 2ty + By + AED).

Haitnennsie ¢ warod h = 0.1 npuGAHXKeHHble 3HAYeHHA PpelleHUA ¥, M KX
MorpellHocT € NMpHBelieHb B Taba. 14.4.

Tabnunualdd

t Yn €n n ¥n €n
0.1 1.010050167 10°9 0.6 1.433328994 5-10°7
0.2 1.040810770 4-10% 0.7 1.632315187 2-10°¢
0.3 1.094174265 2-10°8 0.8 1.896478467 3-10¢
0.4 1.173510814 6-10°8 0.9 2.247902590 6:10°¢
0.5 1.284025256 2:10°7 1.0 2.718270175 2:10°8

5. O6cyxneame meronor Pyure—Kyrru. Merognm Pynre—Kyrr: umeior
HECKONBKO AOCTOMHCTB, ONpPEREAMBIIMX HMX NONYAAPHOCTb CPeAH JHAYM-
TEABHOMO YMCNA HecaefiopaTeset. DTH MeTOAM NErko nporpaMMmupytorest.
Oun 06n1a0aloOT NOCTATOYHRIMM AMA UIMPOKOr0 KpYra 3amay CBOHCTBAMH
TOYHOCTH M YCTOAYMBOCTH. DTH MeTOAn (KAK M BCE ONHOLIATOBhE METOAM)
ABNAIOTCA CAMOCTAPTYIOIIMMH H MO3BOJAIOT Ha N06OM aTane BuumMcaenmft
JIEFKO MAMEHATH WAar WHTerPHPOBAHMA.

Yeennumpad YMCIO0 M BCMOMOTATENIBHKX TOYEK, MOXKHO TMOCTPOMTL
meropbl PyAre—KyTTal nib6oro mopagka TounocTH p. OOonako yxe npu

I D10 oYeHb BAXKHO, €CIM OTCYTCTBYIOT MJM MO KAKMN-NHMGO NpMYHHaM Heno—
CTYNHBl COOTBETCTBYWOWME CcTaHNapTHhie nporpammbl. Eciu ke ucnonesywores
pa3BHThHie [IAKETHI NPHKIAAHBIX nporpaMMd, TO CJNOXHOCTBE nporpauuuponmna

MeTONa He MHTepecyeT MOAL3OBaTe/NsA, NOCKWIBKY OM obpalliaer BHUMAHHe Ha [pyTHe
CBOMCTBA MeTona.
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P2 > 5 3T MCTOAH UCIONBIYIOTCH JIOBONBHO PEAKO. ITO OGBICHACTCH KaK
YPE3MEPHOH  I'POMO3IKOCTBIO HOMYYAMOMIX(H  BEIYUCAMTEALILX PCPMYN,
TAK N TCM, 4TO IPEHMYILECCTBA METO/IUSB bEICOKOIO MOPAKY TOUNOCTH P HAl
METONAMK, B KOTOPLIX P = 4 M p = 5, npoasasAioTes nu60 & Tex sajavax,
CAC HYXKNA OYOHB BHICOKAA TOMHOCTL 11 MenonsayloTes DBM pucokoi
paspa/uinciiy, anbo B TeX yajavax, TAC pelllende oueHl riaankoe. Kpowe
T0r0, MeTOAL Pynre—-RyTT DHCOKOro NOPAIKA TOMHOCTH p YacTO OKalL)-

BARIOTCA MeHee »PeKTHBIILIMH NO CPABHEHHIO ¢ METOAAMM AJLAMCA TOrO ke
nopsaaka TouuocTk (eM. § 14 7).

Jamevanne Kpome olucaHHLIX eLE KIACCHYECKHMX RABHLIX
MeTO/10B Pyrre—KyTThi MCNONL3YIOTCH M 60/€e cAOMIbIe B PeaTM3aLi
MeRonuie m-Imannue uomedu Pynie—Rymma:

m
Yorl Yn + hk,, ky = L clk:i“'r
12)

(n _ S ARy =
kﬂ j(‘n + a‘h‘ Yn + hz I’t}kn )‘ 1= l, 2, ey L
7l

JTH METO/IW HMEKOT PAJL TPeHMYULECTs Nepe ABHLMK METOIAMM, OflIA-
KO JTO IOCTHIAETCA 33 CHET CYLECTBEHHOrO YC/I0MHEHMA BbIYHCIUTEIb-
HOTO AITOPMTMa3, TaK K3K H3 KAXAOM LIare HeOGXOIUMO peuiars cHcte-
MY M HeAll